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ABSTRACT

Thj.s thesis presents in d-er!ail two method-s for

the sy st ematic stud.y of 'the structure of J.ight

nucleí " Part I begins r'¿ith a critical r evi evr of

other l¡ork so that our s'cud-y may be Êeen in its

correct perspective. Chap'ber two contains a com-

plete orthogonal- ci a.ssj-f ication of the S-state vrave-

f unctions lvhich are present in the ground- states of
-blre triton anð the alpha particl-e, and. is followed.

by onr treatinent of the Schrod-inger equations of the

three- ancl four'-nucl-eon systems. Includ.ing spin

explici-i;J-y in'che nucLear nod-¡.r-l- of Greenr wê have

solved. tilese e,:uati-ons exactly. the r e sults that

accrue f :'oiri ''t his ir¡.provement to Greenl s mode1,

aÌ-bhougìr j"ntere sting in themselrres r a,re only meaning*

ful for sha-Ll-olv and. l-ong^ranged. Gaussian potentials

so these investigations ha'u*e perforco been limitecL

'üc the nuclei i-n the fs shell-.

In part 2, a velocit¡r d-epencl-ent potential of

exponential- form, vrhich gives the correct d-euteron

bi-nding energir and. good- f i-t s to the tvro-bod.y

scattering d.ata, is d-etermineiL. By using thls inter-

actíon, the binding energies of the trinucleon ancL



the al-pha p art j-c1e aï'e eval-uat ed. through a

varíational-type calculation. The parameters of

the trial funotions which includ.e short-raoge trco-

bod.y correlations, are obtained by fitting the

rrrno s¡ rad.ius and- the form f aotor of each nuclêì-ls¡

The quality of these nravefunctions is also tested.

by the expeotation values of a number of operators

1n the three- and. f our-i:od-y syst ens. Srom our

resul-.ts ne are ab]-e -bo 
"o""Lud-e that the sof-b-core

nucleon-nucleon interaol;ion is mcre than ad.equate

es a substitute for the repulsive hard- core poten-

'Lials suggested- by high-energy tv''o-hod-y scattering

d-a'ia. rt i s a' so obvious thet prod.uct wavef unctions

of analyti-c form e,Te) suffícíentIy flexible and- give

good- representations of the ti'ue eigenfunctions.

0 bher po ¡sible conclusions ere that the S I state i-n

bhe 'lrj.'r;on i-s unlikel-y to be present r'iith m.ore than

1.5t/o probability in-the ground. state, the Serber and-

Biel force mi-x'r;ures aTe favoured. in nuclear photo-

c1i sintegration c al-culations and- the sum-ru1es of

Bethe and- levínger are essentially correct.

T/e

ti-on c¡f

t'a C and

work o

oonclud-e v'¡ith a brief report of the applica-

our method-s to the alpha partic.j-e mod.el- of

tc the trineutron and- suggestions for further
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CHAPTER 1 , TÌ{TRODUCTION

The stud.y of systems j-nvolving few nucleons

has played- an important role in the history of

nucl"ear physics. In this fieLd- of work the deter-

mination of the nucl-eon-nucl-eon interaction has held,

the most intere st. As early as i93 j wlgrru= (1 ) shor'¡ed.

on oomparing the binding energies of hyd-rogen and.

heliun isotopes that nucl,ear forces should. have a

short-range and- gr:e at strength vu ithin that range.

In 19J5 Thoma"(z) f ound. that th e nucl-e ar int eract íon

cannot have zero range; the bind-ing energy of the

triton goes to inf inity if the range of the tv,ro-bod.y

force tencls to zero. A1 1 these features of nuclear

forces had. been reveal-ed. from the stud.y of the few

nucleon systens Ìong before rel-iable nucl-eon-nucleon

scattering nea,surements coul-d- be performed-.

The continued_ absence of a fund-anental theory

of nuclear forces has 1ed. to attempts to describe

the nucleon-nucleon interaction in terms of a poten-

tiaL, a concept borrowed. from classical physics and.

atomic quantum theory. unfortunately a proliferation

of such phenomenologioal potentials exists and since
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t he two-nucleon syst eni at pre sent do e s not provid-e

suffÍcient criteria to select the unique potential,

the known properties of the nuclei next in conplexity

to the deuteron have once again been suggested- as

possíb1e tests in the sel-ection of such a true inter-

nucl-eon foroe. ff and- vrhen such a satisfactory d.es-

cription of the tvro-nucleon interaction is attained.

fron the large anount of experimental d.ata stilJ.

being colLected-, an important ad.junct to investigation

of systems containing three, four and. more nucleons

would. be the estimation of the pr e sence ancl. írnportance

of parity-d.ependent and. many-nucleon f orces,

In the stud.y of the light nuclei the essential

probl en is the soLution of the Schrod.inger e guation

for the system of interacting particles of approxi-

mately equal nass. 0n the basis of the tvro-nucleon

interaction mod-e1, the general Schrod-in6er equation

cannot be solved. analytically if a phenomenologioal-

potent5-aI consistent with most tlvo-bod.y d.ata is usecl.

1\ d.irect numerícal calculation appears beyond_ reaoh of

the fastest computers tod.ay so one nust resort to a

nunber of obvious approximations. One sinplificatíon

is the red.uction of the complete few-nuolêofi rirEt.vê-
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function to more tractable form. In their centre-

of -mas s coord-inat e s, the trit on vùave equation i s a

partial ¿tifferential equation in six ind.cplnd.ent

variables whil-st the alpha particle wave equation

has nine such variabl-es. A sy sternatic classif ication

of the angular wave-functions present in the ground.

states of the two nuclei based. on the absolute and.

auxiliary guantun numbers of theee states was proposed.

by Derrictc ancl 81 utt(3) , cohen and- tïit1r"(4-ø) 
"r¿

g"ur(7). Such a c].assification has red-uced. the triton

problen to 16 coupled. d-ifferential equations ín three

variables and. the alpha particlo rrave equations to 52

coupled. eguations in six variabJ.e s. No further sirnpli-

fication is possible. Hovrever there is some evid.ence

to suggest that only a small number of the cle,ssified.

states are important and- the others can be summarily

d-ropped. from consid.eration without fear that their

ab senc e vrilL af f eot the conclusions of e.ny c al-culation.

Even so the sub stantially red-uced. coupled e quations

are stil1 ¿Lifficult to soLve explícit3-y and ei-ther of

two popular proced-ures nust be mad-e for any further

progre s s . The f ir st lnvol-v e s the as sumpt ion of an

equivalent interactj-on operator that is sufficiently
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sinple so th¡rt a st:,r:.ightf or.r¡ard- ,solution f o11ol.rs; the

second. retains the complicated. forrn of the two-

nucleon potential a.nd_ some variational principle

i s employed-. The ad.vent of f aster c onputers with
large storage capacities wi-Il help matters but until
then these two nethod_s will continue to enjoy a

l arg e xte asur e of p opul arity.

The exact-sol_ution nethod., which is the I ess

pre.cticable of the tr¡¡o, has a number of d.i stinct
ad.vantages: it af lows an exact solution which exposes

features of the problen not revealed. by the varia_
tional method-. These features lend- physical insight
into the stud-y of the fev¡-nucleon systens and. nay

conceivably be necessa,ry in the variationar- calcula-
tions. the use of mod-ern phenomenolcgicar potentiars
which have repulsive cores and. non-central components

require d.etailed. and. ted-ious varia.tionar caLcul_atj-ons,

The most anbitious rvork in this sphere has been that
of Bratt a.nd hi s co-worke"" (B-t z) but even they have

been forced- to ad.mit that their conplicated. wave-

functions &re stil1 not sufficiently frexibre, to
ensure convergence. rt seems that the seni-tearistic
potential s may not have had. their d.ay. Farniliarity

¿¿
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in their use nay yield. valuable informatíon about

the structure of the tr:l_,r1 functions necessary for

the nore sophisticated. treatmentsr.øhich as of nor-r

ocoupy an inord.inate amount of tíme. Besid.es, it

appears unlikely that theír e ssential resul-ts v¡j-lI
have to be throd,n overboa.rd. ryhen the elaborate var-
iational calculations are performed because these

simpler phenornenologicaJ- potentials nay resemble

realistic forces in their effects on the nain prop-

erties of the light nuclei. The flow of papers on

the felv-nucleon systems that rvas once a trickle is
now a constant strean as the emphasis in research is
shifted. from the two-bod.y systen to the nuclei after
thc d.eutcron. In the next section we present a,

summary of some of the najor work clone by other
authors so as to place our olvn work in its correct
perspe ctive.

1.1 Critical Revie¡r of Work on the Setr-IrlucLeon

Prob I en

The f írst fuIl classif i_cation of the angular

rnonentum-isospin functÍons which can be present i-n

the ground. state rv€rvefunctions of the three-nucleon
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system was given by Derrick and Blatt(J). Using

Euler angle v¡avef unctions, they lrere able to v¡rit e

the tot al wavef unction as a l-ine ar superpo sition of

t en st at e s, e ach of v¿hj-ch hacL a d.ef init e value of

totaL orbital angular momentun, spin angular momentum

and. a d.efinite permutation symrnetry. Cohen and.

ïriJ-l.ís(lr 6) ,na Beam, 
" 

(7 ) 
"ppro r"h vüas a eyst emi sat ion

of the operator technique r^setL by Gerjuoy and

schwinge ,U3) ura saoh" (t 4). TheÍr method. gave

eJ.even and. fourteen orthogonal states respectively

for the triton and. alpha particle ground. states.

Although there is no completely reliable estinate of

the relative inportance of the various states, magnetic

rnoment measurement s ind.ic ate the S state of total

spatial symmetry to be preclominant. (f fr:-s is the

only state of any consequence present if the nucleon-

nuol eon pot ential i s central anci has Ma jorana and.

l,trigner exchange character ) . îhe next mo st i.mportant

states v¡il-l be the so-calIed. S I state (ttre S state of

nixecl synmetry) and. the D states.

Early work on the

bind.ing energies were
(t e)Irving' -' , and- Rarita

particle

tr[ej-sskopf(t5),

using static

triton and alpha

Blatt and-clo ne

and.

by

pr-u"".rt(17)
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central internucleon potentials which are consid.ered.

outmod.ecL nolvad-ays. The bind-íng energies were sensi-
tive to the shape of the two-nucleon potential; the

more real-istj-c attractive Yukawa and- expoæntial wells
gave rise to overbound. nucJ.ei. These variational

calculations were carriecl out vrith the help of regular

trial functions v,¡hich were totally synmetric and. rvhj-ch

had. a single parameter d.etermined. by the Rayleigh-

Ritz variati-onar piinciple or by fitting the coulomb

energy of 3Iíe . (The J-atter was evalueted. as a f irst
ord.er perturbation term in the Hamiltonían of 5H).

The trial functions *rere chosen to approximate the

true luavef unct j-ons and. their parameter s had. no d.irect
connection with the parameters of the nuoleon-nucreon

potentials. Subsequently an equivalent two-bod.y

nethod. vvas introducect by Feshbach and Rubirro*(t t) and
(rq)

frIorpurgo' " in which the essential approximation wag

to give the wavefunctíons some particular forns¡
Thus for the triton, Feshbach and- Rubinow assumed. the

wavefunction to be d.epend.ent on a perticular synnetric
conbination of the three interparticle separations but

the functional form of the approxinate lr¡avefunction

ruas f ound- by solving a d.if f erential e quation obtainecL
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from a variational principle formul-ation of the full

problem. The solution gave the best trial function

for the variable chosen. An improvement to the

method. in v,¡hich the variable could- be any Linear

combination of the three interparticle d.istances vÍas

d.eveloped. recently by Bhad.uri et o1. 
( 20) . Âlthough

these trn¡o-bod.y method-s are not restricted. to attrac-

'c j-v e pot ent ial s, the ir inab il ity t o incl_ ud.e two -
bod.y correlations i s a serious limitation to accuracy

when other interactions are consid-ered_.

Recent high energy tvro-bod_y scattering d.ata have

suggestecL the presence of a strong repulsion in the

nuclear force at smal-l interparticle d.istances. This

repulsion has generally been represented- as an ii;.pene-

trable harrd. core in the nucleon-nucleon potential.

such a hard. core presents atiff icul-ties v¡hen one trie s

to sol-ve the schrod.inger equation. rn the variational-

oalcul-ation, the trial function rnust vanish within

the hard-- oore rad.j-us and- in the region just outsid.e

of the core v¡here the potential is required. to be

strongly attractive, the wavefunction has to be

chosen with extrt¡ne care. Here the absolute values



9

of the kinetic and- pot ent ia1 energi es are ord-ers

of nagnitud.e larger than the total- e nergy and. smal1

d.efects in the function in this area have a d-el-et-

erious effect on the l-oca1 total energy. Thus íf

the wavef unct j-on f ail s to be a f ai-thf uI reprocluotion

of the exact vravefunction, the upper bound- on the

bind-ing energy wil-I be so far awey from the eigen-

value as to be of littl e practical- use. The f irst

successful attempt to include hard- core potentia1s

in a variational calculation of the triton bind.ing

energy was made by ohmura et ut.(21). Assumíng a

symil etric rad-ial f uncti on vrhich was a pro duot of

functíons of each ínterparticle separation, they

'were able to evafuate al-l- the expectation values

analytically. their resuLts yield.ed- a core raclius

of a.b out 0.'1 f ermi s, and a value of the Coulomb

energy of 'He that vras snaller and nearer to the

êxpected. magnitud-e than were obtained- fron the cal-

oulations vai-th central potentials. The next ma jor

series of calcula.ti-ons on the three- and four-nücl-eon

systens using ha.rd.-cor€ potential s were carried. out

by Tan6 et uI. 
( 22-2t+) . Their analytic functions

rrere of prod.uct f orn; each two-particl-e f unction
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rvas found. follolring the proposal of Austern and

ïano çzl) . rn the region just outsid,e of the oore

the function chosen is the solution of a tlro-bod-y

d.ifferential equation where the nucleon-nucleon

potential is used. ¡;nd. the energy is a. variational

para,neter. Thi s f unction j-s then matohed. onto an

'"-6)asyrnptotic function of form suggested- by Pappedemos\' o

the calculations are essentially numerical and all

integrals a.rising in the evaluation of the matrix

elements have been d-eter¡ninecL by Monte Carl-o methods.

The requivalent two-bod.y nethod.r of Feshbaoh and.

Rubinow can b e successf uI1y extend-ecl-to hand-le poten-

tials that contain hard. coloso If the trial function

i.s assunedl to be of prod.uct f orm the triton e quatíon

can be cast into a form where the Eul-er-Lagrange

ecluations can be solved iteratively. This method was

defined by Derves and- Derrickçzt), Bodmer un¿ ¿ri(28)

and lfurphy anrL Ro sat ,(zl) . Regrettably, the it"ruti'ol

prooed.ure require s prior knor¡l-ed.ge of the energy in

the two-bod.y integro-cl.ifferential equation; otherwise,

the iterated. function misbehaves at large Ínterparticle

separations. Â1so a considerable amount of cornputer

time i-s necessary because of the time-consuming pro-
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ced.ures f or numerical cLifferentiation, interpolation

ancl integration of second. ord.er tl.ifferential equatlons.

rn fact Kok antl [fageningen (30 
'31¡ , in their exhaust-

ive work on the triton problem, believe that Ít ís
perhaps nore worthwhile to retain ancl irnprove the

Austern-Iano nethod. which und.er some circunstances

gíves the same funotions as the tequivalent two-

b ocly methotL r .

Qualitatively the effect of the hard-core is to

nake the nucleon potential v¡eaker at higher energies

and. it is conceivabl-e that one can replace success-

f uIIy the hard. 'Ìcore non pr e sent in no st of the better

nucleon-nucleon potentials, by a velocity d.epend.ent

potenti 
^r(32'53). For example, in any scattering

problem & central- static potential with hard. core can

be transformecl by neans of & unitary transformatÍon

to a physically equivalent roblem containing velocity

d.ependent f orc", (14). 
Green 3s) , Leving "r(56) , Ro jo

ot u1. 
( 37,38) H""r,do' et. ut. (19) 

arra r,ir(40) have

been able to cterive velocity d.epencLent potentials of

exponential and. Goussian forns that yieId. excellent

fits to most two-bocly clata. Ca1cul-ations invoJ_vi_ng
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velocity d.epend.ent potentials clo not have the

unpleasant features present in the hard.-core calcu-

J.ations. The velocity d.epenclent potential Ís easier

to hand.le mathenatically; it d.oes not give infinite

matrix elernent s antL it pernit s the us e of the per-

turbation treatnent of Euler in solving the nuclear

many-bod-y problen. A nu¡nber of autho ""(39-lú) have

investigated the feasibility of introduoing the

vel ooity d.epend.ent interaction into the f ew-nucl- eon

problem. Their resul-te have proved- nost encout.aging.

Ilhen non-central components are present in the

nuclear force, states other than the S state assume

sone inportanoe a.nd. must be inclucied. in the calcula-

tions. Feshbach and- peu"u(44,45) , Abrahan, cohen

and- Robert s Ge ¡ , rrrrirr* (47) 
and. lluktrer je" (+a) 

mongst

others have evaluated. the bind.ing energies of the triton

a.nd. alpha particl-e when the nuclear int eraction was a

mixture of central-attractive and. tensor forces. The

re suLt s of the se euthors are a,n inprovement on tho se

of the simple central potentials but are neverthcless

too lnoonclusive. À great clisad.vantage j-s that in
-bhe se works the central f orces are still attracti-ve.

