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Abstract

Wave energy converters (WECs) capable of extracting power in multiple degrees of freedom require a special attention
from control engineers as the control problem becomes multivariable involving highly coupled dynamics of the plant.
Taking the three-tether submerged buoy as an example of a multi-degree-of-freedom WEC, this paper presents three main
steps that should be taken during control system development. Firstly, an understanding of the system dynamics, its
rigid body modes of vibration and input/output controllability is built using the singular value decomposition approach.
Then, a causal close-to-optimal controller developed for the single-tether heaving WEC is extended to the multivariable
control problem, demonstrating a significant increase in the power output as compared to the simple spring-damper
approach. At the final stage, technical requirements imposed by this controller on the power take-off (PTO) machinery
are investigated showing that, in order to achieve a 15%-improvement in power absorption compared to a quasi-standard
spring-damper control, the amount of reactive power should be increased by 50%, forcing one PTO unit to operate as
an actuator all the time.

Keywords:
multivariable control; power take-off; three-tether WEC; wave energy converter

1. Introduction

The power production of an oscillating wave energy
converter is directly dependent on its hydrodynamic prop-
erties and its interaction with an incoming wave front. The
latter is determined by the control system design which5

defines whether the buoy passively follows waves or is act-
ively controlled to harvest more energy. Therefore, a prop-
erly designed control system of the WEC can increase the
productivity several times (Hals et al., 2011) in comparison
to a passive control load.10

The majority of proposed control algorithms developed
for WECs are for systems that operate in one degree of
freedom and are considered as single-input-single-output
(SISO) systems (e.g. Hardy et al. (2016); Ding et al.
(2016); Faedo et al. (2017)). However, more energy can15

be harvested when several degrees of freedom are involved
and coupled to the power take-off unit (Falnes, 2002a).
It is generally assumed that any SISO controller can be
easily extended and applied to the multivariable WEC,
which is true when there is an independent control effort20

over each mode of oscillation as shown in (Zou et al., 2017;
Abdelkhalik et al., 2017; Korde et al., 2017). In the case
when the PTO system has an operational space different
from the wave-induced motion of the WEC (e.g. NEMOS
GmbHs (2017)), all degrees-of-freedom become coupled25
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through the PTO and mooring system. Such WECs re-
quire more complex multiple-input-multiple-output (MIMO)
control algorithms which take into account interactions in
the system dynamics.

Regardless of whether the converter operates in one30

or several degrees of freedom, its control is generally con-
sidered as an optimisation problem with the objective to
maximise power generation subject to displacement and/or
load force constraints (Ringwood et al., 2014). However,
the design of the WEC is not only driven by the maxim-35

isation of the energy production but takes into considera-
tion the cost of the delivered electricity accounting for the
capital and operational expenditures of the system. There-
fore, improved performance of the WEC from an advanced
control law is almost always associated with a more com-40

plex design of the power take-off machinery. For example,
the model predictive control outperforms other control-
lers in terms of the absorbed power, but it requires the
highest peak-to-average ratio of the power flowing through
the PTO (Hals et al., 2011).45

Therefore, recently, more attention has been brought
to the practical side of the development and implementa-
tion of the WEC control systems. Sandia National Labor-
atories (Wilson et al., 2016; Coe et al., 2017) have per-
formed extensive research on the assessment of the most50

common control strategies, where the comparison has been
done not only in terms of the power output but also in-
volving other performance indices related to the PTO ca-
pacity requirements. The results have demonstrated that
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PTO specifications, such as the required energy storage,55

the maximum slew rate of the load force, etc., significantly
vary depending on the control strategy. Furthermore, the
implemented controller should account for practical lim-
itations of the power take-off as demonstrated by Genest
et al. (2014); Nie et al. (2016), where the transmission en-60

ergy losses and efficiency of the machinery are included
in the formulation of the control law. Therefore, at the
early stage of the WEC development, the PTO machinery
should be designed according to the requirements imposed
by the selected control strategy, and if not possible, the65

controller should take into account technical constraints
of the system.

The current paper addresses two research questions:
(i) how to modify the SISO controller for the WEC that
operates with multiple degrees of freedom? and (ii) what70

challenges may arise when it is required to implement the
close-to-optimal controller in practice? The description of
the converter, its numerical model and the controllability
analysis are presented in Section 2. The design of the
high- and low-level control loops and the performance of75

the suggested control strategy are shown in Section 3. The
possibility of practical application of optimal control and
associated specifications and requirements for the power
take-off machinery are discussed in Section 4.

2. Wave energy converter80

2.1. System description

The WEC considered in this study is a fully submerged
disk-like buoy connected to three power take-off units by
means of the flexible tethers as shown in Figure 1. Such
configuration of the PTO allows the extraction of power85

from surge, heave and pitch motions simultaneously. All
parameters and dimensions of the converter have been se-
lected such that the cost of electricity is minimised consid-
ering that the PTO is capable of generating a force pro-
portional to the tether displacement and velocity (spring-90

damper control).