Recently modern phenomenol-ogical potentiale Gg-Sl)
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have been constructecl which have tensor, spin-orbit'

quad.ratic spi-n-orbit oonponents and hard. cores.

Blatt et uJ-.(8'12) nr'rr" perforrqc,al elaborate ancL

ted.ious variational calculations using these pot-

entials but computational errorsr the inherent

d.ifficulty of the problen and. the feeling that the

triel functions employecì. lvere not sufficiently colnp-

lete to ensure convergencer have not aIlowed. thern to

ttraw any precise conclusions about their results.

their li st of belief s in ref erenc e 11 , engenderecl

by their intinate knowled-ge of the three-nucleon

systen includ.e infornatíon that has alread.y been

d.erived. fron stud-ies with the semí-roalistic

potentials.

On the premise that the correct forn of the

interaotion betwesn nuclear particles is not knovrn

anc[ therefore attempts at investiSating interactions

of all types are equalÌy justlf ied., Yamaguohr(5t''),

trfítra et ur. ( 55-61) and. l(harchenko and siturrto (62)

have proposed. a completeJ-y d.ifferent approach to the

problem. In their work the local potential j-s

replaced. by a non-Joca1 separable potential. Such

a potential, although its use woulcl be considere¿l
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unjustified- if only because fiel-d. theoretical- pot-

entials are locaI, has certain mathematical advant-

ages antl besicles satisfying the usual requirements

of transl-ational and. time reversal invaríance also

prod.uce s nucJ-ear saturation. It render s the tvro-

bod.y problem exactly soluble and. provid.es a consid.-

erable red-uotion of the three-nucleon problem to an

effective tvro-bocly problem which is easily solved

numerically. Results frorn using thís forn of inter-

action have hacl. nixecl suoc€se. Some experimental

rLata ar"e closeLy reprod.uoed. br¡tother results have

confl-icteil violently vrith variational calculations

and. with experiment Gyee) . The trineutron is nolï

acknowled.gecL to be unbounil but the Eeparable caLcula-
(llàr"u.u 

that this nucleust ions of tr[itra and Bhasin ' j

can be bouncl by 1 lIeV. It wou1d. appear that there

i s a f und.anent a1 d.if'f er er¡c e b etwe en th e varia.ti onal

calculation and. the separable potentÍa1 approaoh.

îhe work of Uuuu(67) has aLso reveaLed. that sone of

the equations obtained by Bhakar(le¡ when tensor terms

&re incluclecl ín the potentíal are in error. Thi s

casts d.oubts on the numerioal results of the Ind.ian

group and nay be responsible for the d.iscrepancies

with experinont. The separable methocL could. stiLl
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be rehabilitated.,

In si¡ailar spirit to the separabJ.e method- are

the ex&ct cal-culations of Kalo u(6u), Baker et. 
"r. 

(69)

Banyil1"(70), simonov and. Baaalyurr(7t ) ur¿ Green Oz¡ .

The latter two exoite nore than passing interest'

Sinonov I s nethod. of six-d.imensional angular harmonics

has been teste¿l with a sguare well central potential.

The results are good. and- poÍnt out that application

of the method. to other potentials nay be possible.

Greenrs nethocl is a rigorous ouantal trea.tnent of the

many-bod.y probleur in which actual two-bod.y potentials

are replacecL by oscillator-type potentials, the d-iff-

erenoe beíng treatecl as a perturbation.

ÂJ.though the abí1íty to yielcL the experì-mental

bind-ing energy ha.s alway s been rega.rd.ed. as the most

significant índ.i-cation of the flexibility of any

wavef unction, the energy as d.erived. f rom a vari at ional

calculation cannot be taken as the sole criterion for

falthfulness of the trial function, since there are

uncertaintj-es in the nucleon-nucleon potentíal. 0ther

properties of the bound. state must be called- to test

the quality of the functi.on. The se parêneters of the
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ground. state incLud-e the r.flI . sr rad-iusr' the charge

and. magnetic forrn factors, the Coulomb energy, the

photod-isintegration cross-sections, the nuon capture

rate e.nd the Panof sky ratio (tfre ratio cf the prob-

abilities of the reaction processes II- + rffi -+ no + 
^i;l I

ancl II- + of *, * 
^i;|' 

n'or the triton other quanti-

ties of interest are the tto (tit, p)ruO reaction

cross-section and. the percentage of the various

angular states. îhe complexity of sone of the wave-

functíons ancl potentials used. in the variational caI-

culations have seríous1y hintLerecL their eppfication

to the evaLuation of these pa,rameters. Thus the

photod.isintegration cross-sections (integrated. and.

bremsstrahlung-r,reighted) Qygo) , the nuon capture

rate, (et -01) u,rr¿ the panof sky rati-o 
" 
(B'*) 

nu.re only

been d-etermined. in a small number of cal-culations.

The photod.isintegration oross-section of the trin-

ucleon can be founcL explicitly or through the use of

the surn-rule s of Bethe and. !evinger(85) " These

calcurations as shourn by Feti"o., (u6) 
, ei¡"orr(87) and.

"r^QZ) 
are sensi.tive to the forms of the triaL

functions and eBpecÍa1ly their asynptotic behaviou.ro

The other variables are l-ess sensitive to the trial



17

functions and. have been given

of the experimentaf val-ues bY

funotions.

withln a few percent

all reasonable trial

1.2 0utLine of the Contente

An exact solution of a problen (even if it has

been simplified.) itus certain advantages. Since the

aotual problen ís usually insolubl-e or involves

cl-if f icul_t caloulat ions, the explicit solution serves

as exploratory work to d.evelop a feeling for the

intricacies of the problem. Thus the n-bod-y Schrod-inger

equatic¡n has been solved- exactly by Green using the

assunption of a trvo-bod-y Gaussian potential to which

is fittecl a harmonic osci-l1ator interaction. Î¡ith

this nod-el it ha s been possible to stud-y the struct-

ural pi'opertie s of the light nuclei in cLetail and

various features of the collective states of nuclei,

which are complet ely ob sour ed. in th e ind-epend-ent

particle theories, have been stud.iecL without approxi-

nation. The pair d_istribution functíon can be d.eter-

mined. for each pair of nucleons ancL the momentum

cListribution can be found. for each nucleon. In this

thesj-s lye have mad.e an obvíous inprovement to the
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nod,eI by taking spin into account in a more exaot

f ashion. The three-nucleon sy stera is agai-n exaotly

soluble antl although attempts to cLo the game for the

alpha particle vrere unsuccessfulr âr approximation

for the four-nucleon vuavefunction d.id allou¡ for a

s olution. The exact wavef unctior¡s re semble strongly

the frving functions whiLst the approximate sol-uti-ons

TÍere sixoilar to the polarised. Gaussians of ä"rnoff (88)

l\n unexpectecl re sult is that value s of the bind.ing

energy from the approximate calculation &re the same

s.s tho se obtained. f rom a vari ational treatment r,'¡ith

the approxinrate wavefunotion as trial function. The

mod.e1, although interesting, is neverthel-ess c¡f

sonewhat questionabl-e valid.ity. For meaningful

results the interaction potential has to be shalJ-ow

ancl long-ranged., features lvhich are norr rejected. in

any reasonable tvro-nucleon potential. 0f course ít

can be argued. that the nucleon-nucleon interaotíon in

the bound state d.iffers from that in the free state

but there is overwhelning evid.ence to the co ntrar/o

the second. porti-on of the thesis is & stucly of

the feasibility of replaci-ng the repulsive oore

interoction by a velocity d.epend.ent potential in
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inve stig ations of the f ew-nucl-eon systens and- the

necessary structure for the trial rad.ial functions
| 'g)to acconmod.ate such an exchange. Tang and Herndon\/'

and. Lovítch and. Ro".ti(4-t ) have shown that both forms

of interaction give acceptable value s of the bind.ing

energies and. sízes of the three- and. four-nucleon

systems whilst Kopaleishvilí and. Machabelt(el)found. ín
fl- and. y ab sorption react ions in a lïe that a c ompari son

lvith experimental d.ata ind.ic ate s that the wavef unction

corre sporutling to the velocity d.epend-ent potenti-aI

yield.s a better fit to the data a.s a whole for all the

consid.ered processes. In the choice of raclj_aI func-

tions the elaborate functions of Blatt et aL. are

more d-etailed. than is necessary for our purpose so we

limít ourselves to more tractable forms. These forms

sugge st thernsel-ve s f rom a c onsi d.erati on of the pþsic a1

characteristios of the nuc]-ei-. Blatt and_ his co-

workers have found- that wavefunctions which yietd. the

better value s of the triton bincling energy al so give

the better fits to the r.n¡so radíus and. the form

factors. Conversely, it may be expectecl that a

properly chosen trial function with paraneters d_eter-

mined by f itting the r¡ rno s. rad.ius and. the f orm f actor
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wil-l- give the more correct bind.ing energy and. will be

an ad.equatô representation of the true function. Our

rad.ial- functions 8,re selectecl folJ-orving such a pro-

ced.ure and- also have the virtue of the right close-in

and asymptotic behaviour.

0ur functions and. the velocity d.epend.ent potential-

are testecl in the evaluation of other nuclear para-

meters. Our resuLts allow us to cone to some conclu-

sions about the role of exchange forces in the nucÌear

interaction, the importance of tlvo-bod.y short-range

ancl asynptotic correlatj-ons in the r'ravefunctions, the

percentage of the Sr state in the triton, the nuclear

sizes, the possible breakd-ov'¡n of charge syurmetry in

the nucle¡.r force, and. the overall correctness of the

Bethe-Levinger sun-rules for nuclear photod.isintegra-

tÌon.

In chapter tl'¡o we present a complete cl-assifi-

cation of the wavefunctions for the S state of the

triton and, the alpha particle for easy reference.

This work is not original but is a concise and cLear

presentation of Derrick and. Blatt, Cohen and. Tiillis

and. Beam I s pape rs.
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Chapter three contains the exact and. approxi-

mate solutions of the three-nucleon Schrod.lnger

equatj-on when the two-nucleon interaotion is a

spitrC.o¡end.ent c entral Gaus sian ancL th e mod.el of

Green is uõec[. îhe problem is recl.uced. to one in

relative canonical coord.inates which all-o¡vs for a

simple solution of the coupJ.ecL tlifferentíal

equations. 1'he approxirnation in the solution of

the three-bod.y system is also mad.e in chapter four

where we treat the Sohrod.inger equation of the

alpha particle. As in the triton problen we use

our y¡avefunctions to evaluate the r¡tlt. s¡ rad.ius

and. the form factor of. the nucleuso
sj-x and. seven

In chaptersfive/we d.eríve a correoted. forn of

the velocity d.epend.ent potential of SrivastÉùv&o

Three trinucleon trial functions are construoted.

which are then utilised- in the deternÍnation of

the bind.ing energy and. other propertí es of the

three-nucleon system.

the alpha particle is æ nsiclerecL again in

chapter eidht. Trial- functions in the rvariatíonall

cal-culation with the velocity d epentlent potential ,

d.o not have prod.uct form but are two-paraneter
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Irving funotions. The properties of the four-bocly

system are stud.iecl using these funotíons¡

Chapt er ninc contaÍns trco appJ-ic ations, of

our nethod.s to the alpha particle nodel of C12

ancL the trineutron¡ I[e tliscuss possible treatnent

of the quark nod.e1 of the baryon by both exact and.

vari ational metho d.s.

Our conclusions and. d.isoussion of the overell
acconplishnents of this thesis are in chapter

ten. Suggestions for further work are consÍclered.

aI go.
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CHAPTER 2

ORTHOGONAI, CTJASSTFTCAÎTON OT' THE THREE- AND

FOUR-NUCLTON TIAVEFUNClIONS

In attonptlng to solve a problen involving

several nucleons, one is confronted. by various

restrictions on the forns of the wavefunotions

repre senting the systen und.er consid-eration.

These restrictions, inposecL by the synrnetries of

the problen, require that the nuclear wavefunctions

have d.ef inite tot al angul ar nonentum antL pari.ty

and. must be antisymnetric und.er the combinecl. inter-
change of sp atiaI, spin and. iso-spin coord.inates

of any pair of nucleons. For the 1ight nuolÇir

since iso-spin nixing clue to the Coulomb inter-
action is relatively smaII, the eigenfunctions must

also have d.efinite iso-spin. It follows then that
for an exact treatment of these symmetries, it will
be a great sinplifioation if the nany-nucleon wave-

funotions can be separated. into four perts: a spin

partr &rr iso-spin part¡ êD orbital angular momentun

part and. an internal spatial part. For two nucleons
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there is no d.ifficulty j-n oarrying out such a

separation so that summation over spin and. iso-spin

1e aves relations involving the internal coord.inates

only. Thus one fj-nd.s the nelI-known singlet ancl

tripJ-et states of spj-n or j-so-spin with symmetrÍc

and. antisymmetric space states, since the d.epend.-

ence cli. each type of co ord.inate can only be

syn¡netrio or antisyrnmetrio. The construction of

a total v¡avefunctj-on that satisfies the general-

ised. PauIi Principle simply requires nuLtiplica-

tion of three antísymmetric functions or the

nuJ-tiplica':ion of orle antisynrnetric and. two symne-

tric functiorr6.c

I

l[hen the number of nucleons is increased. to

three or f our, the co rnplication in such a, proce-

d.ure climb s consid.erably. tr'or exam¡rle in the

three-nucleon systen, tre d.o not d.eaL v¡ith only two

types of synnetry but a netÍ synmetry assooiated.

with a two-cLinensionaL representation of the pernu-

tation group appeârs. this synmetry introd.uces

nore involved. vrays of forming funotj-ons that are

tctolly antisynmetrio. -Nrs the number of nucleons
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rises further, more synmetries are introd.ucecl ancL it

becones apparent that a systenatic approaoh to the

probJ-ern of constructing eigenfunctions of the few-

bod.y systems become s desirable. For this to be

po ssÍb1e, we neecL to und.eretan¿l. the properties of

the synnetric group SN.

2.1__ The Synmetric Group

The group of all pernutations of N particles
is callecl the synnetr,j-c group Sm and. has Nl elements.

Each irreducible representation of this group nay be

characterised- by a partition [frfrf 3........fk] of N

ínto positive integers f . which sati-sfy

f1 7 fz 2 f= > ... > ft and. f1 a fz + f¡ + ... ft = N.

Such a partition is conveniently d.escribeiL by a, Toung

TabJ-eau consisting of k contiguous rows of squares,

the k-th roïr containi-ng ft cont j-guous squares and.

suoh thatr looking from top to botton, no rovÍ overjuts
the prececLing rovÍo Thus the partition llZll is
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of srv r correspond.s to
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of irred.ucible

the nunber of

repre sent at ions

rrays of partit-
ioning N.

tion oorrespond.ing to the

given by the reLation

N N!k

where

h =f +mn

and. is in f act equal

in the squares of the

increase from left to

For exampl e lZl ] rras

numbered. tableaux are

The clÍmension Nr. of the írred.ucible representa-

partition lf tt"f 3.. ".f l ask

kn (rr.
l-J-( J =-l

(t )

k tïI (m=1 , z;....k) (z)

to the nunber of ways of numbering-

partition such that the numerals

right ancL from top to botton.

d.inension Nz = 2 and the two

n¡)
k
n h.

i=1 L

2'

The proced.ure for d.eternining thc representa-

tion natri-ces of the interchange operator Pr. ancl the

nethod.s for d.ecomposing the d-irect prod.uot of any

nunber of representations, are beautifulJ-y explaíned.

z
3

I
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in Hanermesht s book(lo¡. l,4atrices ancl rures f or

d.ecompo sition relevant t o the three- and- f our-

nucleon systems are coJ-lected. together in Tables

1 and. 2.

2.2 The Trit on l{evef unctions

The group S¡ has three irreducible representa-

tíons: the one-d.iroensional synnetric S, the two-

dii:ens j-onal nixecL symnetric lûS ancL th e one-d.imensional

antisymnetri-c 4.. These are represented. respectivety

by the partitionÊ [J], lzll, Ittt] ancl the young

lab 1 e aux

The triton ground state has quantum numbers Jrr 1+2,

î = t.
sp in of

Since the three nucl-eons can have a ¡naxinum
4

á, the roost general wavefunction v¡ith these

guantuur nunbers i s a line ar superpo sition of 2 
S r_ r

2
tP.,, aP., and. a¡r functÍons. As rüe shall be tlealing

222
exclusively with central forces lve shall neecl the
2 Sr functions only and. hence the ofher states wiLlz
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TJiBTE 2.
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be omittecL from this classifioation. lTith the total

orbital angular momenturu L equal to zeto, the 2 Sr
2

functions will have no cLepentl.ence on the Euler angles

and. the orbital angula,r momentum part of the nuolear

r{a'! ef unctions will- be & sinple constant which oan be

d.roppetl. From the exclusion principle, any systen

of N spin ! particJ-es can have spin functions repre-

sentecl by Young Tableaux not having nore than trvo

rons. Thus if the spin quantun number is S, the

spin eigenfunctj-on has pernutation symmetry clescribed.

by the partition ltt/Z + S, N/2 S]. For the triton

S = å and. hence the spin functions must oorrespontt to

the tvuo-d-imensional irred.ucible representation IfS.

The two spin functions nhich are the basis functions

d.ef ining this representati on are cho sen to b e

1

It - - 
(or?,

.fz
a.F ¡)a= ß)

(+)ilI
I

_ o:1

trl
g' f'

where the components of gj are the Paul-i spin natrices

for nucleon j. The iso-spin functions span a sÍmilar

lZl ) repre sentation and are dLef inecL aa f or the spin
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functions, v¡ith iso-spÍn vectors replacj.ng the spin

vectorso The complete spin-isospin functions there-

f ore span the basi s of th e d-írect prod.uct of the

representation lZll vuith itsel-f . Fron Table 1

lztl, Irrr]. rhe

, these

basisare the representatíons []],
functions &re then

.f¡,

MS

s

l" n'

/'n"
r' ,'

- t',"
* r"n'
* l"r"

N, N, /","

(¡)

(6 )

Q)

(B)

(g)

,

Since the general-ised. Pauli Principle requires that

the internaJ. spatial functions span &n irred.ucibl_e

representation that is adjoint to the spin-isospin

funotions, it follovrs that the compLete S-state of

the triton ground- state can be written as

v("s 1

2

_+ ,-: _t
= 9t + Qz + Q¡

-t -a sQ1 = I V

oj - Õ",y't =

)

whe re

t
0 2= ø' útt +Õ,'v,

(r" n' l' n" )u,"

(T' n' + f" n" ),¡?

(f"r" -l'n' ¡t' (to)

(t r )

(tr' ," +'Í," n' )v" +
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The spin-isospin functi-ons are orthogonal in spin-

isospin space so ol, Õrt and ol must be mutually

orthogonal. The internal f unctions ú ", ú' , ,1," and

a,V" can only be f unctions of th e interparticle cLis-

tances.

2.1 The ¡ilpha Particle Wavefunctions

The alpha particle ground state has quantum

numbers Jt't= O, T = Oi and. in the absence of non-

central f orce s wo ultL be pure t So . In ord,er to f incl

a parametrisecL wavefunction consistent with the

synmetries of the four-nucleon system we need. the

properties of the group S¿. The group S¿ has five

irred.ucible representations: the one-dinensional

symmetríc S, the three-d.imensj-onaL mixed.-symmetric

MS, the two-d-imensional mixed- l"{, the three-ilinensional

mixed.-antisynmetric M.û and the one-d.imensi-ona1 anti-

symnetric.li. these are representec[ respectively by

the partitions [4], Ift1, lzz), lztt], ancl Itttt].
Às with the triton wavefunctions the S-state has no

depend.ence on the Euler angles i.ê.

orientati on

the v¡avefuncti-ons

&re ind.epend-ent of the in space of the
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tetrahed,ron mad.e by the six ínterparticle separati-ons.

the totally antisymnetric vravefunctions will be Pro-

d.uct s of spin, i so- spin and sp at i al p art s onIy.

to the

c ho sen

Since S = 0r the spin functions corresponcl

two-d.inensional repre sentation M antL are

to be

/" = L(o'tP" qzF t) (otP o aa7 =)

f" =tn"{'X' Ul)

the iso-spin functions span a similar lzZl representa-

tion and- assuüÌe a f orm iðentí cal to that f or th e spin

functions. The ooropl-ete spin-isospin functi- ons the re-

fore span the basis of the direct product of tlvo lZZl

representations. From Table 2 these are the representa-

tions [4], lzzl, lll11 ]. The basis functions are then

(t z)

(t¿*)

(1 5 )

.,1 [" n' - l' n'

M ytn,,+ '{t'n, , yr,
s y,'n' *l"n"

id.enticaL to those for the

and. suggest that there are

triton spin-isospin

l" n"

These are

functions only three possibLe
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functiorlsr These aretso(s

where

v(rso)

U.

_q. _a _a,
= 9t + Qz + Qs (tt)

(r a)
_q.9¡ (l" n' - /t ,tt )rã

o2 = (t n" l" n" )v" (19)+

+
_d.
Q3 (1, n, l! n,, )vb (eo )
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CHAPîER THREE

ÂN liX¿CTTY SOI,UBLE TRITCN MODEL

(zz¡
f n the nuclear moclel propo setL by Green , the

nucf eus is consid.ered. to b e nad.e up of n nucleons

interacting through central-attractive two-bocly

potential.s. These potentials are assumetL to have

Gaussian spatial clepencLence. tr'or two particles Í

ancL jr an oscill-ator potential is fitted to the

Gaussian around T= . (tne d.i starrce variable) equal-
r-J

to zero and- the èifference is taken i-nto account by

perturbatj.on theory. This proced.ure alJ-ovrs one to

transf orÉ the many-nucleon system into normal- coord.in-

ate s which leacl to analyti-c so]-uti ons. The valid.ity

of this approach may be questioned in general but

for 1i6ht nuclei, the effeot of the infinite wall of

the potential wouLd. not be d.ecisive since the probe,-

bí1ity of the d.:lstance of tv,¡o nucleons beooming larger

than the range of' true nuclear forces i-s smalI. Tühen

one uses this oscilJ-ator d.esorJ-ption, the extent of
1

the nucLear wavefunction is proportional to /,,4 which

is not so d.ifferent fron the empirial Âå dependence

for light nuclei. Besid,es, rvhen put to the test by
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Green, the nethod. showec[ that one c ould. achieve a

satisfactory representation of the systematics of

light nuclei. One must of cour se acknovrl-e d.ge the

d.ef ects associated. with Green I g choi-ce of two

d.ifferent forns of the nucl.eon-nucleon potential,

his ad.option of scalar spin and. the truncation of

the perturbation series but the approach has,

neverthelessr significant ad.vantages, not the least

of which is its simple and. systematic prescríption

for calculating the structure and energy levels of

all the ì-ight nuclei.

.û.n important open question j-n the stud.y of light

nuclei is whether a single form of nucLeon-nucleon

interaotion is suff ic j-ent to give good. f it s to the

bind.íng energies of the nuclei in the ls shell and.

beyend.. This hypothesis, it appears.,can be stud.ied.

and. clarified. through a realistic generalisation of

Greenrs noclel in which spin is includ.ed. explicitly.

3.1 The lriton E q uati on Ifith Sn l-n

If

of the

1 ancl 2 d.enote neutrons r, the rad.ius vector
nucLeon, E the triton bind.ing energy and.ith
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the worlc that foL]-ov¡s we restrict ourselves to the

case of equal nuclear m&sses), the Schrod-ínger

equation for the triton is

v EV

nhere V (i j ) , the sp in-clepend.ent nucl.ear potenti a1

between the ith and. jth particles, is assumecl- to be

of the forro

5E v(ij)
icj=1

vi+3
x

í-1 lt

V. .tt" r. ?r-J r-J

tr
2M

(zt )

v(i¡) V ij exp (-p2 
"ij" ) (zz)

with

Bv -Vo (* + bP
r.Jij

and. V the total ground- state wavefunction. In our

extension of Greenr s nod.el this equation becones

n
L

2M if¡=r

) (25)

t
n
¡V

h2
2

i
11'l-

-Zl)
n
x

if¡=r
n

1-
+ã lr

l-i=1 'l í=1

+t ) lutr..'r-J l<V
LJ

exp (-g2 r ij
z v EV, (za)
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where the braokets< > d-enote an expectation value

conputed. with the help of V and- n = 5. Since we d.o

no t inc Lud-e í sob aric spin d.ep enden c e in o ur po tenti aI ,

the total vravefunction V is not given by equation (g)

but nust be antisymmetric only in t he two id.entical-

nucl-eons and. is therefore

!
,l' v't" + v"/' çzt)

winere tt ancl f'" are the two orthogonal spin f unctions

of th e trinucleon given j-n chapter two; the sp atial

f unctions ry'' and. g/' are an aJ.ogously, antisymmetric and.

symmetric respectively in the neutron coord,inates.

Using equation (25) and- the transfornation matfices

of the Bartlett interch¿nge operato"" er! listed. on

TabJ.e 1, then sumning over the spín vari¿bles, vüe can

red.uce our Schrod.j-nger equation to a pair of coupled.

equations in Vt and- gtt ancl involving the three inter-

particle d-i stances on1y. Introd.ucing the Jacobi

vectors

Ly, )- lzr!r = li (r' - L,,'

gz = Jå 
(r.

gr =Ji (s' +

)f1

L2

t

,)r+ (ze)
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2 2T1z + ft¡ + tzt

2 t(r, 
"

+ Tzl

t (e1 + E3)

-Tlz + ) âe1 42)

lr (r, t" r 2
)

1E, þz çzt)
32

In this
o ouplecL

ner¡/ sy stem of generalised. coorclinates, our

partial clif ferential- equations are

w

2M
"(,,Er ë .)V2 +V ,!rt (c lt þ. + Ern Ez( )). 

j ,2
crz I,t

)

+ þ tez 42)v' (8,t, Er) + 3P Er'?. v" (!t, E )

ev' (Er , 9r) (zs)

fiz
(v'-

2M €T
+V 2 )'¡ t, (€,, E) 3o (1', 4?r) ,1," (Et tlr)++¿ccL

f, ø G1 - €2) ,!," (Ë, , ç.) + 3P lt â, v' (4t, á")

ev" (ât , Er) (ze)

where t're have also taken

3
E

i=1

1
E

j1+
d.= wYottz t F bVo,¿z and. e - E-+

1
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To solve these equations we use the ansatz

ó
Vl = ,lrt' + LV'

J
(;o ¡

(¡t¡

ßt)

( ¡+)

+ rg. )"

ø
and. g, v" Lv'-=

where ø is real.

Then equations (zg) and

fiz

çzl) red.uce to

iE
D

)

(v 2 +V )vt + 3a(E"I +
Et

2 3* á B(á,,Ez

*4pG,¿1z

47)v ¡ + íþz)t vz

0z)

tg.)'vt

2M

\z
eZ )v.

.l

2

eút

eVz

+ iãt2 ø
+

(v 2 +V )v" + 3üG1 +
2

2M €r

and- f inaì.Iy

2

)

I*tr

J
* 'å) [l rs,(iE V 2

F.t 2
)

1-zl

3d.(87 + 4 plE,
1

[ (Eo
1

í3" )' lzø+ + €z )ø ífu,)" )

eþ

+



4t

z

)

+ | ot(a,

1

]" ('.i '.î) [t tr'+ rE" )' f
I-zi-Ez ø

jo(E"t eZ )ç rg" )' J

1

2 [ (E' + ig' )' J

'l
zt+ +

eþ O5)

In sinplifying these

two three-d.inensional

expressions we introd.uce the

complex vectors

z, þr + íþz t and z* iE,ãr 3e¡

Then, sínce

the triton,

scalars zt ,

f ntro d.uc ing

fl¡e are only considering the S-state of

ó will depencl exclusively on the three

z*2 
,and 3'Z* formed- ftom z and z*.

further the new variables

1l= -2 -26t+Ez= z'z*

and.

t (e? +

we f ind., af ter partial dif f erentiati on,

1

2 2 [ (g' + iÉ, )" ]iE" )' l (v +V )1t

V= 4z ),
1

4(9, .!" )'lz lzz z*" f
'l
2 ßt)

2

F.z

ó.rr )l

'l
2

i
(:e ¡

+ 2uþuv+3öu

[ (s. +

4u !. r'Y ro ,-t þ u(ø uu +

ø
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ancl t he r el ation

L

where

zVVNZ nZ" u-1 þ(rrt) z*VoINZ NZF ,*'1 ó (r,r) ßg)

(+o )
I

(u" )z
,|

2z and- s* = (uot )

(tfre legitimaoy of the operat or !-z' !"o nay. be

questionecL but it should. be realísed- th at its

applloation is a formal procêes. llt its application

on a function, z and- 2* uray be regarded. as ind.epencl-

ent quantities in an algebraic sense).

Using these

equations become

encl-ent vari abI e s

as

2h'
f ,,(a- _* Lu\9uu +

Tve see that our coupJ-ecl

equation in ó with ind.ep-

This eguation is written

results,

a. single

u and. v.

* f,0"øcrrt ) + 2vþ + 3ø ] * 3quþuv u

whj-oh i s obviously satisf ied bY

eþ (+t ¡

þ exp (-pu qv) (+z)
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wíth

+ et) = Ja
¿+t"

t

E
1

2

whilst the spatial functíons are

2ff
(p' pg =|o

nM

6W )h" .. åand.=în=r(Zm) t(
71

3d+¿2 p )2 + ß"-

Theref ore, v¡rítten explioitly, the triton bind'ing

energy is

,L
l o)")

(3uv 
ou' - â. ,u 

"r' 
)t l

zL
tr av ou, ),

Gt)

(++)

Gt)

(+e ¡

,(þ;
)

| (3uv 
ouz + +

3*t ¡
3
E<
j=1í=1 it

Vt=e - (pn+ qt )

,lr" = e - (plt+ qv )

whioh behave like

(v+€" -n" )

2v

(v+n2 -8" )

2v

-kE r 2

e i.i

1
2

'l
2

a V' and- ,ytt resenble the
(x"i i'),

frvíng funotions (functions which have been found. to

b e f 1 exíbl- e fo r vari ati onal- ca1cu1 ati ons inv olving

central potentials of Yukawa and. exponentj-aL forms)
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and. go to zero for large interpartícIe separations.

They have the v'rel-come feature too of beíng d.irectly

related- to the two-partisl-e inter&otion.

2,2- tr'ir st A r t ont the Ground State

IeggÊ""gliog
ff our nuclear foroes are spin-ind.epend.ent, the

triplet and. singlet nuoleon-nucleon forces nust

accorcLingly be equal.. Then ín equation (ZS) V"Í'

shoulcl b e ab sent and. 9' shouLcL not only be synonetric

in the like nuol-eons but also totally synmetríc in

the three nucleons. Thus a proper first approxima-

tion to the ground- state wavefunotion wouJ.d be the

d.ropping of the term gttlt from V. Suoh an approxina-

tion has been triecl suocessfully by ohmura et. *.(21)

nrirol, (91 ) and. Ro sati anil Baibi Gz) anrongst others.

Tüith this reÉLuction in rl, and., af ter averaging over

the spin variables, the single Schród-inger equation

fro¡r our nocLel becomes

þz
(v 2

4t vG7e7)r'u+V + + EZ)v'u* |oG1 EZ )v'^
2M

e ú¡t'a Gt)



(ft is interestíng to

exaotly wh at tue v,¡o uId.

I off -d.iagonal r terms

ancl then setting V t =

ßt) ).

Equation (+Z) ís

solutíon gives

anð

vt
e.

.-L ("' e1 -2\azÇz )

45

note that this result is
get from neglecting the

- 3t9fu'$ztt and- 34fu'þzVz

úz in equations (lZ) and

co mple tely s eperabJ- e aniL on

E = t(tï,tr t(l,vou' râbVo !" ) + (¡,rv o tt'
zL
Éou o p" )'f

I
2

3
E <.¡or)

í+i=1

3
1o+z ¿J

i=1
(+e ¡

(+g )

(lo ¡

(st ¡

+

where

ancl

a7 (3rvo t " + |avou" ) (fÐ

âbv"u. ) (;Ð
2

ê,2 (irv o tt"

Equations (++) and- (+e¡ are identical expressions

which d-jffer on1-y quantitatively j-n the expectation
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vaLue tern å iÈf
approximation is

46

1 <.o..). If our first

ind.eecl goocl this clifference oan

5
..xrtJ=

be expectecL to be s¡iall-. The solution V'U is a

polarised. Gaussian sinilar to tho se of ¡Iranoff ancl
(re)

Percus', 'and-, like g' ancl V" , is given d.íreotly by

the nuoleon-nucleon interaotion. ft is intriguing

that our approxiraation, whÍch uses first orcler

perturbation theoryr ¡rielcls the sane results as the

variatíonal calculation using t'"Y as tría1 functíon.

This oan be shown easily. Thus by the variational

teohni que, the tríton bind.ing energy is given by

h" 3
<x

i< j=1
exp(-utrí¡" )à)v2-

1z
E =( (vi

6r
+

a
+ vvar ij2\[

(¡z)

oomparetL to the expression

E +

that follows from

expe ctation val-ue

is

t
2M

(3^t + taz) < E (v. . exp (-0" oi j' )
i< i-'1 rr

3

* vi j!" "Í¡' là $l)

equation (+e¡. the kinetic energy

is evafua.tecl straightforvrartLly ancl
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2M
( 

â a1 . â a2)

47

!:
2II

* É8" )à =

ivhil st

(Vä,

5
E V. .ttz r. ." >
! 4 1_J LJ a
J= Ir-<

t"< (81 + Çz a

Ai

(¡+)

ßs)

Gt)

) I o,rez ¿2-Çz ) a

where rÍe have used. the f or¡nu1ae

d-g

oo

ï

r (")
antL R

2n-'l -kRz dR ne
2k

E quality wit h the v ariati onal- rnethod_ sugge st s &

poosible means of selecting the nucleon-nucl_eon pot-
ential f or this nod-eI . X'íxing the foroe nixture

constants w antL b we oan cleternine yopz through the

requirenent of a sensibl_e wavefunotj_on.

The f oIür sr Rad.ius ancL Related. Ouan titi e s

. â az)2
2

(
\z

2M

= f t (+n )' ele|ctgr d€z $e¡J. Ioo

oo

oo

I
o

The rorD¡ so rad.ius, the bod.y f orm f aotor ancl other

1-1
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physical properties of the trínucl-eon are sensi'bive

to the form and- parameters chosen for the grountl

state 1v&vef unction. As ob served. in the previous

section we can d-eteruj-ne the rlepth and range of

the nucleon-nucleon force uniquely by requiring

that our v¡avefunctions clescribe correotly the bod.y

form factor of the nuclear system consid.ered. and-

yie1d. agreement i;'ith the experimentally-ob served.

val ues of -bhe r¡ü¡so radius and- the bind.ing energy.