2.2. Dynamic model

This WEC has six degrees-of-freedom, so its motion
can be described by the position vector x ∈ R6×1 (x1
surge, x2 sway, x3 heave, x4 roll, x5 pitch, x6 yaw) in the95

reference (Cartesian) coordinate frame Oxyz. The buoy
is connected to three tethers that are represented by the
a vector of tether length variables q = [l1 l2 l3]T. The
kinematic relationship between the buoy velocity ẋ and the
rate of change of the tether length has a form q̇ = J−1(x)ẋ,100

where J−1(x) ∈ R3×6 is the inverse kinematic Jacobian
which is a function of the buoy current position (Sergiienko
et al., 2018).

(a)
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α
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(b)
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120o

PTO1

PTO2

PTO3

(c)

Table I: WEC parameters.

Parameter Value

WEC radius 12.5 m
WEC height 5 m
Submergence depth 2 m
Water depth 30 m
Mass 1.99 × 106 kg
Moments of inertia
Ixx = Iyy 8.18 × 107 kg·m2

Izz 1.55 × 108 kg·m2

Tether angles
αAP 65◦

α 40◦

Figure 1: Geometry and parameters of the three-tether wave energy
converter: (a) 3D view, (b) front view, (c) top view. The angle β
shows the direction of the wave propagation.

2.2.1. Full dynamics

The motion of the three-tether WEC can be described105

by the following equation:

Mẍ = Fexc + Frad + Fvisc + Fbuoy + Ftens, (1)

where

• Fexc is the wave excitation force vector;

• Frad is the wave radiation force vector modelled as:

Frad = −A∞ẍ−
∫ t

0

Krad(t−τ)ẋ(τ)dτ ≡ −A∞ẍ−Fr,

(2)
where A∞ is the matrix with infinite frequency ad-110

ded mass coefficients, and Krad(t) is a retardation
function, and Fr is replaced by the state-space model
using the Marine System Simulator toolbox developed
by Perez and Fossen (2009):

ṗr = Arpr + Brẋ, (3)

Fr = Crpr. (4)

Here pr ∈ R36×1 is an auxiliary vector without any115

physical meaning (for details see Sergiienko et al.
(2017)), Ar, Br, and Cr are the state space matrices.
The frequency-dependent coefficients of the excita-
tion and radiation forces are obtained using WAMIT
(Lee, 1995);120
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• Fvisc is a viscous damping force given by

Fvisc = −1

2
ρCdAd‖ẋ‖ẋ, (5)

where Cd and Ad are the matrices of the drag coef-
ficients and the cross-section areas of the buoy per-
pendicular to the direction of motion respectively.
Drag coefficients are taken as Cd,x = Cd,y = 0.7,
Cd,z = 1.28 and Cd,xz = 0.22. These values were cal-125

culated from the numerical wave tank experiments
(Rafiee and Fievez, 2015) for similar buoy geometry;

• Fbuoy is the buoyancy force

[0 0 (mw −mb)g 0 0 0]T, (6)

where mw is the mass of the displaced water, and
mb is the mass of the WEC;

• Ftens is the generalised tether force in the Cartesian
coordinate frame Oxyz

Ftens = J−TFt = J−T(Ft0 + Fu), (7)

and the vector of tether forces Ft ∈ R3×1 is a su-130

perposition of the initial tension in the tethers that
counteracts the buoyancy force, and of the control
forces exerted on the buoy from the PTO machinery.
Also, the tethers are assumed to be flexible and they
can become slack which is modelled as Ft,i = min(Ft0,i+135

Fu,i, 0).

The presence of the viscous drag term (Fvisc) and gen-
eralised tether force (Ftens) makes the system (1) nonlin-
ear with respect to x and Fu. Therefore, for the control
system development, Equation (1) should be represented140

in a state-space form, and, therefore, linearised.

2.2.2. Linearised state-space model

The approximation of the viscous damping force by its
linear analogue is done using a Lorenz linearisation ap-
proach suggested by Folley (2016). Thus, Fvisc ≈ −Bvẋ,145

where the diagonal elements of the linearised damping
matrix Bv ∈ R6×6 are obtained using the iteration pro-
cedure described by Bacelli et al. (2013). For the WEC
detailed in Table I this method gives Bv,1 = Bv,2 = 2.8×
105 N·s/m, Bv,3 = 1.9 × 105 N·s/m and Bv,4 = Bv,5 =150

2× 107 N·s/rad.
Nonlinearities in the generalised tether force are as-

sociated with the inverse kinematic Jacobian, which is
position-dependent. So, the approximated tether force is:

Ftens ≈ −Ktx + J−T0 Fu, (8)

where Kt can be found in Scruggs et al. (2013) and J−10 =155

J−1(x0) is the inverse kinematic Jacobian at the nominal
position of the buoy x0 = 06×1.

As a result, the linearised state-space model of the
WEC can be written as:

160

Ẋ =

 ẋ
ẍ
ṗr

 =

=

 06×6 I6×6 06×36
−(M + A∞)−1Kt −(M + A∞)−1Bv −(M + A∞)−1Cr

036×6 Br Ar

 x
ẋ
pr

+

 06×6
(M + A∞)−1

036×6

(Fexc + J−T0 Fu
)

≡ AWECX + BWECU,

Y = ẋ =
[

06×6 I6×6 06×36
]
X = CWECX, (9)

and the transfer function that corresponds to this model
is:

G(s) = CWEC(sI−AWEC)−1BWEC. (10)

The nonlinear model in Equation (1) is used to assess
the controller performance, while the controller design is
based on the linearised model in Equation (9).165

2.2.3. Implementation

The time-domain simulations are implemented in MAT-
LAB/Simulink with a time step of 0.01 s using the ode45
solver. Where the power assessment is required, simula-
tion time is set to 300× Tp seconds while the first 15× Tp170

are not taken into account due to the transient effects. Tp
is the peak period of the modeled irregular wave.

2.3. Controllability

The converter shown in Figure 1 belongs to the class of
underactuated mechanisms as it has six degrees-of-freedom175

(DOF) but only three independent control inputs (non-
square plant). In order to identify what DOFs can be
controlled and quantify interactions in this MIMO system,
the transfer function of the WEC G(jω) ∈ R6×3 should be
decomposed using singular value decomposition (SVD):180

G(jω) = UΣVH , (11)
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where U ∈ R6×6 and V ∈ R3×3 are the singular vec-
tors that form orthonormal bases for the output and input
space, correspondingly, and Σ ∈ R6×3 is a diagonal matrix
with three non-negative singular values σ1 ≥ σ2 ≥ σ3.

Singular vectors U correspond to the six rigid body185

modes of vibration (not to be confused with hydrodynamic
modes) each of which has its own natural frequency and
mode shape (Fu and He, 2001). In other words, vibration
modes can be explained as follows. The motion of the
WEC is usually described using conventional rigid-body190

modes, or DOFs, such as surge, sway, heave, roll, pitch
and yaw. However, these DOFs are not independent in the
three-tether WEC, but are coupled (i) hydrodynamically
due to the cylindrical shape of the buoy, and (ii) through
inclined mooring lines. Coupled DOFs that oscillate with195

the same natural frequency form a mode of vibration (Ding
et al., 2019).

The graphical representation of the mode shapes that
correspond to Ui (i = 1 . . . 6) are shown in Figure 2. Since
the system has three control inputs, only the first three200

modes out of the six, namely U1, U2, and U3 can be actively
controlled by the power take-off machinery. It can be seen
that both output modes U1 and U4 involve buoy motion
in surge and pitch, but:

+surge

U1 U2 U3

U4 U5 U6

+pitch

+sway

heave

+surge

pitch

+sway

+roll

yaw

roll

Figure 2: Graphical representation of the rigid body modes of the
three-tether WEC.

(i) U1 has a lower resonant frequency than U4. The in-205

coming wave will excite the buoy motion in either
mode U1 or U4 depending on which resonant fre-
quency is closer to the wave frequency;

(ii) surge and pitch modes are included in U1 and U4 with
different phases and amplitudes. While U1 is dom-210

inated by surge motion, U4 is dominated by pitch.
Moreover, surge and pitch modes are in phase in U1,
and have opposite phases in U4;

(iii) U1 is controllable while U4 is not. U4 can be excited
by the incident wave, but the PTO machinery has no215

effect on this mode.

Another important information obtained from the SVD
is related to the singular values σj(j = 1 . . . 3). In control
theory, singular values are used to show the output direc-
tions in which the system inputs are most effective (Sko-220

gestad and Postlethwaite, 2007) and to identify any con-
trollability problems in the plant. The frequency-dependent
singular values of the WEC which correspond to the con-
trollable modes Ui (i = 1 . . . 3) are demonstrated in Fig-
ure 3a. It is clear from the plot that in the frequency225

range of 0.5−0.75 rad/s (wave period 8−12 s) the coupled
surge/pitch U1 and sway/roll U2 modes have singular val-
ues an order of magnitude higher than these for heaving
mode U3. This implies that less effort is required to con-
trol the buoy in surge and sway than in heave at this range230

of frequencies. Moreover, if the ratio between the max-
imum and minimum singular values (condition number) is
larger than 10, inverse-based controllers may be sensitive
to ‘unstructured’ input uncertainty which is undesirable
for practical applications (Skogestad and Postlethwaite,235

2007).

(a) (b)

Figure 3: Controllability measures of the three-tether WEC: (a) sin-
gular values, and (b) Relative Gain Array.