Tlie simplicity of tto makes analytic evaluation of

these import¿rn'c quantities easy. If we write

¿þI r- S=", ¡ I = 1t 2 anð.3 (ia¡
-L L^

3
x

i.-1

i-. ê. (ã, 4z Er ) (:. lz Ir) lå

lt

^16

It
^Jz

Jå
$g)

l+

lr
{l

I
{l

lz
{i

0

the expectation values of the operators appea.ring in

our calculations can be obtained. wj.thout d.ifficulty

by using the results
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(
!t"

a:7
aJ

2
2

)

<r 2

íj a

1+

3

2q. 2

ij

3 1 ar +3az€øÀã--------
2a,t 2az 2a1a2

(60 )

(er)

(65)

I

tij a,
(62)

where a -z (63)aJ

(fbese rel-ations have been d.erivecl f rom the integral s

in the appendix). T[e see that

2
( 64)dtz

ùz

2a-.
= --+¿

¡12

T eì.)jS(trn=XÀtl

di z-'

-2 3 1 a1+3az

2as 2az 2at az

(66)dzz

The r¡rno s. radius of oatter distribution is d.efined.

R?.,o.,.= '! ,1r'r, - Ji E')'à = '+ r.l=,"ri'à
(67 )

as
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and is therefore

¡z
frIIl¡S¡

ar +Jaz r

----- I
a.r a2 J

If we assune that the'He ground state has the same

wavefunction as the triton (t and 2 are protons ancl

J is the neutron) tfte Coulonb energy is

1

2
e2

"e( "e(

+2-
O.2=å(

t2u¿r.

(;)

&r t €ta

Zat az

d.¡

(ee¡

(6e)

Qz¡

Dte a,

The bod.y f orm f aotor is th e Fourier transf orm of the

nucleon d-ensity d-istribution so

rr(r" ) llv.l" ""n(-'s.^/å r,)

The structure of the nuc]-eus can a].so be d.esoribed-

by the pair d,istribution f unction d.ef j-nect by

where N is the normaLisation constant

1.-a{1

Ê

*r,(s-Í ) = llo'j.'o(si - r)o(rj - g )u'/* Qt¡

\r

q2 R2
al +€Iz\
--'-- ) (zo )
Zat az /)

I I v'ul" s (liN= dr
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With our solutio n t!'ar we have

i. ee

etz (rr ¡ )

sr, (rr, ) = (+)å exp ( -o"ri

= (Ðâ "*n( ? ",t)

"rj" ) 0s)

(zr)

8r r (rr ¡ ) = lc#J( + )] 
É 

"*n(-

e., (r" s) = t_(i.;;î,;)( + )] 
É 

"*n(-

2a1 a2

at +3 æz

2I
)

Qs)

2at az

at +3az
Iz2z Qe)

)

When our exact sofutj-ons are employed_, the corres-

poncling results can in al-l- probabilíty be expressed.

in al-gebraic f orn but we have pref errecl t o evaluate

them numerioally. üe simplify the calculations by

making the transformation first suggested. by Irving.

Eq Rcos0r{z=Rsin0 Qt)

The volume el ement clr is

dlldOacosp (78)dr = E¿tEZ d.êr d.i:z cLco sS = Rs co s2 O sin2 0

since the Jacobian i s R¡ and. çó i s th e angì- e oontaj_netl



5z

by the two veotors. Integrals over R are obtainett

explicitly so vre are left with straíghtforward. two-

d.imensional integrals over 0 and. f . These ate

evaluated using 1,li11er I s quad-rature f ormula (e O) in

reference (gl).

7.1+ Re sult s and. Dís cu s si on

The approximation given by eguations (¿+9) - (lt ¡

is u¡ed. to d.etermine the nucleon-nucleon potential

for our nocl-el caloulations. .{L variety of special

values is assumecl for the i-nteraotion oonstants V6

and. ¡t2 whil st vù and. b are t aken to b e O. B ancl 0.2

respe ctíve1y since soattering d.ata suggest that q the

singlet to triplet ratlo Ís equal to 0.6. îhe best

va1 ues of our constants arefouncl, to be

Vs 20.0 lfeV and ¡tz o. 06 f rn-z Qg)

These values secure a l-east squares fit to the experi-

mental three-body form factor (s"e TabIe l) ancL yield-

a bintling energy of 8.48 ilieV on the basis of the f ore-

g oing th eory. Tn TabL e 4 we l-i st the re sult s o bt ain-

abl'e from our exact ancl approximate solutions to the

three-bod.y Schrod-inger equation together wi-th the
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ÎÂBLE 3.

BODY FORl'i F¡|CîOR 0F THE TIIRSE-NUCLEON SYSÎENI

q'

1.0
2.o
1.0
L.C
5.0
6,0

App r o xirn at e

Exaot
Variational
(0kanoto 's )
Experinental

r'r(or )

Experiment a1

r'r(cu )

Fron 0kanoto
and- Lucastg4)

nr(0, )

From Using

v'ulu

0.656
0.4J0
0.282
0.181
0.121
0.080

Cou]-omb
Energy

(tvtev)

o.677
o.661
o .708

value s f
Coll- arcL

0.6U4-

0.41 B

0 .298
0,206
o'1 41

0.1 00

(tvtev )

8.48
8.7 5

8,16

O.6l+5

0.1+16

0.268
o.17 3
0.11 2

0.072

ieB )

TJTBLE I+.

C.O,LCULÂTEÐ ÂND OBSERVED B.E. , R

COULOMB ENERGY

Ifethod. Bj-nd-ing Energy rorll.s. Rad.ius

AND
I'rIIloS¡

(r')
1.64
1.65
1 .62

8. ¿F8 'l .70 o ,7 6t+
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experínental values ancl the results of a variational

calculation using a totally symmetrio Gaussian. (Our

calcul ations are moclel calcuÌations and as such should.

r.eal1y be compared. l¡ith other theoretical approaohes).

T/hi1st the r.Do s. rad.ius and. the Coulonb energy

are in reasonable agreement the bíniling energy given

by the exact and approximate f orms of our nod.e1 is e,s

much as half an tr{ev better than the result yielclecl by

Okanoto ' " 
(94) 

""ali stic Gaussian. Thi s confirms the

f ind.ing of n"unorr (BB) that polarised Gaussi-ans can

yíe1cI better resulirs than the unpolarisecl funotions'.

this Ís not unexpected. since it can be seen that

using a totally symmetric spatial function oorrespond.s

to consid.eríng only the d.oninant S state of the triton.

0n the other hand our exact ancl approxinate wave-

functions can be expressed. as tire sum of such &n S

state¡ a state SI of mixed. spatial symmetry together

níth an admixture of the state with I=0 and- isospin
4

T = * . Hov¡ever for calculations which are prelJ-min-
2

ary in ne,ture, the S state is stil-l a good. approxina-

tion as the polarisation is not large; in faot the

retio 9Z is nearly 0.9. The paramete"" o.,-t whíchà1 LJ
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cLeternine the pair àistributions he.ve values:

C{¡z 2 5.7JL f nz (eo)

elt &z= 5.229 f mz

and. B,r 0.395t+ f m-2 t àz = 0.1487 fn-z (er )

It is obvious then that the approximation on which the

theory j.s base¿l i. €. the replacement of the Gaussian

by an o scillator well and. the tre a.tment of the cliff er-

ence a,s a perturbation, is well justified., since

every pair of nucleons is separatetL by a cLj-stance well

vrithj-n the range in which the approximation is a gootl

one. .íl's night be expected, the particles furthest

apart are the two neutrons but even these a,re not too

far up the slopes of their connon potential wel1.

The n¡ost und.esirable aspect of the nod.el- is the

value of u¿ suggested. in equo.tion (lg). The restric-

ti-on on Vo,.¿2 d.emand.ed by our requirement that the

wavefunction reprod.uoes the salj-ent physioal features

of the three-nucleon system l ead-s to o, nucl-eon-nucleon

potential v¡eI1 that is broacLer and. shallotver than is

suggested. by two-bod-y scattering d-ata. Our potential

has no repulsive core ancl it nay be that a weI1,
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sonewhat too broad, is need.ed. to oompensate for this

clefect. It may conceivably indicate also that the

free nucleon-nucl-eon ínteraction d.íffers from that

in the bound. state.
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0,HAP1.g3_E_0uR

rHE ¿,IJPHA PARTTCTE PROBIJEM

The satisfactory results of our investigation
into the trinucleon in the last chapter suggest the

possible extension of the method. to the other nucleus

in the ls shelL. Greent s ¡nod.el is a general one for
all the light nuolei so our sucoess wlth the three-
nucleon systen poces the logioa^l guestlon of whether

the inoorporation of spin ihto the four-nucleon pro-
blen wÍlr also 1e adl to exaot results, ancl. the eub sicl-

iery one óf rvhether the rnethod. has the ability to
provfcle a conplete Eet of 1s shell calculations with

the single two-bodly potentlal. The purpose of this
chapter 1s to stutly these questi-orrsr

4.1 The Bintlins Enersy of aíe

the Schrodinger equation of the alpha partío1er

when we neg1ect the Coulomb ínteraotion¡ ls equation

(Zt+) with n equal to foùrr The ground. state wavêb

function gc ís requirecl to be antisynnetrlo und.er the

oonbÍned[ interohange of spatial and. spin coorclj.nates
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of the like nucleons.

alpha pârticle is zeîo

ing to the systen are f,
equations (lz) ancl (ll),

Since the total spin of the

the two spín f unctions belong-

anð,ftt given explicitly by

where we have assuned 1 antL

2 to be neutrons and. 5 ancl lr to be protorso Thus

is

,!' 1," + v" l.'

{rc

{rø (sz )

where g' and, '¡n , the sp atial functions, have a sinilar
synnetry property to l, and. *il. The transformation
properties of the spin interohange operators p,,fare

r.J
given by the representation natrices of the two-

&irnensional irretluo5-ble representation listed. on

Tabl e 2. using these and. sunning over spinr wê recluce

our four-bod.y Schrod.inger equation to a pair of
coupl ed. ecluations. If we use the co nven{'ent . trans-
fornation of our coord.Ínates

12 !r !a
lt

2

T¡

+I¡

L2
¡72

,fZ
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33 î¿
Ir ,tZ

(e¡ )
la = å(Ir + & + lr * go)

our oouplecl. equations are, in the new set of coorclínates,

h"
- * 

(vn4 +vnt *ùn3 )r'* Lo(n1+n2+nzs)y'+ p h?+n1-zn7)v'

+ Nfib.!t('= e t¿'(Bh)

fi,2
F 

; 
(o 

,1 *o ni +v ,'r)y"+ t+a (n7 +nZ +nas )v'- p (n? +nr, - zn? )y"

+ N SU.Ls{'= e Y" (80)

lfe have been unable to solve these expressions exaotry
but the approxination of chapter three ca4 be equalry
well applied. here. Thus assuning

trc = voÍ, (86 )

vre cl.erive th.e single partÍaI d.ifferential 
"qr*ioq.

fr Fr"*v|t +vr'r)v" + +qh7+nZ+nzt)v,, - Fh2+nz,-2n1)v,,

= et" (87)

which is solved. by separatJ_on of variables.
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The sol-ution j.s easy to write d.own

v,, = .-t(brn", + bzr,| + b¡nz¡ )

€ = (*¡r,., + bz + b, ) (8e )

(88 )

(ro ¡

(lt ¡

(tz¡

þs)

where

r1 (4rvo p' + ZbYs¡l2 )

a? (4rvo ¡¡' bVo ll2 )

/zt-\
\t'" /

/as\
\tr, / btt

l+.2 Pro pe rt i e s of aHe

As ivith our treatment of the trÍtonr wê let

(L, ,b ¡Ls tr'a ) =(I, +32 +g5*¡o )

T 1, 2, 5 and,4

,|

z
1 o+

,fZ

1z- l_
.fzo

-+ o',
'l

,fZ

-+ o- 1

,fZ

n^
,$

= 
,1, =t 

til' '

1z

I
2

1
2

T[e then use the results
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(g¿')
2
2

< ercp (-p' ". ." )> (

2a. .L.l
= -TÉ

,2

I

1

3

2d 2

ij
t. .2r-J

0e¡

þt)

(r oo)

(g¡)

(ror)

(t oz)

1r ot)

r. .
r-J

where

d.
-z þt)r-J

to d.eternine explic itJ-y the erq> eotation values of the

four-nucJ-eon operators. Tfe have

d, 
"-'

(re¡
2

1 t br + bz

= b-; * 6; = -,r;

2
b

-zdt=

-2 1
di¿ br ' b2

11
.¡.tu

Þ'¡ Þ2

-z 1 'ldz¿ -.Ë.1br'bz

1

-z
3d.2

L
b2

dta -z
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The physical- prope rtie s of interest are those alread.y

consid-ered- in the last chapter. Thus the r. no sr

rad.ius fo r this systen is

Lt

E

i=1
Rz =( I?¡lll¡ 8r 4

(rt È !o)', = (
1

T6
4E r.1

Í< i=1 r'J

+

The expregsions for the other quantities are as

f ol1orüs:

ez

T3¿

antl the botl-y form f actor

J-
br

t2b"r,*
= *l-n)

2
B (

(ig' !r-

l-o !4

+

!.¿\r
;))

1)l l

1r o+)

1r or)

(roø)

2\
Ë;)

r', (0, ) 1
o I lv

t

+ex ( dr

exp å -"(É)(#
'Ðl

lhe a-lpha parti c1e p air d.i strÍbuti-on functi ons are
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gt. (r¡z

grr(rrr)

g" r (r", )

b2
- -- rtï

2

e

%

br b"
--l--- 1'., 2,

(br +b" )

br bz

-;-- p rzO
(br +b" )

br b"
îz2t

(toz)

2
2

/ brb¿ \¿
I ----ì2
\ø(tr +b" )/

(b
br bz

t+b.) )
(r oe)

e,+(rt¿) = (-:!h-lÉ
\ør (tr +b. )/

-e(e

e

e

)
(r oe)

(rro)
(br +b" )

s" o (r" o) = (--'LLlå
\ zr (u1 +b"Y

bt b"

(bn +b" )
(r r r )L2 "\,)

g, o (rto
b2

2 )
rtZ (ttz)

! Re sult s an d. l_ cus st_on

The internucleon potential obtainetL in the

three-borLy calcu]-ations is applied. to the evaluation

of the physical properties of the alpha particle.

In tables 5 and. 6 vre record. the bod-y form f actors,
the bind.ing en ergi es, the f, o rn¡ s r rad.i-us ancl th e

CouJ-omb energi es d.erivec[ f ron our calculations,
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those of a variational calcul,rtion with a. sinple
Gaussian and. th e experirnental d.ata. From these

tabl-es j.t can be seen that the fit to the experi-

mental f orm factor is poor; the r.n¡s¡ rad.ius an.l

the Coulomb energy values are just reasonable.

The values of the pare.meter" o. ]2r""r.J

_2
diz 4l¿

'z

2c
--*- 

fn
0.1+168

4'798 fnz çttt)

fm2

0'¿+168 -1-ro. t+565)

1

üts dl ¿-t = dz z't = a" 4-" = ( +

4'590 f m2 (11l+)

they shorv that th e like particJ-es are again separ-

ated- by larger cli stance s than are unLike parti cres.
Theso d.i stances are all smaller than those in the

triton which is in agreenent with the nore compaot

structure of the alpha particl-e. The inprovement i_n

the bind.i"ng energy f rom our oaloulati ons parallers

that in the triton, but the four-nucleon systen is
ctiIl und.erbound.. The latest eleotro n soattering

öxperinents (le¡ ind.icate an ye ,oo sr r€r,d.ius of 1.5{l f m.

for the alpha particle and. the si-mp1e Gaussian which
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TÂBLE 5

ROTIY IîORIII I'ÂCTOR OI' TIIE F0UÎ-NUCIJE0N SYSTEM

q2

1.0
2.0
J.0
¿¡.. 0

-5.O
6.o

Fu(a" ) rr(+" )

n", "l|äii" 
(rz )

Repe:.liitle¡, (variational)

r, (e" )

(nron usÍng
v'tr' )

ÎABLE 6

C,1LCüLrITED ¡iND OBSERVED 8.8.. R

/\ND COUIJOMB ENEReY

Method.

0.701
0. 490

0, J¿*0

O .231+

0.160
0.110

o.714
o.512
o.366
0.262
0.1 87

0.151+

0.6
0.t+17

o.270
o.174
O ,1'l 3
0.07 5

Cou]-onb

46

frIIlo S¡

Àpproxi-mat e

Variationaf
Experinental

BincLing
energy
(ttev)
23 .1O

19.51

29.3

f. lllo S ¡
Ra cLiu s(r')

1 .62
1 .lr2
1 '5Q

enerSy
(uev )
o.7l+o

o.858
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gíves this also yieJ.d.s a bind-ing energy id.entical- to
ours ví2. 23.10 MeV. These results d.iffer from those

usually obtained. by other authors v'rho have worked.

vyj-th central potontÍaIs. They have f ound. in their

calculations that any potential vrhich gives the

experimental bind.ing energy of the triton invariably

yj-cId.s an overbound- alpha particle. this f ac-b has

been ascribetL to the non-saturating character of the

attractive potential.s and.'bhe omission of non-

central forces. It appears thon that our shallow

and- longer-ranged potential can be attributect to the

necessity to oonpensate for non-saturation. However,

although th ese argurnent s are j-nt eresting, they d.o

not renove the d-eficiencies in the potential antl

although our results for the triton and. the alpha

particle âre satisfactory it d-oes not seeìn worthv¡hil-e

extend.in6 the se calculations to nuclei beyontl the 1s

sheI1.
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PART 2

CHAPTER X'IVE

SHORT-RANGE CORRET,ATTOTüS A}TD'IHE ÎRÏNUC¡EON

Although the exact method d.isclrssetL in the first

part of the thesis is attractÍve, it is stj-l.l untl.en-

iable that the most practicable method- for treating

the N-bod.y Schrod.inger equati on i s the variational

method-. Thus, if we aasune a phenornenological point

of viev¡ and. choo se a nucl-ear potential oomposed. only

of tv¡o-bod-y forces that are approximately consistent

with two-nucleon scattering d-ata up to a few hund.red.