Another measure which is widely used to identify con-
trol properties of the plant is the Relative Gain Array
RGA(G) = Λ(G) , G ◦ (G−1)T, where ◦ denotes the
Hadamard product (element-by-element multiplication).240

The RGA is mostly used to determine an effective input-
output pairing for use in the control design, and to indic-
ate outputs with poor controllability. So, if the sum of the
elements in a row of RGA is small (� 1), then the corres-
ponding output cannot be controlled. The RGA matrix245

of the three-tether WEC is Λ(G) ∈ R6×3, where six rows
represent the WEC DOFs (outputs) and three columns
correspond to the three control inputs through the teth-
ers. In order to demonstrate the controllability property
of each DOF, the RGA matrix of the plant is calculated250

over the range of frequencies Λ (G(ω)) and row sums that
correspond to these DOFs are shown in Figure 3b. As a
result, relatively large RGA elements (> 0.5) indicate that
the PTO system has a strong control authority in surge,
sway and heave, but poor controllability over pitch and255

roll (values are < 0.5).
However, it should be noted that this analysis has been

performed for the nominal position of the buoy x0 = 06×1;
and the control property of this WEC is subject to the
buoy orientation.260
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3. Controller design and performance

In this section, the ‘simple but effective’ velocity track-
ing controller developed by Fusco and Ringwood (2013) is
extended to the multivariable system. As shown in Fig-
ure 4, the control structure has two major loops: (i) a high265

level loop sets the reference (desired) velocity of the buoy,
and (ii) a low level loop provides the required machinery
(power take-off) force to achieve this velocity.

UT
0 K(s) V0 G(s)

WEC

Kalman
filter

Excitation force
observer

Reference point
generator

Velocity tracking controller C(s)

Ft ẋ

Fexc

F̃exc

−
ẋref

Figure 4: The block-diagram of the velocity tracking control designed
for the three-tether WEC. In this paper, the ‘tilde’ symbol, ‘ ˜ ’,
denotes an estimated value of the variable.

3.1. High-level control

The main objective of the high-level controller is to set270

the reference buoy velocity, ẋref, having measured or es-
timated the wave excitation force, Fexc. The controller
does not require any predictions of the excitation force,
only the current value should be provided. In Kracht et al.
(2015), an observer has been designed to estimate the ex-275

citation force of a floating device based on the real-time
measurements of its position, velocity, acceleration and
control force. In this study, it is assumed that the cur-
rent value of the wave excitation force is ideally estimated
F̃exc(t) = Fideal

exc (t) at each time step.280

3.1.1. Surge-pitch compromise

According to the linear potential theory, the optimal
velocity of the WEC that is able to absorb power from sev-
eral degrees-of-freedom should satisfy the following equa-
tion (Falnes, 2002a):285

B(ω)ˆ̇xopt(ω) =
1

2
F̂exc(ω), (12)

where the ‘hat’ symbol, ‘ ˆ ’, denotes the complex amp-
litude, B(ω) ∈ R6×6 is the matrix of radiation damping
coefficients, ˆ̇xopt(ω) ∈ R6×1 is the vector of optimal ve-

locity, and F̂exc(ω) ∈ R6×1 is the excitation force vector.
If B(ω) is non-singular, then Equation (12) has a unique290

solution ˆ̇xopt(ω) = 1
2B−1(ω)F̂exc(ω). However, B−1(ω)

does not exist for the axisymmetric body if surge and pitch
are involved in power absorption, and Equation (12) can-
not be solved simultaneously for ˆ̇x1,opt and ˆ̇x5,opt. There-
fore, if one of the velocities is known, the other one can be295

found from the following equation:[
B11 B15

B51 B55

] [
ˆ̇x1
ˆ̇x5

]
=

1

2

[
F̂exc,1
F̂exc,5

]
. (13)

For instance, for the known value of the pitch velocity
ˆ̇x5, the optimal buoy velocity in surge can be calculated
as in Falnes (2002b):

ˆ̇x1,opt =
F̂exc,5 − 2B55

ˆ̇x5
2B51

=
F̂exc,1 − 2B15

ˆ̇x5
2B11

, (14)

and vice-versa. So according to Equation 14, the require-300

ment that the buoy velocity should be in phase with the ex-
citation force does not apply if both surge and pitch modes
are involved in power generation. For the number of cases
considered in this paper, it is found that F̂exc,1 � 2B15

ˆ̇x5,
and the coupling between surge and pitch is neglected in305

the design of the controller. In addition, due to the pres-
ence of the viscous damping force, the formulation of the
optimal buoy velocity is modified as in Fusco and Ring-
wood (2013):

ˆ̇x1,opt =
F̂exc,1

2(B11 +Bv,1)
, ˆ̇x3,opt =

F̂exc,3
2(B33 +Bv,3)

, (15)

where Bv,1 and Bv,3 are linearised damping coefficients in310

surge and heave modes, respectively.

3.1.2. Causality assumption

The ‘simple and effective’ controller is based on the
assumption that the wave excitation force has a narrow
bandwidth which allows one to eliminate the complexity of315

the noncausal WEC control problem. Thus, the excitation
force can be represented as a harmonic process with one
dominant frequency as justified in Fusco and Ringwood
(2013):

Fexc,i(t) ≈ fexc,i(t) cos
(
ωi(t)t+ φi(t)

)
, (16)

where fexc,i(t), ωi(t) and φi(t) are the time-variant amp-320

litude, frequency and phase of the excitation force, respect-
ively.

This assumption allows the reference velocity of the
WEC in each hydrodynamic mode i to be set as:

ẋi,ref(t) =
Fexc,i(t)

2(Bii(ω̃i) +Bv,i)
, (17)

where the estimated frequency ω̃i is obtained in real time325

using the Extended Kalman filter (EKF) (Fusco and Ring-
wood, 2010) for each hydrodynamic mode i separately, and
the corresponding value ofBii(ω̃i) is set using gain schedul-
ing.

The unique feature of the fully submerged WECs is330

that they act as a bandpass filter being excited by the
ocean waves in a limited range of wave frequencies. There-
fore, the dominant frequency of the excitation force is dif-
ferent from the peak frequency of the incoming wave front.
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The bandpass characteristics of the disk-like WEC con-335

sidered in this study are shown in Figure 5a for the irreg-
ular wave of Hs = 1 m and Tp = 14 s. Sη(ω) corresponds
to the Bretschneider wave spectrum (The Specialist Com-
mittee on Waves, 2002), |HFe,η(ω)| shows the magnitude
of the transfer function from the wave elevation (η) to the340

heave excitation force, and SFe(ω) = Sη(ω)|HFe,η(ω)|2
demonstrates the resultant spectrum of the wave excita-
tion force. So despite the fact that the incident waves have
a peak frequency ωηp = 0.45 rad/s (14 s), the peak excit-
ation forces occur at a frequency of 0.6 rad/s (10.5 s). ω̃345

corresponds to the value estimated by the EKF.
The bandpass effect of the submerged WEC is clearly

demonstrated in Figure 5b, where the horizontal axis shows
to the peak wave period of the sea states of Hs = 1 m and
the vertical axis shows the corresponding dominant period350

in the excitation force signal. Thus, for all the sea states
with 9 s < Tp < 17 s, the buoy oscillations in heave will
be dominated by a period of 10 s.

(a) (b)

Figure 5: Bandpass properties of the three-tether WEC: (a) one sea
state of Hs = 1 m and Tp = 14 s, (b) range of sea states with
Hs = 1 m. Further details can be found in text.

3.2. Low-level control

As shown in Section 2.3, the three-tether WEC with355

a buoy shape considered in this study is a bad candidate
for the inverse-based controllers due to the large condition
number at the frequency range of interest. Therefore, as
opposed to the internal-model approach implemented in
Fusco and Ringwood (2013); Sergiienko et al. (2017), it360

was decided to use the SVD-controller for the tracking
control loop (see Figure 4). This controller is proven to
be robust (Skogestad and Postlethwaite, 2007) and allows
one to decouple the control problem of the multivariable
system:365

C(s) = V0K(s)UT
0 , (18)

where V0 and U0 are obtained from the singular value de-
composition of G0 = U0Σ0V

T
0 , G0 is a real approximation

of G(jω0) at a given frequency ω0, and K(s) = K(s)Σ−10 .
This controller only requires the design of K(s) which is
chosen as a simple PI controller: K(s) = kp + ki

s . In this370

study, ω0 = 0.63 rad/s, kp = 5 and ki = 0.

3.3. Controller performance

With the control structure defined, the performance of
the SVD-based velocity tracking controller was investig-
ated in terms of the reference tracking and power absorp-375

tion properties.

3.3.1. Tracking

As demonstrated in Figure 6a–6b, the buoy velocity in
both heave and surge has the same phase as the corres-
ponding wave excitation force. As the pitch mode is not380

taken into account in the current controller design, it does
not satisfy the phase optimality condition which is shown
in Figure 6c. Therefore, the buoy oscillations in pitch have
a negative impact on the power production that is demon-
strated in Figure 6d. The power converted from each hy-385

drodynamic mode j (surge, heave and pitch) is calculated
as the difference between excitation power, radiated power
and viscous losses: P̄j = P̄exc,j − P̄rad,j − P̄visc,j .

As a result, the power losses associated with the buoy
motion in pitch constitute approximately 15% of the total390

amount of absorbed power.

(a) (b)

(c) (d)

Figure 6: Time series of the buoy velocity (blue line) and the wave
excitation force (black dash-dot-line) for the sea state of Hs = 2 m,
Tp = 12 s: (a) surge, (b) heave, and (c) pitch modes. (d) The
contribution of each hydrodynamic mode into the total power output
of the three-tether WEC.

3.3.2. Comparison with a spring-damper control strategy

The performance of the proposed controller is com-
pared with the commonly implemented spring-damper con-
trol (SDC) strategy, where the load force for the latter395

is defined as: Fu,i(t) = −Kpto∆li(t) − Bpto∆l̇i(t), i =
1 . . . 3. The control parameters Kpto and Bpto are optim-
ised to maximise power output for each sea state using an
exhaustive search.
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The efficiency of both controllers is presented in Fig-400

ure 7 for the range of sea states using Bretschneider wave
spectra. The chosen SVD-based velocity tracking control-
ler (VTC) is capable of increasing the power output of
the three-tether WEC by up to 40% for Tp > 8 s, while
for the wave periods of Tp < 8 s the spring-damper con-405

troller demonstrates slightly better results. This is mainly
due to the linearisation of the SVD controller around ω0

(T0 = 10 s) frequency.