MeV, give the correct d.euteron bind.ing energy ancl

have the proper saturation character, the varier.tional

calculation is probably the onJ.y useful and general

nethod. for solving the N-nucleon problern. In this

chapter and. the folLowing three, t7e d.eveJ-op a f lexible

but consistent method. for the approxinate solution of

the three and- four-nucleon syst€jrnB. The method. is of

sone g enerality and- is one in whioh r¡e systenratioally

use our physicaL intuition to inclurle every effect that

night help tLeternine the character of the nuclear wâve-

functi-on and then quantitatively test and. improve the

approxi¡nate',¡avefunction that our intuition has led us

to.
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5 .1 The Nucl-eon-Nucleon Interaction

Tn recent years a nunber of realistic interaction

potentials have been obtainecl v¡håch fit al-l the tt'ro-

nucl-eon d-ata at 1or¡ and. interroed-ia-be energies. l¡ühiJ-st

these forces have been employed. for the treatnent of

some nucl-ear sysrcems, it remains true that calculations

with them are d.iff i cult and. f engthy t B.nd- it appears

that i't will be a. long time before any can be carríed.

out f or the more complex sp ectra t'¡ithout greatly over-

simplif ying the d.ynanical situati on, In the meantime

a.nd. before the ad.vent of techniques for hand.ling the

more sophi-st j-cated- f orces, a great d.eaI of v¡ork must

stil-l b e d.one using simplif i ed. f orms of tv¡o-bod.y pot-

ential s . The se potenti-al s are cho sen to contain a

number of parameters v¡hich are fitted- to nucl-ear d.ata

and- to ha¡¡e no singular f eatures so as to nake ít

possible to apply perturbation theory. The approaoh

using these semi-realistic potentials is capable of

provid-ing insight into the dynanics of nuclei and. the

s'tructure of nuclear sta.tes. To justif y such an

approach, it is of cour se not suff icient to know that

a nore real istio treat¡rent wou1d. be prohibitively com-

plicated.; there must be reesons to b el-ieve that the
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s5-nplif ied. no d-el reprod-uce s the mai-n qual-it ative

f eature s of th e probleno. The se reasons can b e

f ouncl i-n the tv¡o related. f aots that

a) the d.ynamical features are insensitj-ve to

the d.etaileù forn of the tv¡o-nucleon interaction,

. and.

b) the seni-realistic forces, in spÍte of their

òifferent appear&ncer nay closely resemble rea-

listic f orce s in their 'eff eot .on the main

propertíes of 1ow-1ying states.

These facts are borne out for example by the

calcul-ations of Blatt and De1v""(t'), Barrett(ll),

Gupta, Bhakar and l,,litrr (60) 
u.r¿ 0kanoto and

Luoas(g+). Ihere are some properties of the nucl-ear

forces l¡hich must be common to all the phenomenologi-

cal potentials. The ínteraction must be short-ran6ed.,

strongly attractive over most of this range and.

extremely repulsive at very short interparticle sep-

aratiorrs. The necessity to d-escribe this repuJ-sion

has 1ed. to the extensive use of the hard- core at sma1l

d.istorrces¡ Unfortunately these harc[ cores d.o nqt ]-encl

themsefves reacLily to perturbation cafcul-ations i.n

nuclear matter and. non-singular velocity-depend-ent
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potential-s have been suggested. as possÍb1e sub-

stitutes. Reoently it has been founcL that one can

reprod.uce the exFerimentally d.ed-uced- nuclêon-

nuoleon phase shifts r¡ith a nunber of velooity-

d.epend.ent potentiaJ.s ancl that one oan sinulÉ.te

the effect of the hard. core v¡ith such foroes. I¡[e

have therefore selecte¿L a vel-ocity-clepend.ent pot-

ential to d.escribe the tvro-particle interactj-on.

the tv¡o-body potential- is taken to bc of the forn

ij

vrh ere the r ati-o of

the singlet static

(r,rpT.+bpl¡*nrÏ¡+'e{, ) (v) 
"tatic 

("r¡ )v(r )

+V rve1.clep. ij

the triplet statio potential to

potential

( ) (115)

where wrb rhrm are the exohange f orce constants ancl

"l¡, "Tr, "Ï¡ 
ana PT, the usuar interohanse operatorsr

Here (v) rtatio ("r¡ ) is given by

(v) 
"ta.bíc 

("r¡ ) Tstari" (vo ) static exp (-2r. i/p u)
(tte)

vù+b+h+m I

q
(117)tr static ïf b h+m
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) r +ve1.dep. aJ

vel-. cLep. lÞ'. .- r-J/zl

+

) V (vt ).,"r. i[ep.
(

'"("rj)

'* ("rj )

,t ("i¡ )tsr¡ l

( ) (tr¡ )

(rrs)

çrrl)

(u" )*re1. d.ep. 
(", j ) [(v.)

,r("ij)Þijl

(vt)r.el.crep. ("rj) j

+ (t zo)

with

,(" ij ) exp (-z " /p, (tzt)

(ffre subscripts s and t refer to the singJ.et anc[ triplet

states, respectively). the effective nuclear potential

is sel-ected. to be of exponential f orn in both the t S and.

uS states because the ground. states of the few-nucleon

systems o.re better d.escribed. by exponential vuavefunctions.

The singlet-even interaction is taken to be v4 in Rojots

ttr""is(18) anci. tras the values

(vo )
I 0.625 fm-rst ati c -100 MeV, /p

S

þ.
atIr,r"r. (vo )veI. a"n(zJ

)

t-
ù

(v" ) ve1. d.ep. 82.94 MeV, 1

/p 1 .l+O f m-r

(t zz)
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Thís gives a reasonably good. fit to the singlet

scatterin6 length an d. eff ective range (a" = 232. and.

r = 3,06 fns. as against the experinental .-23.69 anð.
d

2.82 fms. respectively), and to the t S and. r D phase

shÍf t s up to 34O ì,ÍeV laboratory energy of the incÍd.ent

proton in p-p scattering. The parameters of the tri-

plet potential are d.etermined by fitting the bincLing

en ergy of the d-euteron and. Breit I s t S phase shif t s at

Elrb = 270 l',ieV. Our proced-ure f or evaluati-ng Ftt,

X and. X - f olIov¡s tha t of Srivrsrarr-o vêf . that of srivastavu(4Ot). l[e
1assume ;f to be 1 .0 f m-l ancl taking a three-parameter

P¡

trial function of form exp(- xr) - z exp(- yr) ror the

d-euteron v¡avcf unctionr we c alcuI ate the value s of xr¡r

and. z which give a bínd-ing energy of 3.49 X[eV with

Srivastavars triplet even potential (tfris resul-t vras

obtained by Lovitch and. Ro 
"uaÍ- 

(t*t ) through a d-irect

humerioal evaluation of t he Schrod.inger equati-on).

.lÏith our trial function the expression for ths bincling

energy of the d.euteron is given by

B.E.(D) = N-2 BE (xrx) + zBE (xry) + zBE (yrx) z2 BE(y,y)+ ì
J
(tz¡)



73

vrh ere

BE (a,p ) = KE (" ,p ) + VST.A.T (" ,p ) + VVEL (o,p )

fi oo

KE(ø. rp )

h"

-4I

st at io

pr
___--.- (

GrP )'J
(t zD)

(t zt+)

(t ze)

(1 27)

(r es)

(t ze)

T i -d.Te
d2 2ð.

clrz r d-r l e-pI lrJI r2 (Lr
2m

( i
B.

)
8II

2m ("4P )'

oo

vsr.ÀI(o,{r)=lE v

(vo )

(')static e+I l+f|rz ttr

3
x static n

lz xz
1 +tx+

f, I¿-a

= (- F ) ïver-. (vo )îe1. [*(" -. u)
+ nu("*'/u,", u) ]

V\rEt (o,g )

I nx x-t c[x

-tx-e
---* * |
,n+1 ¡¡o
r

.n ntx
+

n!
(e

and. the normalisation constant Nz ís

t
12zzz

+ ---.---(z*)= (x+r)' Qv)' lN2 =II
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With our values o x¡¡r and- z (x = 0.16, y = 1.OO antl

z = 1.0), lire plot the sets of Tstatio *td Xr"1. vrhich

give the true cLeuteron bind,ing energy against those

of Srivastava which fit the tS phase shifts at ELub =

270 ìleV. The se phase shif ts are clerivetL using the

Born Approximaiion anc[ a.re given explicitly by

oo

tan =-k I i, (t" ) ]' u"rr rz d.r

2kzw(r) +
vstati" (")

6o Io
(r ¡o)

I

i
[', (" ) ]'-r
------- (

1+2w (" ) J
U (ttt)eff 1 + zw(r) 41 .5

l¡fith our expregsions for v"t*tio(") and. w(

stituting for the Bessel function jo (kr),

r) and eub-

we get

tan ô6 = ¿ÞkXvel. I"

["

I sin2 (r.") ]"-2kroo

oo

1+¿þX-eVeI.

I sinz (kr) ] "-1 
.25t

-2r

2r

100 x

hl .5k
st ati cclr +

clr
1+L x - e' vgJ_.

16 XveI. I sinz (io") ]u-4"2@

ï.k )
+

(t -+ 1.."1. "

tlr (t tz)
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The point

yi eId.s th e

and-X - oVêI.

pretations of

Srivagtava t s c at cul- ation 
" 
(40a, 

. 79 ¡ ore basetl on

of intersection of the two curves (see Fig. 1 )

correct set of force constants X

lhe se are
static

75

to point out that there a,re two inter-

in the veJ-ocity tlepencLent potentials.

Itstatic 1.52 and ltV01. O .l+1 5

A secontl- quaclratical-ly velocity d.epend.ent potential.

that will be usecL in our i-nvestigations is the Herntl.on-

tan*(39) Çaussian potentiaJ-, whioh has the for¡n

v (",1 ) Vo exp ( -qf ) p2 wo exp (-p r" ) we exp (-p r" )p' ( 1fi)+ +

the tripJ-et parameters ere

vo -111.J MeY, a = 0.65 f m-2 , nre = 37.323 MeY

and. (3 z.z fn'a (t lt+)

whilst the singlet parameters are

Vo = -r+.8 }ferr, d = 0.15 f^-t, ?ro = 37.32J lrileV

antl P 2.2 fn-2 çt ts)

It is pertinent

D

the assumption that for the three bod.y systen p is ín
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eaoh instance the momentun conjugate to the inter-

particle separations t Tt t rz and 13 (to be referrecL

to as case 1). Irovitoh and- Rosati, hoi'rever, Ínterpret

!, to be the momentum canonically conjugate to the two-

particle relatj-ve coordinotes in the oenter-of-nass

frames of the partícles taken two e,t a tine as if the

thircl- one d.icl not exist (cas e 2). ¿.lthough vre believe

I¿ovitch and. Rosati I s interpretation to be the oorrect

one, rse nevertheless, use both in our three-bod-y

calcul-ations so as to d.erive a cluantitative conparison

of th e tvro .

The third. potential in
. (tt)Present'" ' potential which

even potentials is 0

ref er to si nglet and.

.6

this thesis is the Rarita-

is

v(r ) ijr-J -'t23.3 exp(-1 .156 r ) wP

ì
)

H+hP +mP1J ij

qV

(where gr the ratio of singlet even tothè

, and-

w+bP
ij ij

Bv* (rr, )

M (t tø)

(t tt)v" ("r, ) t ("i¡ )

tripl et

s and. tthe sub scripts

re specti¡¡ ely),tripl et
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5.2 The Trinucleon Wavefunction

To obtain the trinucleon bind.ing energyr wê

solve the Schrod-inger equation of the system by &

form of variationa]- ca].culation. The selection of

the trial functions isrin the fina1. analysis, a trial

and. error prooess. In ord.er to contain the errors¡ wê

formulate our trial functions through a flexible but

consistent nethod, in which we allow our physical

intuition t o help us de-bernine the character of the

nuclear rravefunctions. Two i-mportant physical features

rnust be borne in mind. in the d.etermination of the f orn

of the v,¡avef unctions: the eff ects of the Pauli Exclu-

sion Principle(e'u 'r') in systens of nuclear cLinen-

sions and the nature of the nuclear forcoo

the P.E.Po â.rrd. the synmetries of the three-nucleon

systen pred-iot a total of ten states present in the

ground. state of th e triton. Ifowever it is expeoted.

that only o sr¡aIl- nunber contribute to any appreciable

extent. Thus from measurements of the magnetic moments¡

the capture of nerrtrons by cleuterium and. various

other evid-ence, i-nclutling variational ca]-culations of

the bind.ing ener6yr wê believe these states to be the

pred.ominant S-state Of, which is completely synometric
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und.er spatial exchange of the nucleons, together with

small ad.nixtur c s of t he S- st at e of míxe d symmetry

(trre so-caI1ed. S' state) ô: and. the D states (which vre

labeI collectively by D).

tr'or central forces, the only state of any conse-

quence in bind-ing energy caf culations i s the S-state

qncL in our work, the gro und- state of th e three-nucleon

systen vith J=T=+ is approxinated. by the spatiall.y

symmetric S-s'c ate, ol (s"e equatJ-ons3 , 4 and 9).

The 1s shel-I nucl e j- have f oirly larte bind.ing

energies and ere re1 a.tiveJ.y compact structures. the se

physical properties suggest tlre component nucl-eons of

these nuclei spend. a consid.erable anount of tÍne v'rell-

within the range of their mutual nucl-ear forces. Such

a physical situati on cgmpound.ed- with our use of the

velocity d.epend.ent potentiaL whi-ch i s repul sive at

snal-1 interparticle separations, is ind-icative of the

importance of short-range tvro-bod.y oorrelations between

the nucleons for these light nucl-ei. Our spatial wave-

f unction ú " i" theref ore taken to b e a prod.uct of two-

partícIe exponential- s, each suit ably nod.if iecL by a

two-bod.y correlation f unction.
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forms

(ii )

(i) *("rj)
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u*p (-r' I " )r-J ,

1-2

s
t,

7

.1. s("rr) r("rr)
r-< J

(rye)

("r¡ ) and. f ("r-¡ ) clre chosen to have one of the

exp (-urrr' )exp (-u"i j" ) ,

f'(". . )r-J

r(r 1-c

'l -c'

)ij (t te)

(r+o)

(r+r )

r("r¡) "*p 
(-u' | "r, I )

(iii) s (" Tij ij) exp (-a" l "i¡ l ),

= 1-ct t u*p (-b, , l"r_¡l )f(* )ij

These functions have considerable flexibility and. are

capable of giving a good representation of the príncipal

features of the bound- systen wíth short-range forces.

They ¡oanif est the c orrect clo se-in and. asymptoti-c behav-

iour.r especíaI1y f unctj-ons (:.1) and (iii), and are still-

tractable enough to allow analytic evaluation of all- the

quantities of i-ntcrest in the tri-nuclêofio The parameters

ôrb, ctê! tW ,c' ,a! ' , b'l ' and. ct' are obtained by fittÍng

the bod.y f orni f actor F1 (q2 ) given by

v

and. the roÍ)o s¡ ra,d-iu" R".trìr s. Biten by

F' (q' ) exp (Íg.å l) ctrI z (t +z)



R?.,.". = Irr"l'[å lzr"z*,â)-"tj ] d-r

rz t ?3 arc the inter-where 3 = ë.r -LG. +

particle separations
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x¡), ]^tt

and- d.r =

!
3 I drlv'l'"1 (t +t)

\tf r^1T2T3 d.r1 d.r2 dr¡ .

îhese integrals and. the others which aríse in our

three-bod-y oalculations are taken over the d.onain oon-

sistentwith the triangular inequalities 11 + T2 2 T3 t

r1 + î3 2 Tz e,.nd. 12 + T3 7 rt ancL are given in the

append-ix. Our fitting proced-ures are expected. to

produce good- v¡avefunctions. 81 att and- his co-workers

have f ound- that potentíaIs that yield. the better b j-nd.-

ing energy in a variational calculation afso give

vravef unctions which yield. the better f it s to the f orn

f actor and. the r¡rrì..8. rad.ius. Converselyr wê can oon-

f id-entIy expeot that sati sf actory bind.ing energy values

and. wavef unctions o an b e obtained. by f itting our vrave-

forms to these r¿uanti-ties. The experimental veJ-ues of

f,¡ (q') selectèd. Éì,re those of Levinger and Srivastava(tOO)

and. Okamoto and- Luc¿r"(ltt), r¡,rhilst the rorDo s¡ rad.j-us is

taken to be 1.66 fn. f or (i) to faoilitate conparison

vuj-th the results of ref erence 94rand- 1.JO frn. for (li)

and. (ii:-). For the Gaussian, the paremeters b and- c
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are varied. from 0.2 to 6.0 frn-z and. O to 1.0 res-

pective:-1, with a = 0.058, 0.062, 0.066 and O.O7O fn-z.

The best fit tc R",..". anc1 f'1 (q2 ) (seu Fig. 2 anð.