(a) (b)

Figure 7: Performance comparison of the SVD-based velocity track-
ing control (blue solid line) vs. the spring-damper control (red dash-
dot line) for the range of sea states generated using Bretschneider
spectrum: (a) Hs = 1 m and (b) Hs = 3 m.

3.3.3. Sensitivity to the wave force estimation

WEC control systems aim to keep the buoy velocity410

in phase with the wave force. Modelling uncertainties and
input/output disturbances may introduce errors in the ref-
erence and tracking loops leading to a significant degrada-
tion of the converter efficiency (O’Sullivan and Lightbody,
2017). For the controller shown in Figure 4, the main415

sources of modelling errors and their effect on the buoy
performance are listed in Table 2. Firstly, the current
value of the excitation force, F̃exc(t), is estimated using
the Extended Kalman filter which is based on the available
model of the WEC. Any uncertainties in the WEC model420

could lead to the inaccurate estimation of the wave force
(both amplitude and phase as in Kracht et al. (2015)),
which, in turn, could lead to errors in setting the refer-
ence buoy velocity. Then, the estimated excitation force
is passed to the reference point generator (Equation (17))425

which uses the hydrodynamic damping, Bii(ω), and lin-
earised viscous damping, Bv,i, coefficients. Uncertainties
in determining these values may introduce an error in set-
ting the correct amplitude of the buoy velocity. The last
‘known’ modelling error is associated with the design of430

a velocity tracking control loop, in particular, inaccuracy
in setting K(s) and Σ0 values may lead to the tracking
errors of the control system. This, in turn, may lead to
the discrepancy between the desired (reference) and actual
(measured) amplitude and phase of the buoy velocity.435

In this study, it has been assumed that the perfect
estimation of the wave excitation force is available, and the
results presented in Figure 7 demonstrate the maximum

Table 2: ‘Known’ modelling errors of the control structure shown in
Figure 4.

Controller sub-system
Source Buoy velocity
of error Amplitude Phase

Excitation force observer WEC model + +
Reference point generator Bii(ω), Bv,i +
Velocity tracking loop K(s), Σ0 + +

capability of the velocity-tracking controller for the three-
tether WEC. However, the information provided by the440

observer plays an essential role in this control strategy,
and it is important to understand the effect of imperfect
wave force estimation on the power output of the WEC.

The sensitivity of the controller to the phase and amp-
litude errors of the estimated wave force is presented in445

Figure 8. To generate these results, it has been assumed
that the force value used by the reference point generator
has a time delay F̃exc(t) = Fideal

exc (t − τ) and the wave
force amplitude error is modelled separately as F̃exc(t) =
(1 + ε)Fideal

exc (t).450

(a) (b)

Figure 8: Sensitivity of the power output of the three-tether WEC
to the imperfect estimation of the wave excitation force: (a) time
delay, and (b) amplitude error.

As expected, the accurate estimation of the wave force
phase is very important and the time delays of 0.3–0.7 s
may result in power reduction of 20%. However, the sys-
tem is more robust to the amplitude errors where uncer-
tainties of ±50% in the estimation of the excitation force455

amplitude lead to a decrease in the generated power by
only 20%. As a result, it should be realised that no mat-
ter how robust the velocity tracking loop is, the reference
point generator is of greater importance, and to provide an
accurate estimation of the wave forces it requires a high-460

fidelity model of the plant.

4. Considerations on practical application of the
optimal control

The SVD-based velocity tracking control provides a
significant increase in power absorption of the WEC. How-465

ever, this efficiency comes at a cost of the PTO machinery
since its specifications, such as the peak force, slew rate,
energy storage, etc., directly depend on the implemented
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control law. This section will specify what requirements
the power take-off should meet in order to accommodate470

the close-to-optimal control strategy for the three-tether
WEC.

4.1. Equivalent spring-damper control

The spring-damper controller is usually designed to
operate on the sea-state basis, while the velocity track-475

ing is a wave-by-wave control strategy. Thus, the ques-
tion arises, assuming that the PTO can only operate as
a spring-damper system, is it possible to implement the
velocity-tracking control on such machinery using time-
varying parameters Kpto(t) and Bpto(t)? The results ob-480

tained for the regular wave of Hw = 1 m and Tw =10 sec
are shown in Figure 9, where the required control force for
each PTO unit of the three-tether WEC is calculated based
on the VTC and then equivalent spring-damper paramet-
ers are estimated using the least-squares method:485

Keq
pto,i(t)∆li(t) +Beqpto,i(t)∆l̇i(t) := FV TCu,i (t), i = 1, 2, 3.

(19)
The analysis is done assuming that the wave propagates
along the x-axis (β = 0◦) making the first tether aligned
with an incoming wave front (refer to Figure 1).