Tabl-e 7) is given by a = 0.062 fn-? , b = 1.)JB fm-z

antl c = 0.4. For (ii) bhe parameters b, anrL ct are

varied. froro 0.5 to 6.O fm-1 and- O. to 1.0 respectively,

with a! = 0.36, o.JB, O.4O and. 0.42 fm-t . îhe best

fit to the selected- R".rD¡s. and. Ft (q" ) ir given by

al = O.l+O fn-1 r b, = 1.60 fm-l and ct = 0.h. For,

(iii) , b" and- o' t €r.re varj-od. frour 0.5 to 6.0 f m-r

ancL 0.20 to 0.35 fn 1 respectively with c" fixed. at

1.0. Good- fits to R".r. 
". 

and. F1 (qz ) are obtainecl

wÍth et' = 0.275 f^-'t , b,' = 1.525 fm-r aniL o,t = 1.0.

Table 7 0ver1eaf...



Îi\BLE 7

THE .0-0RX{ FACÎOR 0F fTÍE IRINUCIEON ASSUMTNE Â PURE S-ST/ITE (T. (q, ))

q'

(rt-" ¡

OBSERT,TED

oL t) rs b) cHard- Gore )

CALCULATED

3-p arameter
exponen-
tial u) ('í ) (i:.) (ii:- )

I

OJ
co

1.0
?_. a

3.0
l+. 0
5.0
6.0
7.0
8.0

O .61+5
0.420
0. r00
0"210
0. 1 ¿+4

0.10J

o.639
o.+i2
o"282
0.193
0 .125
0.091

0.563
0.337
0.211
0.1J8
0.091
0.063

0.a29

0.630
o.395
0.246
o.151
o.092
o.o55
o, c5i
0.018

uobJb
0.4-24
0.293
0.208
o.152

0.644
0.439
o.312
0.228
0.170
0.129
0.099
0.078

0.r+5 fn
O .6ì+5
0.438
0.307
0"220
0.160
0.118
0.087

0.50 fn
0.633
O .l+23
o.293
0.207
0.11+9
I ;.t1

0.078
0.0J+1 0.029

0.
0o
0.

113
cû5
o65

") Fron the analysis of Okanoto and. Lucas 94)

O ) Calcul-aied- f ron, !be tvro set s of experimental f orm f actors obtained- by Levinger
and. Srivastava 1 oo ¡

") From the work of langand Herndon24) with repulsive-core potentials. The figures
ref er to the cor e rad.ii.

U) Fron Levinger and Srivastava I s calculati-ons wj-th a three-parameter exponential
wavefuncti on,
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å:å_!f itg"_åå11$åge_Egergy__egg_co uI o mÞ_Eeg.ggglr 'Eg
I/Tith our ground state rÍ¿,vefunction, we can write the

bind.ing energy of the triton as

r(ø,e)

'N(ø,€)

It (t zt) t (tt zlla,

(r 
'+'+)

1t +s)

(t +6)

çt +t)

(r¿+e)

s ('H)
T(v"rvu) + v(s"rvu)

N(rurvs)

v¿here the expectation value s

tu

/t ¡f

tðÖ* ô4
lr*
\a ", ô r.,

aó* az aø* aE

ðrz Ar" òtt ðrs )

þz
+ t (ztt ) +

lø
v(ø,9) ltv eff r-J )la d¡

+
tr[

* ( r

with t (r¡t )

and.

ørþE d.r

l-
r

+
ðr

l- j J a

I
r2r+r2r-rzu aø* aE Aþ* a4

4r ðr ðr ôr )j

St ( ( lveff ("r¡ ) r
r-J )+v r ij ) (1t+9)
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tr'or f unctions of the prod.uct type

v
s f (tt") f ("tr) f("rr)

the expectation value

may be v¡ritten in the

of the lcinetic energy operator

sinpl e f orm

(r¡o)

\z

ÙI

at v' 2 ð',i,s
T(rr"rr") x

et cycl t
ys

t Arl T3 ðr=

("' ) )'

r7 +rZ -rzt

2t1t2

f (", )r" (r, )

a" ú 
s -l

------ 
I

ar tauJ
dr

f (tr )r, ("r )

(t) ("' )s

rrr (t Sz)

2

l
f'(", )tz (r")ar USt)

The two interpret ati- ons of g allud.ecl_ to earlier in the

chapter resul-t only in a cLif f erence in the expectation

vaLue of the veLocity-tLepend.ent part of the potential

energy. The expression obtained- by Srivastava becones

T3

lp1"vv"1.dep. (*t'v")

++

â [r". [(vo ),,"r. a"p.J

," (", )pi"l r.ret_ .lp1"or* (r, ) ,^,* (rr )

]*'
P7,l

+
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where

a?

ðr', rs ôr¡

while that of Lovitch and. Rosati is

V (

çt st)

f, 'u*r("' ) i 'u*,' 
("' ) l

a2
Plz (

Ê I U '"", 
(*, )*)

s
ll

s
v

"* 
(")

+vef.tlep.

where

with

c(ørE)

r: (srf ') s1r1 a2t7 tLr
I
)

(t ¡¿*)

ð"rr(") - ,"(*) ,+ t' (t)
u ô2 (r3 u)

(1 55)
T¡ õr"=

To evaluate the CouJ.omb energy of tH",

c.E . c(v"r,/õ) (t se)

l

we asgum for

as i-n

e

d.

this nucleus the same ground- state wavefunction

'H an d- u se th e pot enti a1 v:i (r ) of Schneid er an

Thaler(r or ), *nr"h take" ":count of the f j-nite

size. Thus

nuoleon

It -" -3'36"t (o .JB2r=-2.776) -2.97rtt
ez

þ* f3

(o.64hrr +i.639)l E arQ57)
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A d.irect comparison between C.E. ancL t he bind.ing energy

d-ifference of the mÍrror nucfei tH and. tH" may provid-e

inportant infornation about the existence of charge

asynnetry of nuclear forcês¡

5.1+ The Photod.isintegration Cross-Secti-ons of 5H and.

tHe

the investigation of the static characteristícs of
tH and tH" is by no means sufficient for establishing

the complicated. nature of the wavefunction and. our

choioe of interaction. Nuclear reactíons involving

the three-nucleon system must b e stuclied. to f urnish

complementary informatíon. An inportant source of such

infornation about the struoture and. interactions of the

nuoleons is the nuclear photoeffect. Unfortunately the

calculation of th e d.if f erential and- total oro ss-sections

of d.ifferent photonuclear processes requires an intimate

knowle d.ge of th e wavef uncti ons of the init ial and- f j.nal

states of the system, r'¡hich are known poorl¡r. The sit-

uation is partially obvíated. if the cross-sections are

sumned. over all possible excited. states, using closure

for the natrix el-ements: so that our results will clepend-

only on the ground- state. Two quantities &re of
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interest here, the bremsstrahlung-weightetL cross-

section and- the integrated. cross-section. General

expressions for these cross-sections have been d.erívec[

by ï,evin6er and- Beth"(Al) ur¿ Rustgi antL Levinger ?oz)

on the basis of the surn-rules of Thonas, Reiche and.

Kuhn. The brensstrahlung-ï\¡eighted. cross-section dO

ís cl-efined. as

oo d(Tr)
ob

I"
ttw (r ¡a)

w

v¡here a(W) is the eJ-ectrio dipole absorption cross-

section, when we neglect retard.atíon of the nucl-eus

and. average over all orientations of the nucLeus antL

T[ is the photon energy. If th e spcbial part of the

ground- state wavef unction i s total-ly symnetrj-c, ob is

simply reì.ated. to the r.rII¡ s c rad.ius through the

expression

ez Nz
R2

f¡III.Sr (t rg)
âc A-1

Thus to ct-etermin" db (tti" ) ¡ we neecl only nul-tipIy our

me arr square r ad.íus by the constant in e quat ion (l ¡g) .

.A.s v¡e have usecl a spatially symnetric vüavefunotion,

R-- _ is aL so the charge rad.ius f or point nucleons,f¡IIIr S¡

ob = |,n"
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Q¡)a fact not reafised- by Srivastava and- Rustgi

6int o'(ir ) aw

oan be written as

Q+)

vrho have equated. it to the true charge raclíus. It is

obvious that ob d.oes not d.epend. on the oharacter of

the nucleon-nucleon forces but is d-eternined. so1e1y

by the prop erties of the wavef uncti on of the grouncL

stata of the system.

The integrated- photod.isintegration cross-section

st atic

v

t

(reo)

Uet)

(t ez)

oo

I"

6 ('"+)onf

l

Ir" oi tlo,o,J,

(:1;:r )(," f Iint r o

. (r,, roIvel.dep.

v¡here X_ f --- is the summed- o sciLlator strength, and T,non
static and- ve1. d.ep. ref er to the contri_butions of the

kinetic energy, the stati-c potential and. the velocity

clepend.ent part of the potential. If we assume a

spatially constant eleotric f ie1d. along the z-axi_s

M
x

lD
z

n
f

on fiz s
d.z
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where the operator 0 is

À2 ïf
ij

or v

2M
+ tpT¡ + r'PÏ¡ + 'pT¡)u"*aric("r¡)

33

I vi, .r . 
(cue

L r-<J

*"- ftit j"?¡ (v) 
"tatíc 

("r¡ )

I

)

r
v el . d-ep. r_J

ancL

0n explicit evaluatj-ont

Nz z"

n T Z+ N--
L2 A2 A

3

x
i<j

( )

-zt zAnnp
z

p
Tu

A
Dz (tú)

(t 6u)

þ 6r)

)+ïij vel .

NZ
)

on
(x'

(trrton).rut. 
dep .= L9

fE(
on

f ) st at ic

(

t.4

(v. )
å vel.dep.

_MmP.. +
r-J j)i'PÏ

l- l ì
)

ûsd.¡

t/ [.
g*

ll r(
S

(t ee)

fn e guatíon (165) , i an d i cl-enote protons and. neutronsr,

re spe otively.

'* ("rj )
]

cl-z
G
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fn the d.erivation of these relations we have used.

the prop erty that

rl3
M

E.z
aI = l-t*r, ( z,-zí)p}j¡,

J L'J' r
D.z.

Ll-lru, J,[t'.' ¡"nj¡'

E.x.(2.-2.\"L J'J l''

1* 3 zzt

P r.J
(t 67)

(r--".)" 1^
t tJ (168)

ztl

IPZ t or (rr )+t,(r.l )PZ, , zz zf t zz t

1
3z

D (t 6e)

,l+ñ2 or (rr ) (t Zo )

and.

i l
Applioation of the Thomas-Reiche-Kuhn surn-ru1es has

elirninated- the terms in w and b from (¡' f )' n on-st&lr-c
since the correspond-ing Ï[rigner and- Bartlett operators

commute wi'bh th e space coorclinates. îhe expectation

value of the Heisenberg operator with our S-state wave-

function is

M (ttt)j <P
r_J

PT
a

1

2

1

)
( )

Since

(v) statio ( r ij
ûJ+m

Iu""" ("r¡ ) ]static ?lz)
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our expression for c fínal1y red.uces toint

4llz e2 tt u (m+åir)
6 t1

_2
r-J

3Mc (ar+m) h' { tu"", ("ij ) l"taticI
s

vint

-ldr'tM

,lv" cLr +i*
'J) ) 

f^rz

PYL
(vo ) vel-. d-ep.

I
g*

v t t, ( r )*xij vel. v'* ("r, ) I cLr
s l (ttt)

s

ResuLts antL Disoussion

' Our results are shown in Figure 1 and. lables 7

to 9. It is obvious that the best overaLl- fit to

¡t (qt ) i" given by (ii). The fitting prooedure has

been slightly biasetl . in f avour of a good. f it at

srnall q" and. although & rigid. adherence to a least

squares fit nay irnprove the resul-ts for (i) and. (li),

the experimental results at high momentun transfer are

not known accurately ênough to v¡arrant it. Our oorre-

Lated. Gaussian gives al-nost the sc,rne val-ues of Ft (q'),

R__ , and. the Coulomb en ergy as the sof t core wave-
f¡lll¡ S¡

functíon of clcanoto and Lucas(gl). îhis suggests

1itt]- e ðiff erence betrireen their trial f unction anil ours.
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TABLE 8

THE BINDING ENERGY, C OU],OI,{B ENEREY

R . M . S . RADIUS OF THE THREE -}TUCIE ON SY STEM

Pot enti aI c.E.
) (rinite)

(¡,lev )

B.E.
('u)
(uev )

c.E.
(p o int

(¡¡ev)

frlllo 8¡
r ad.iu s

(r'o)

ïflav e -
function

Uncorrel atecL
&rçaussr-an )

Best
Variati onal
case Ab)

Case B

(i)

Uncorrelated-

Hernd.on-Tang
Case 2

Hernd.on-T ang

Case 2

Hernd.on-Tang
Case 2

Herndon-Tang
Case 2

2.5O 0.708 0.66 1.62

7 .623 O.771 1 .6t

Exponenti a}
I'hree-
p aranet er
ExponentiaI
Be st
Vari ational
case A b)

Case B

Sriva st ava

") case 1

Srivastava

) case 1

Srivastava

Gase 2
Srivastava

Case 2

Sriv a stav a

Case 1

8 .2/,+O O .717

11 .2O1 O .7 06

c

1.3O 0.67 0.62 1.66

6.08 o.597

7 .17 0.663 1.92

10.903 O.7l+8 1 .65

I .67

1 .69

9 .3O O.74 0.69 1 .70
(ii)

lable contrd- aaaaa,



TABLE I Contrd.

(,ii )

(ii )

(ii )

(ii)
Best Varia-
t i onal
case Ad)

Case B

(iii)
(iii)
Hard.-òo re
o.45fm ")
o.5ofm u 

)

Exp e rj-me nt al

93

Srivastava
Case 2

Our potential
Case I

Our potential
Case 2

Rarit a-Pre sent
Rarita-Present

Rari ta-P::e sent
Our Potential

Co.se 2

Rarita-Present

Tang-Hernd-on

Tang-Hernil"on

10. 20 0.71+ 0.69 1 .7O

5,92 0.74 0.69 1.7O

6.76
7 .20

o.74
0 .71+

0.69
o.69

0.72
0.72

0.69
o.67

'1 .7o
1 .70

3. 53

6.zo
o.76
0.76

7 .69
7.95

0.8'1

o.7 5

1.68
1 .70

1.70
1.70

1 .68
1 .72

6
2

7.42
7.o5

8.¿+9 0.761+ 1.6
(<f > I

1.70
(R. ('n) )

1.87
(R" ('He ) )

u) Thi s i s th e si npÌe Gaussian of r ef ereric e 94.
o) Calculations from referenc e \1.
") Evaluated. by Srivastavu40a) using an identicaL forn to

our velocity d.epend.ent potential but with X--
1 . BL ancl xrri, .- =" 0.55. '-statíc -

U) Calculations from referenc e 92.
") rrom the paper of rang and Hernaorr24¡. The figures

ref cr to the corc rad-ii of thc repul sivc-core
potential-s usetl by thcm.
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g4Ð9.-_2

PHOTODISINTEGRATTOIiI CROSS-SEClTONS OF'HE

Tfave
function

Potential d_
b

('¡ )

oirrt (s ) 
d) orrrt (e ) 

d)

(uev. mb ) (tvtev, mu )

oi't (ar ) 
d)

(ucv. mt )

Hard-Co
0. J+Ofne

TE
)

Thrce-
p aramct e r
oxÐ oncn-
tiärb )

(i)

0hmur a,
et aL.

Our Potcn- 3.5
tial

Our Potcn- 2.62 52.0
ti al

Our Potcn- 2.74 57.8
t i- al-

Our Potcn- 2.74 62.6
tíal

2 " 53!0,1 9

2.29 56.9 60 .3

56.0 59.6

54. B

62. o

70 "5

6216

67,0

66.9

60 "6

70.5

86.g

) tut with our

(ri)

\ r_ r-l_ /

Exp eri- -
nent al c

)

o) Extracted. from refcronce

') Fro¡n thc calcul ations of
potcntial parameters.

111.

Srivastava 75

c

¿t

) ffrc cxpcrimental rcsul-ts of Gorbunov and.

) ffr" letters S, B and- RT refer to Serbcr,
and. ïnglis force mixtures.

Spiriclonou115).

Bi el, Ro s cnf el- ct
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Holrcver, an advant age with our mod-ified- Gaussian is

that it i s pe rhaps more tractablc f or bincling energy

calculationg. The triton bind.ing en ergy obtainecL

using Hernclon and. Tang I s veJ-ocity d-cpencl-cnt potentiaI-

is much srna]-ler than that of case Â and- case B of

Lovitch and Ro sati I s rbestt' variati-onal caloul ation.

This may be attributed. to the poor fit to Fr (q") for

large momentum transf ers with (l). Besicles, the

Gaussian f orm i-s known to b e urrsuit abl e f or asymptotic

regions, and this is partially confirmed. by the snall-

ness of oirrt (tn" ¡ . Fro n the se oonsid,crations, it

appears the corrclatcd. Gaussian function fal-1s short

as a r eali stio trinuolcon wavef unct ion. f t r¡ou] d-

seen thcrefore that Olcamoto and Lucas t s I acourate I

estimate of C.E. is subject to d.oubt.

For tlre truc exponential wavcf unction (ii ), TII C

Ihecan expect the rcsults to be more trustworthy.

cxpcriment al- f orm f actor i s f it t ed. well at al-l- valuc s

of{ the correct asymptotio behaviour
1

. .\ /r. .ã withtJ" l-J

e.s.(o))
ï

, is suggested. by

(trrc

and it exhib i-t s

asymptotic form

-U- (¡.¡. ('H) -
3r7'

of (i:-i), exp(-gr

lJ t
the vrork of PappacLemos ancl it is encouragi:ng to note
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that (ii) ís al-most identical- to (iii) ror "ij
greatcr than 5 fr.). Also our results for the

bincLing energy are suffi ciently close to Lovitch

and. Ro sati I s to encourage us to b el_ieve that our

triaL function (ii) is neB,r to the best obtaj-ned.

variationally. Using our veJ- ocity d.ependent poten-

tial t wa find- n.n.(3n) to be very reasonable

(especialJ-y if a d.ir ect comparison i s mad.e with

the hard.-core oaloul-ations of Tang and. Hern¿oü").

Togothe:: with the excellent agreement between our

d. _-- and. experinent th e sug ge st j_on i s th at ourr-nt
potential is quite accurate. The two interpreta-

tions of p l-ead. to a small- quantitative ¿tifference
(fess than 1 Mev) i" the calculatecl values of the

bincling energy, so it can be concl-ud.ed. that the clis-
crepancy betv¡e cn srivastava an d. Lovítch and. Ro sati I s

bincling energy resul-ts is al-nost wholly attributable
to the poor trial funotion used_ by Srj_vastava. oirrt
is l-ittle aff eoted- by our use of srivastavar s inter-
pretat j-on of ! si-ncc the velocity d.ep end_ent part of

our potentiaL contributes al_nost neglígib1y.
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Although f uncti on (:-i-i ) fras tJ: c right asynptoti c

prop crti-c s, it yicl d-s a lov¡ B.E. value and nust be

inad.e quate f or snalf íntcrparti c1c sep arations.

The velocity tLepend-ent potentÍ-al has only a soft

repul sivc core an d- it may be that our wavef unction

should. not vanish for zeîo interpartícIe d.istances;

Lovi-tch and. Rosat ¡s variational functions and. (,ii)

remaín finite for r. cqual to zeto.
r-J

Sunnarising, vÌe record- that:

1 ) Our cxponcntiaJ. vcl ocity d-cpend-ent poten-

tial yield.s resul-t s e guivalcnt to a hard.-core

potcntial.

2) Vfhen a" sof t repul sive internucleon f orce is

assumed, short-range tv¡o-bod-y correlations are

essential in biniling en ergy cal-culati-ons.

3) Our fitting proced.ures for obtaining trial

funotions for thc trinuclcon provid.e reaListic

wavefunctions if a suitable spatial form is

selectcd. at the outsct.

4) The Lovitch-Rosati and Srivastava intor-

pretations of gr the momentum vector in thc

veJ-ocity d-epend.ent interaction, result in only a
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snal-l quantitative d.ifference in the calculatect

bind.ing energi es and. l-Í-ttl-e or no d.iff erenoe in

the integrated- photod.isintegration oro ss-seotions¡

5) the photo d.isintegration cros s-sectíon i- s

sensitive to the tail of the ground_ state vúa,ve-

function, which explains the almost negligible

contribution of thc vclocity d.epend.ent part of

the n¿r c1e ar f orc e ¡ and. th e small val ue of oirrt

for the Gaussian.

6) The Serbcr and. BieI force nixtures are

favoured- in oirrt caIculations.

7) Since our correlated. e¡ponential function
provid.es good- fits to F1 (qz ) urd oirrt simultan-

eously, the charge d.i stribution in thc trinucleon

as rneasured- by high ø ergy electron scattering j_s

thc sa¡ne as that which give s ri se to electric

d.ipole absorption.

B) Our evaluation cf the Coulomb energy of tH",

taken with those of other authors, ind.icatcsthat

C.E. is l-e ss than the bind.ing en ergy ðif f erence

in the trvo three-nucleon systems an d. th at charge

asymmetry nay be present to the ord.er of 0.1 MeV

(Okanoto and. Lucasts estimate of O.13 MeV may be

slightly too large).
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9) Our cal-culations can be profitably

cxtcnd-cd- to o-L 1:cr light nucl-ci.
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CH]TPTER SÏX

THE S' STÂTE IN TITE TRINUCL,E0N

Two inportant tooJ-s for extracting infornation

about the structurc of thc three-nucLeon systen are

the high-energy scattering of e1 ectrons by tH ancl

'n"(95) ancl the muon capture rate of ',He(81 
t82) 

'

consid-erable ctata exists f or the se eiperinents an¿L

a satj-sfaotory theoretical anal-ysÍ-s of these reaotion

processes should- yieI-d' a cl-earer picture of the

d-etai1ed. structure of the ground- state of the tri-

nucleott. li[anY authors
(60, ez ,87 ,1 oo,1 o 3-l o5) have

made estinates of the reJ.ative probabj-lities of the

vari-ous states expeotecl to be present in the ground

state by fitting such experinental data' Unfortunately

these estinates spen a large range; fOr example the

probabílity of the S' state Pgr assumes values fron

O" 5 to )+.Clo. Lately tvro Sroups have come to agree

among themselves on the magni-tud'e of PS, ' Thus Schiff

and his co-workers take P* to be 2$ wlni.,J-e Mitra et

or.(60), Levinger and. srivastavo(too) una Davi""(ttz)

have obtainecl a vafue of about 1t4' Both sets of
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investigations possess shortcomi-ngs however; the

variational calculations of Schiffrs group are

ob scured. by their use of sinple v¿avef unctions that

d.o not exhibit the c orrect asynptoti-c as well- as

cl-o se-in b ehaviour f or th e three-partiol e system

lvhil-e the sep arable non-IocaI method. of Mitra gives
hín,tìaq w,ù rg.l

rise to val-ues of the trineutro-ñvãn*d. thc-Óoulomb

energy of tH" (6 3-6'6. t9t+) which are ínconsistent with

the general varia'cional methocL a: d. with experiment.

/Is some of the expectation values of operators in

the trinucleon are extrernely sensitive to the forn

of the lvavefunction assumect, these d-oubts on the

ac'curacy of the resul-ts of both groups do not alJ-ow

us to make any firm ooncl-usi-ons about the actual prob-

abílities of the states. In this chapter vre report a

caref ul e stimate of PS, ß3) , assuming f or simpllcity

that onÌy the S and- S' states are present in the

ground. state. Insofar as it can affect our conclu-

síons the D state i s af so consid-ered qualitatively.
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6.1 The Trinucl-eon 1,1/avef unction

From chapter two,

i s appr oxirnat ed- by

E ('z Sl )
2

vrhere g

,lr" take

,!tt

our ground- state vravefunction

II
-tr -1,

= lDl + 92 (tt+)

?te )

" i" f unction (ii ) in chapter f ive and- g' ancl

the forms

1

-: ls?2,Ð + B?3,2) - ZeQt,t)l (tls)
1r! 6

1

v" le?z,l) B(i i,2) l
^[z

v¿ith

and-

8(ij,k) ¡s(ik)e(¡k)t'(i¡) çttt )

8(ii)

t'(i¡ )

exp (-ar

cxp (-p r

O.37 fm-r)

)

0[ij
(rze)

r-J

Thc two rnixcd- symmetry functions of the S' state are

assumed- to have simple exponential f orn o.s it i s unlikely

that experimental d-ata are scnsitive to the interior

forms of the S/ state functions. fn faot correlations

are ind.irectly introd.uced. i-nto these functions since
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'bhe most significant contributions of ,þ, and ry,t

result from the overlap of thc S, state oomponents

with the oorrel-ated. S state. The resul-ts of gi¡"or'r(87)

and 0kamoto oncL Lucas þ z'e) aLso support the negleot of

correlations in V,t and, gtt. The value assumed. for q.

stems from form factor and- bind.ing energy fits with

unnod.if i ed. exponential- s f or ú ". f n tenns of th e

functions g(ijrk), pS, is

P 2
S'

which becomes

t

s? 2,3) s? t,z) ) dr

11 13

Ie' ( 12,3) (t tt)

(r so)
(2")'("*p)" (T a'+4" + ø.p)

2 lP
s/

2 I
(Bo. *5ap+F" )

if we normal-i-se g(ijrk) to unity.

the value of q., rve can d. ctermine B

of PS, ; B is the prod.uct of 1fr, )z
tion constant of the s(ijrk). Our

Thus having f i::: 1

fron thc nagni-tud.e

and- the normalisa-

wavefunction,rs is

(22 " + t Pl'

normal j-scd- t o uni-ty and. i s then multiplie d. by

6.L Charee Form Factors

'I

(", )u.

The experimental d-ata on the elastic soattering
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of electrons from tH and. uHu can be analysed. in terns

of the electric charge form factors by means of the

Rosenbluth equation for spin t systems. The basic

formulae, rvhich take into aocount the charge and-

the spin of the nuclei, have been used. to express
4ruá

3"rr(tH)-1"t(tilu¡ as functions of the four-momentu¡o

transfer eo Usíng non-relativistic kinematics and_

the inpuJ- se approxination, rire obtain the relevant

charge f orm f actors as the three-tLimensional Fourier

transforms of the expectation values of the nuclear

cha,rge d.ensity. If r,'¡e Ð.ssume that the three nucleons

contribute v¡ithout nutual interference or d.istortÍ_on,

th e charg e cl-ensity op er at or i-s

r' 
" 
(r'r, )

3

=X
i=1

(t *t
[+ LZ )tln ("-.ri )*å ( 1-, L,)tinLr-r, )] (rer)

The r I s are isospin matrices ancl the quanti_ties

rfn(f-:,) and. fnn(f-:i) o"u the nucleon spatial dis-

tributj.ons of the charge d-ensities about the centres

of the nucleonst or alternativelfr they may be thou6ht

of as t he thre e-cLimensional Fourí er tran sf orms of the

normalised- nucLeon eJ-ectromagnetic form factors. The

Fourier transform is therefore
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ZF
fl"*n {t

lút pro a )

(¡Tu*zr'!n)r''

i u"(n")

( d.tr.
l_

rr )v d.'r (r az)
ch c a

The integration over I is performed. by

iabl-es from r to I-Ii v¡hich causes the

factors to appear as nultiplying

changing ve,r-

nucleon form

factors. The isospin

Tabl-e 1 and evaluatingofsums are carri ecl out by means

the integrals involving exp(i

sions

9.Ii), we get the exPres-

F ('u)

Fr

2F"h ('n" ) +

+

from the centre

nucleon i. the

{rf n*rf n)r',

ch
(nf rr*2r':h )Fr {rln-rin )i"

(tü)

(r Ba)

(rB5)

(187)

wher e

F' (q" )

F2

antL

3" (q" )

x is the
L

-þ 
"u ?t 2,3) ¿,

J
(188)

of the

¡' (q" ) I I '¡ " l' exp (í g.ë' ) at

/L""n(i s.xr )-exp(i 9.*,)
I

{e

d.istance

to the

of mass

trinucle on evaluation of
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these integrals is easily accomplished with the help

of the universal function

e(q') Iexp ( -o-,tl^t-ø,zrz-o z:^t )"*p (i g.ãt )r112 r3 dr1 tlr2 tlr3

1024 d.1d.2 d.3

n iÏi*3 1" 
Ic(t'l)xo(,.')

ì
J

+
2

¡(t')

1

with

+ l2G(kr )

t?

(t 7 +"2 )' (zu1 +La"' -zd1 - q')"

L
9

u1 + a\ +
,+

L
9

q" 4
9kr

dkr (rse)

(r go)

¡(t')

n (r,, )

c (t<' )

o(icr )

n(r,' )

e(t' )

qY¡ (zu?t

4
9

qt )'!t

8
3 glcr

o(J

3.bq"

+ 4at,, 20.1

\ ekr+q2ui + a\.b

I+u3t + l+q"t +

g
3

+q"

q2!
9

(4t 

"

I+a",

9kr

)" ( qkr )'

(

I+k1 + 4qzs +

- + q")' L
4

(t',t

+

n" qkr )2
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The derivation of thÍs function is given explicitly

in the append.ix. Our conputed values of ¡" (gt ) anct

¡" (q" ) for various sguare urynentun transfer q2 can be

conparecL clirectly with the experimentaL quantities

+

In thc reaction'He +

H is easily i-d-entificd. by

The capture rate ha.s been

rates areob served. capture

u + tH + u, the recoil

its uniguc energy, 1.1 Ì.{eV.

c aref uf 1y n e a su re d. and. two

(accurate to 3/')

valid-ity of ,y'"

d.etermines the

IzF"r,(tnu¡ F"rr('H) ]
[:rP¡ n+lF lch

I

[""n('n"¡ qzr]n+rfn) -åF"r,('u) (n'rr+2Fpn rtl 
,r(¡är, ). _3(F:h), l

and

respectively. the first ohecks

as a flexÍble function while the

correot magnj-tude of PS, .

6.3 Muon Capture Rate

on the

seconcl

3

(Rer.

(Ref .

81 )

B2)u

1485 r
1468 ¡

40

40
/r sec I (tgt)
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If we consid-er tHu to be an agglomerate of three

nucleons which may oapture a muon as if they were

free, neglect reIo.tívistic terms as a first approxi-

nation and. assume the V-À thoory for weak inter-

aotions, the capture rate for the transitlon 'He to
tH oan be shown to be (see ref. 106)

I
u

v
)

¡I
+*?tl+Iei,l/r l'X

Ér(=r) 'Í-) l*,n"'

!
I u2

¿r+
I

nsH= t

du

^ u (zn )'

with

I1 = <Vg

U
nr"o= tåly-l

M=
H

1

2

(tgz)

lz (e; 2GPG [zl
2

2

G I

Gv
"u(

1+

I

)+ss
v

2M

v

¡.
(eu * sM)Â

2M

Gp=
u

2M
(

P
OÞ I 8M * un)V

çt tt)

H l.i.u*p[-i g.gr]
i=1

dl= ,l-)
L

3

.ErHl _r "*p[-r g.Sii ør(gr)rr í-1 9il v,He)



whe re

Mev),

is thc neutrino en ergy (tatcen to b e 102.5

r is the unit veotor in the d.irection of
I

the enittetL neutrino, M the nucleon mass, MrH the

triton mass, 
^U 

the reclucecl mass of the nuon and.

þ u(Zr) ttre muon wavef unctíon. In obtaining the

above expression for the capture rate, one has to

average over the initial nuon polarisation ancl nuclear

orientation and. sum over the final neutrino polarisa-

tion and- nucl-ear orientation , þp (ëi ) i" very clo se

to 1 .0 over nuclear tliraensions anc[ os an approximation

is assumecl to have that value i-n our ca1cu].ations.

Using the reJ-ations

l 'l'rHo)= 3<rt s"l "*l[-i g.ëi Jorl vrHe>

d-.
-a'
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and.

<v,
H

where 0 is 1 or
L

3
E exp[-i

i=1
orl

Lxu

dv

u

2 if=31
u

u

du

v
I I Iz

z

(t tE)

¡t ts)d

which follow since our transj-tion d.oes not leacl to any

change in the total spin and. parity, and introd.uoing

the Ganow-Tell-er oonstant ¡z = *î * t (e"-zcneO) we
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fj-nd. th¿t the expression for the capture rate becomes

À¡r

whe re

I

(zn )'
E.-.6d

uz

I s.l
l'.{:6

9
z. I

dv T I
lg.l *rH= t+ .rH"= !+

1

(t ge)

[.;
+1" l/'l"l

Rewriting

where

l/=l"= lï",]''. 'l/=.l'. ,',ï"-1" (t gt)

(r ge)g+ =L(!** tg") , g-=*(!* tg")

and. evaluating the spin sunnation expJ-ioitly, we

re d.uc e Âp to

I

t
z

]'

vz

[*+ 
ur + 72*GÎIt ¡t

3nz
ã.'4n

rl

2

n¡r

l (t te)
(zn)' 157 lslr+

tr[¡
H

F¡ = - 3 rr.r"lu*p[-i g'r,, ]1v", - t Ps, (<,¿' l"*p[-i 3.ë, ]

lv,> +<r,, l"*p[- iL.5lJlv,,>) J'
Ìl

s's, (eoo )
¿+

3'tz
4

.,¿tf "*p[-i g.I., ) v, >

{e J"r"r, 
.v " I ""p [ -i g.ë' ] I u,, >



and.

x'
G1
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exp [ -i g.ë., ] I v, > Ps, .'t' I "*p[-i g.ë, ] lv" t
3'[3

å tr, <v" I "xp[-i g.ë' flv",

å "r.v" I u*p[-i g.ë, ] lu" , * + er, .v' I

4

(zot )

These expectation val-ues are easily obtaj-necl by

using n (q" ).

6.lL Resu].ts and. Discussion

Our functicn (ii) has been shovrn in the last

chapter to be the best of the correlated. functj-ons

used. and gives an excellent fit to the bod.y form

f actorFr ( q" ) . It also yield s good. egreement with

the statio properties of the trinuoleon and- appears

to be a good representation of the three-borly systern.

Our use of these exponential wavefunotions, suitably

mod-ified- by short-range correlatíons, should therêfore

give an improvetl- e stinate of PS, over that of Gib son

and- I{i-tra. ffe havc chccked. F, (q') against experi-

ment for three values of PS, . These curves are plotted.

in Fig. J. It is worthwhile nenticning here that for

our calcuJ-ated F2 (qz ) to be positive i.e. in agreenent
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with experiment, P must be larger than 0t. This

means that the amplitud.e of the S and- S, states

nust have opposite si-gns, a sj-tuatior: which occurs

in the variati- onal cal-culations of Del-ves and.

Bt-att (tt) 
and. Davier(tof) too" Fronr Fig. 3 ít is

pJ-ainÌy obvious that the experinental d-ata of

Coll-ard. et ot. (95) is given by PS, equal- to 2lo.