(a) (b)

Figure 9: The time-dependent (a) stiffness and (b) damping coeffi-
cients of the equivalent spring-damper control for the regular wave
of Hw = 1 m, Tw = 10 s.

The results imply that:

(i) in order to implement an optimal control on the three-490

tether WEC, all PTO units should have different set-
tings Keq

pto,1 6= Keq
pto,2,3 and Beqpto,1 6= Beqpto,2,3;

(ii) the PTO attached to the first tether should act as an
actuator not generating any power which is indicated
by the negative value of the damping Beqpto,1 < 0.495

These findings are shown more clearly in Figure 10 for
the range of irregular waves of Hs = 1 m. The contribu-
tion of each power take-off unit to the total power output
of the three-tether WEC is shown for two different con-
trol strategies: velocity-tracking (Figure 10b) and spring-500

damper (Figure 10a). Power factor is calculated as the ra-
tio of the power absorbed by one PTO to the total power
absorbed by all three PTO systems (P̄i/

∑
P̄i).

(a) (b)

Figure 10: The contribution of each PTO unit to the total power
absorption of the three-tether WEC depending on the sea state for
two control strategies (a) spring-damper and (b) velocity tracking.

In the case of the spring-damper control considered
here, all tethers have the same settings of the stiffness and505

damping, and these parameters are positive definite. As a
result, all PTOs contribute to the power output, however
the first unit generates much less energy than the other
two as shown in Figure 10a. This is opposed to the velo-
city tracking control which requires the first PTO to act510

as an actuator across all sea states, while the power to the
grid is delivered by the second and third PTOs. Similar
observations have been reported in Scruggs et al. (2013)
for the optimal causal control of the floating three-tether
WEC. Moreover, this principle is also used in NEMOS515

NEMOS GmbHs (2017) wave energy converter, where one
‘leg’ is actuating the buoy motion according to the pre-
scribed trajectory.

4.2. Wave direction

The results shown in Section 4.1 cover the scenario520

when the first tether is aligned with the wave propaga-
tion. However, the operational behaviour of each PTO
unit (whether it operates as a generator or as an actu-
ator) is highly dependent on the direction of the incoming
wave. The effect of the wave angle β on the power factor525

of each PTO is demonstrated in Figure 11a for two dif-
ferent sea states. Thus, the operational behaviour of each
PTO changes when waves come from the opposite direc-
tion (β = 180◦): the first unit starts delivering power to
the grid while the second and third PTOs serve as WEC530

actuators. Also it is interesting that for some wave angles
(e.g. β = 60◦), a single PTO needs to generate more
power (power factor > 1) than the net power produced by
the WEC.

Unlike the spring-damper controller, the velocity track-535

ing control strategy is highly sensitive to the incident wave
direction as illustrated in Figure 11a. Therefore, its per-
formance in multidirectional waves can deteriorate signi-
ficantly from the theoretical maximum subject to the dir-
ectional spreading of the incoming wave. As a result, the540

three-tether WEC may benefit from the velocity tracking
controller if installed close to the shore where the mean
wave direction is highly predictable and the directional
spreading does not exceed 10-20 degrees.
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(a) (b)

Figure 11: The effect of (a) the wave direction and (b) the tether
inclination angle on the power factor of each PTO unit with im-
plemented velocity tracking control for the sea state of Hs = 1 m,
Tp = 12 s. Default settings of the WEC are specified in Figure 1.

4.3. Tether arrangement545

The arrangement of tethers, including their inclination
angles and attachment points, affect the power take-off
capability of this WEC. As already mentioned in Sec-
tion 2.1, the choice of the converter geometry and other
parameters has been driven by minimisation of the lev-550

elised cost of electricity provided that the spring-damper
control is implemented. Therefore, it is possible that the
design of this WEC, in particular the tether arrangement,
does not meet the requirements of the velocity-tracking
controller. The effect of the tether angle α on the power555

factor of each PTO is demonstrated in Figure 11b for the
sea state of Hs = 1 m and Tp = 12 s. It is clear that
to be able to implement the velocity-tracking control on
the three-tether WEC and to avoid the situation when one
of the PTOs is working as an actuator, the tether angle560

should be reduced to approximately 25◦. This can be ex-
plained by the fact that tethers and the PTO are trying
to provide the required optimal motion of the buoy; and
if the tether arrangement does not allow to achieve this
trajectory with all PTOs generating power, then the op-565

timal control pushes one or several PTO units to actuate
the WEC instead of harvesting power.

More clearly the importance of the tether arrangement
on the implementation of the optimal control can be shown
by an example of the three-tether WEC with a different570

shape of the buoy (vertical cylinder with a radius of 3.8 m,
height of 11.4 m, submergence depth of 3.75 m and water
depth of 50 m). The new WEC and the power factors of its
PTOs are demonstrated in Figure 12 for one sea state of
Hs = 1 m and Tp = 12 s. It is obvious that for the tether575

angle close to 58 − 60◦, all three PTOs are generating
useful power, while for the angles < 55◦, the second and
third PTOs are actuating the buoy motion (power factor
is < 0). However, for larger tether angles the situation is
completely opposite and to achieve an optimal trajectory580

of the buoy, the first PTO behaves as an actuator, whereas
the second and third deliver electricity to the grid. It is im-
portant to note that only an axisymmetric arrangement of
tethers is considered in this case study (all tethers have the
same inclination angle to the vertical), while the possib-585

ility of other arrangements should be further investigated
from a controllability point of view.

(a) (b)

Figure 12: For demonstration purposes only: (a) a 3D view of the
three-tether WEC with a cylindrical buoy of 3.8 m radius, 11.4 m
height and submergence depth of 3.75 m; (b) power factor of each
PTO depending on the tether arrangement assuming that α = αAP

for the sea state of Hs = 1 m and Tp = 12 s.

As a result, the arrangement of tethers should be con-
sidered as an integral part of the control strategy and if it is
not possible to install them according to the requirements,590

then the design of the PTO system should be modified ap-
propriately.

4.4. Metrics

In order to implement a particular control strategy for
the WEC, the PTO machinery should meet certain re-595

quirements. The analysis of the two control strategies is
completed assuming a deployment site of Albany, Western
Australia with a wave climate shown in Figure 13.
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Figure 13: The wave climate at the Albany deployment site located
in Western Australia (117.7547◦E, 35.1081◦S, 30 m water depth,
33.9 kW/m mean annual wave power resource) Australian Wave En-
ergy Atlas (2017).

The quantities used to assess PTO specifications are
adopted from Wilson et al. (2016) and indicated in Table 3.Val-600

ues in bold are calculated assuming that all tethers are
connected to the shared power take-off machinery P (t) =∑3
i=1 Pi(t), while values for individual power take-off sys-

tems correspond to the case when each tether is driving a
separate isolated PTO unit.605

Average net power for one sea state is calculated as
P̄ = 1

T

∫
T
P (t)dt assuming a 100% efficiency of the ac-

tuator. Average reactive (input) power is estimated as
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P̄ in = 1
T

∫
T
P in(t)dt, where P in(t) = P (t)[P (t) < 0]. The

average stored energy is found as Ē = 1
N

∑N
i=1Ei, where610

the energy stored for each cycle is calculated by integrating
the reactive power between two consecutive zero crossings
Ei =

∫ t2i
t2i−1

P in(t)dt. A more detailed explanation of nota-

tions can be found in Figure 14. The average annual values
reported in Table 3 are obtained taking into account the615

scatter diagram of wave statistics from Figure 13.

Table 3: Comparison of power production characteristics of two con-
trol strategies implemented on the three-tether WEC.

Performance index
Spring-
damper
control

Velocity
tracking
control

Average annual net power, kW 496.0 567.4
PTO 1 46.7 -171.2
PTO 2,3 224.7 369.3

Peak-to-average net power 14.2 10.8

Average annual reactive power, kW 480.2 653.3
PTO 1 122.3 1488.5
PTO 2,3 203.0 393.3

Peak-to-average reactive power 3.9 5.6

Average annual stored energy, kJ 2393.3 1257.6
PTO 1 655.4 5147.0
PTO 2,3 936.6 1561.0

As a result, the average annual power production for
the velocity-tracking control is 15% higher than that for
the spring-damper strategy. However, the negative value
of the average net power for the PTO 1 confirms that this620

machinery should be designed to actuate the WEC all the
time. The amount of energy required to provide the react-
ive power flow without using power from external sources
is shown as ‘average stored energy’. When all three PTO
units have independent circuits (e.g. hydraulic), the VTC625

strategy involves much higher energy storage for each ma-
chinery, especially for PTO 1. However, it is more bene-
ficial to design shared machinery, where power can flow
between three PTO systems (e.g. inside the buoy), as this
scenario allows the velocity-tracking controller to be im-630

plemented to the three-tether WEC with a reduction in
energy storage costs as compared to the spring-damper
control (1257.6 kJ vs. 2393.3 kJ).

5. Conclusion

The SVD-based velocity tracking control has been ap-635

plied to the submerged multi-degree-of-freedom WEC. This
controller is causal, robust, and achieves the optimal amp-
litude and phase between the buoy velocity and the excita-
tion force in both heave and surge modes. The analysis of
the controller sensitivity has revealed that while the low-640

level control loop is robust, the high-level reference point
generator requires a high-fidelity model of the WEC in or-
der to satisfy the optimal phasing condition. The perform-
ance of the proposed controller has been compared with
a quasi-standard spring-damper approach, where a 15%645

t1 t2 t3 t5 t6 t7

Figure 14: An example of calculating the power-production metrics
for one time series. P (t) is an instantaneous power, P in(t) is the
input (reactive) power used to actuate the WEC, the ‘bar’ symbol¯
denotes the average value over time.

increase in power production is achieved for the deploy-
ment site considered. It has been found that the velocity-
tracking control implemented on the three-tether converter
requires one of the PTO units to operate as an actuator all
the time. However, this drawback can be compensated by650

the shared power take-off machinery across all the tethers.
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