îhis agrees conpletely rvith the e stinate of Boryso-

wícz and. Dabrowski i Zt*) f "or a b ind.ing en ergy cal-cu-

lation of the triton using non-1ocaf potentíalswith

hard- shell repulsíon' It is also in substantial

agreeraent with the PS, inferred- fron the rvork of

Ro sati ancl Barb ,Oz¡ . In t he ir notation case .4. ancl

case B co rrespond- t o taking the ground. states of the

trinucleon as pure S and- S plus S' respectively.

The val-ues of the Coufomb energy for point protons

fron their variational- ca]-cul-ati-ons v¡ith hard--oore

potentials are snal-l-er ín the case of B. Il fact

C.f .(n) are always l-owc;r than the val-ues of C.E.(Â)

by 6-7',4, irrespectíve of the core rad-ius. This is

the effect of the SS' interferonce, as d.iscussed. by

Okanoto iz5). In the]-r calculations, Okamoto and-

Luoas ?26 ) ,o,rrrd. thi s red-uction t o be U-5ú f or pgr
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e qua]

Ro sati

to 1 .2ô/o, an d a sinplc argument sug ge st s that

an d. Barbifs PS, nust be 2-2.5ß. îhat Okamoto

d-o no t ob tain such a. val-ue of PS, must b eand- Lucas

ascribed- to their rpoorr trial function, poor at

f east in compari-son rvith th e f best I varia.tional f unc-

tions of Rosati and- Barbi. Our cstj-mate of P"r as

with that of Borysowicz a.nd Rosati-e ha$ not includ.ed.

the eff ect of the D state. For F, (q" ), it is knov¡n

frorn the v¡ork of Gi-bson(t ol) that the D-D contribution

increases the values obtained. fron assuming an S plus

S' state on1y, at snal-J monentum transfer er Since

there are no cross-terns between the S and. D states in

F" (q" ) ru oan use Gibsonf s result as a reason¿rble

estinate of the contribution of the D state. therefore

assuming P, to be about 6-8/" ("rsgested- by references

11 and 109)r the increment in F2 (q2 ) d-ue to the pres-

cnce of the D state vril-I be of the ord.er of 0.01 for

qz ].ess than [.0 fn-z. This v¡iI] spoil the fit for

P,, equal to Z4' aut correspond-ingly vrill improve that

for the other tvro values of P", . 0n this evidence,

rve can quite saf ely concJ.ud-e that the values of F, (q" )

d.erived. f roin our cor roLatcd- exponential suggest thet

P s'
--4l-S neAr 1.r1,'o.
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Using the second. set of form factor coupling

constants from reference 127

GÄ = 1.39{v

Gv 1.02{v

G
P

B
ÞV 1 .l+15 x 1 O-4 " erg, cmt

trl,e have oalcule.ted. Àp for thc same three yalues of

P g'

IJIBLE 1O

VÂLUES OF THE MUON C¡,PTURE R/\TE OF tH"(seo-r 
)

s ,59{y

0ur Research

Experinental

Ref . 81

Ref . 82

100los

146t+

1$St

14Ì+6

1.5loS'

1 43+

2. oús'

1l+2O

1r+85 t
1468 t

,+O

40

0n comparison lvith the experirnental values

quoted by RoocL anð Pascual and PascuaL, it is clear



that f or our theoretical e stimates of Â¡.r to agree

with experirnent, P", cannot b e more than 1 .51o, in

complete accord- v'rith the f ind.ings of F" (q" ). This

statement nay be open to question since reJ-ativístio

c orr ect ion ,? zA) vritl t e nd. to in cre a se À¡.r . Hov,¡ever

thj-s is norc than off sct by the inclusion of the D

state whi-ch vrilL d.ecrease j-* (B'). Uncertaintics in

thc coupli-ng constants arc prescnt of course but on

latest cvid.cnce, large variations away fron the set

trc have uscd- are r-;rost unJ-ikcfy. In spite of thc

approxinations mad-c in our caloulations, a1l- these

consid-erations suggcst tha.t P", cannot b e J-arge and.

should probably bc less than 1.5%.
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Our analyscs support

t"rho found- in his extensivc

th c c alcul ati ons of Davie s

work on the

of thc three -nucleon sy stcril that Ps, i s

binding en ergy

about 1.2/t.
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CHAPTER SEVEN

lHE PJI,NOFSKY Ri\TTO. R.}JI.S. Ri.DII OX'3HC /IND'H

/tND r6o(3n,p) t"o(e.".) REAcrroN

In the last two chapters we have mad.e concerted

efforts to establish the ground- state wavefunotions

of the tri-nucleon antl th e nucleon-nucleon interaction.

ït is reasonable as the next step in our investigation

of the properties of the three-bod.y systera to d.iscuss

and. explain other d-ata using our results. Three quanti-

ties of interest are consid.ered_ here. These are the

Panofsky ratio for tH" (recently determinedby'

Zainid.oroga et urf 107) ¡, the ch arge radii cl.iff ere.nce

between 'H" and. tH and- the absolute value of. the

d.iff erenti-al cross-section f or the t"O(tHrp)o"O(g.,.)

re act ion.

7.1 the Panofsky Ratio for 'H"
The Panofsky ratio for tHe pr'" is the ratio of

the transi-tion probabilities of the processes!

n tH * tlo+
tHu * and- II +tH"*tH+y
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(84)The theoretical analysis of Struminsky

on the assumption that the II-meson capture is

sid-ered. ín terms of the irnpulse approxj-mation

that the ground- state rvavefunctions of the tri-

nucleons can be approxinated.

j-f vre foll-ov¡ Struminsky the

action Hanil-tonians a.re

based-

c on-

and

by the S state" Then

II -me son capture inter-

Hilo = a ô(r r. )rl
-l- 

' -l-'j.-1
(zoz)

anrl-
b

o(: (zot)

is the sp::t:::l coord.inate of the i-th nucleon,

-meson coord.i-nate, tr¡ü the y quantunr energy, g

vector of the y quantrrm pol.arisation, c. and-

Li aTe the spin and- isospin matrices, and a and. b

are constants" The ratio a'/t'i-s easily expressed-

in terms of the Panofsky ratio for hyd-rogen r¡¡hich has
(r oe)

He

¿-
-a

H
v

1l_;;

3

x

=

- r, ) (o-, e)
-.I--L-

wirere r.
-l-

r the II-

the unit

b een measured. r,vith great aocuracy by Cocconi et al-.

.hf ter c onputing th e matrix el- ement s, vle c an r ed.uc e Ps

to
H

k

He
Fî (0.L7)

P
P¡ (zoa)
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i s the fo rn f acto r f unction, and. k the

f acLor i-s

Tfit (M'H + TtI)
Ern(r¡o+tr[)3

J

1.53 t 0.02

[4¡
H

M

k (zo5)

(zo6'.

(zot )

w (u + tr3') En (mn e+Mr 6 ) 
t

3"u
where "flo is the no-mesoïì nass, ErH = 4.065s the

kinetic energy of 'H and IIo, EH = 3.5 MeV is the

kinetic energy of the neutron and. IIo in th. reaction

I1- + p.+ n + IIo, W = 135.80 I[eV is the y quantuur

energy :1.n the process Il +'Ho * 3H + y (q" = A.47

corre spond s to thi s en ergy) and IÍn = 129.46 MeV is the

y quantur,r energy ln the process II- + p -+ n * y. The

experinental- vafues of the two Panofsky ratios are

D'H

wliile our cal-cul atíon s wít h f unc ti on (ii ) of chapter

five yield.

P¡ 2.6

Ps", = 2"28 + 0.18' Ì1e

IIe (eoa)

ï[e no te t hat aIt hough o ur th e ore tic aJ- Pr n" 
j_ s s onewha t

larger than the experinentally determined_ va1ue, there
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is nevertheJ.ess no d-isagreerlent. Our oomputations

have been oarried out i-n the j-rapulse approximation

which i s probably unsuitable f or sniall gz t and

besid.es, further v¡ork is necessary to pinpoínt the

true experimental- nagnitud-e of P, H..

7.2 the Charee Rad-ií of uH" and. tH

'Ihe experinental- work of the group at Stanford-

on the elestic scattering of electrons fromtHe ancL'H

has reveafcd a d-ifference in the electromagne-Lic forn

f aotors of th e two nuclei and. hence a d-iff erence in

the charge rad-ii. The ob served. charge f orm f actors

have b een explained- by the inclusion of th e S/ state

in the last ohapter. In this section vre seek to

account for the size d.ifference in the charge root

nean square radius. ff t:re write the conplete wave-

funotion of =H åË êgn. (t7+), the roo¡sr rad-ius is

= i Ir('H)u [å I u+Liz)(sr-s)'J*,'n,ni ('n ) dz (zo9)

v¡here the sunnation i s talcen oveÍ'

The spi-n-isospin sur,rmation reduceg

al-l. the protons¡

the expression for

ai ('n)
R"c('H) = 6 r,

2
9

to
(t, + r¡) (et o)



-1 20

whe re

Tt
(v "'

3(rlr"i, )

t
= 11 tt Ò

J Z (riz+ riz

!
2

vsrþ"

= $ t, * f, (t" + r,)

It + V," + V,,.) d.r

"2 ') ,lr" V' d.z

(ztt)

Iz

I¡ ,t3

(zt z)

I G1" "1t) d.r I2 (zt 1)

(zt +)

Similarly the mes,n square charge rad_ius of ,H" is
given by

n2 (5ne )

the integrals Irr Tz and- I¡ are evaluated. with the

help of the appendix and. our calculated. values of the

charge rad-ii Ð,re tabulated_ on Table 1j.

TÂBLE 11

R.M.S. CHX,RGE R.4.DIUS OF ,He ¡,NÐ 3H

P
S,

0/" 1% 1.5% 2% Expt (g )5
a

Rc (3He )
(rr. )

n" ('n)
(r*. )

AR
c

(rr. )

1 .70 1 .753 I .767 1 .793 1 .97 t O. 05

1 .7O 1 .636 1 .627 1.618 I .70 ! O.O5

0.0 0.117 0.140 0.16L 0.17
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It is obvious fron the Tab1e that our computed

charge rad-ii are close to those obtained. from the

experinental fo rn f aotors, an d. that a 2ú S, state

probabJ-lity in the trinucJ.eon ground. state reprod-

uces the observed- rad.ius d.iff erence. Davie"(t z t109)

has shov¡n however that the presence of B.9lo probability

of the D state, r,vhich is not unreasonable, increases

the sjze d-isagreenent by 20/o. Sinoe our calcul-ations

have b een d-one without i-nclud.ing the D state, a

correction for its presence in the ground_ state of

the trinucleon inùicates that the experimentaJ. AR" oo,n

be ex¡rlained by a value of PS, which is slightly less

than 1.5(". This concurs with our calculations in

chapter six. It shoul-d. be not ed. that the D state

contributions arise from D-D interference so that

although our ,/s d.iffers fron Daviesrs, we can still

use his Ð state estimate as a satisfactory approxiraa-

tion for our calculations.

7.3 The .A.b solute Cross-Secti ons of the t6o(tH.p)

' 1g(e*". )-Bu "s-!l-e"
the meohanism of the(rHrp) reactions w&s

vlho v,¡ er e abl e

first
studied by Rook and rüitra(tt o), to
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calculate the angula.r d.istributions of the outgoi-ng

protons in the !rocess through the Distorted. Vüave

Born.ltrpproxination. the absolute value of the d.iff-

erential cross-section of the r6O(tHrp)t "O(g.u.)
reactj-on was subsequently found by Mathur and- RooO(ttt)

to d-epend. sensitively on the structure of th e triton

and- th e two-bod-y nuclear fo rces responsible f or the

reaction. îheir calculations ïrere nrad-e using the

hard.-core exponential wavefunction and interaction

potentials of Ohmura et u:*!21) , the paraaeters of the

triton optical potential that gave the best fit with

the experinental angular d-i stribution, and .wavef unc-

tions for the initial- and- fína1 states of the oxygen

nucl-ei that were based. on the Saxon-Ttood_s potential.

If rve aflow for the approxinations that tïere assumed.,

Niathur and- Rook I s result s are in sub stantial- agreement

wj-th experinrent. the vef ocity clepend-ent potentiaJ- is

in nany respects similar to the Ìrarcl-core so we report

here the evaluation of the differential cross-section

of the stripping reaction using our correlated. expon-

ential wavefunction and. our velocity d.epend-ent potentiar.

In the notati-on of I/lathur and_ Rook, the d.ifferential

cross-section of the stripping process ir(arb)S in the

Distorted Tfave Born Âpproxir¿atÍon is given by
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n.
o

d.a

d0

m k_

-s lu l'
k

a

â (zt 5)
(znhz )z

where n and. na. are the r educecl- masses of th e incid-ent-aþ
and- out6oing partioles a and- b and ku and- kO are their

momenta; It is und-erstood- that the right hand- sid.e of

equation (Zl g) i " to b e surTrned on the f j-nal- nagnetic

guantun nunbers and aver agecL over the initial- magnetic

quantun nun¡b er s.

The natri-x elenent M for the process ís given by

lvl ,Ï d-r d-rI u j. ) (Eo,su )u{-) (E¡,{¡) .B,b lvl r,,"'

¿,\
ã Ir/

(x e)

(ztt)

b

Here r an d- r. are t he relative coord.inates of a and- bÉ3 -O
r¡i.th respect to the target ancl the re sid,ual nuclei

respectiveJ.y, and J the Jacobian of the transformation

to these relative coord.inates from the natural co-

ord-in¿¡tes !x-4_ u.d lb*r where x is the particle trans-

ferred. in the reacti.on. From simple geonetry one

obtains

Ba
r
-xJ! x (¡,+a)

Bar¡* (r¡
x(r'aa)

( r
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a3

]'
(zt e)

x(:\+a)

where the letters refer to the masses of the corres-

pontLing partj-cLes. The factor <Br¡lVlÂra> is the

natrix elernent of the interaction causlng the strip-
ping, taken between the internal states of the

colliding pairsi it plays the role of an effeotive
lnteraction causing the transition between ,ühe

elastic scattering states Uo and. UO. .fì.fter some rnani-

pulation, it{athur and- Rook have

Mto

succeed.ed. in red.ucing

M glf
ZY

(zzo)

where the factor g is a constant whioh d.epend.s on the

strength of the interaction and- the structure of the

particles a and b and_ illu" is the usual_ | zero range I

DIIBÂ result. Consequently the value of the d.iff eren-

tial oross-secti.on obtained. fron a zero range calcula-

tion need. only be multiplied by a f o.otor g2 to give the

ab sol-ute v aIue.

For (tttrp) 
"uacti ons and. speci-f i-ca1Iy f or the

t" o(uHrp)t t o{g. ". ) r eecti on
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s ('H) e(=H") ,[ 
Í*static 

+ , )u"*atic (''" )

+4vveI. d-ep. X -vt

if we a.ssume that the transferred. spin is zeto, and.

T = 'l . lÍe oonpute gz and thus the naxinum cross-

section (corre spond-ing to the fi rst peak in the

angular di stribution) of the t"O(tHrp)t"O(g.u.)

reaction with 10 ùieV tritons using the optical !ara-
neters of Methur and. Rook. Table 12 shows the calcu-

lated val-ues of gt , the maxinun cross-section, and

other three-bod-y quantities obtained. by us together

r,vith the rel-evant hard--core results of lfathur and.

Rook and. the experinental values.

raÞ!g_13
r6 o(tH.p)t "o(s. s. ) RE.[crroN cRoss-sEcrroN

("r, )
-ì

I

_J t
Ð

l.

R Ê2bc

(rm) (ritev' .f nu )

1 .74 50.¡l 106

1.7O 4t.2 1 06

t .6i (r n)
32.g 106

1 .77 ('tt" )
1.70(5H)
I .87 ('n" )

T (zzt )v

Ref er-
ence

Ì,1athur-
Rook

This work
(ol" s )

This work
(t.5/" s'

Expe ri-
nental

Core
Radius

(r")
0.4-0

r.r. (3H)

(uev)
'7 trOl.)1

6.76

c.E.
(eo:-nt
nucleon)

(¡¡e" )

o'786

0.7¿+

I¡lax.
ï-sect.

)

(nblsr )

52.2

41 .7

3l+.1

8.49 O.76+ r3")

") From referenc e 129.

25
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lÏe find, that results cfose to those of the hard.-

core are obtained. v¿hen v¡e use our soft-core vlave-

functions and. potentials. this serves to confirn

what we had. d-iscovered. in our vûork in the ]-ast two

chapters, nanely that thc effects of the hard.-core

and- the soft repulsive core are very similar. the

abso]-ute crossrsection of the t"o('Hrp)tto(g.".)

reaction i s reasonably welf explained. by the DÏfB^ and-

our c or rel-at ed. e xponenti al f unct ions and. v el ocity

d.epend-ent potentj-afs. Tfe have extend.ed- the oal-oula-

tj-ons of Mathur a.nd- Rook by includ.ing the S' state

in the ground- state of thc trinucleon. The irnprove-

nent in the magnitud.e of the maximum oross-section is

in the ri6ht d.irectí on; incLusion of the S' state

red-uces the value of gr The presence of the D state

v¡ou1d. further complement this d-ecrease in g. .{l rough

estimo.te where vte assume an B'l D state, ind-i-cates that

gz (rrom 1OO1 S ) is cll-¡¡-inishecL by n early J0í thus ind-ica-

ting & naximurn cross-section of about 29 nb/sr. Since

the approximations of Mathur and Rook give an over-

estimate, our results will then be in very good. oorres-

pond.ence v¿ith th e experÍmental r esuJ.ts. Thi s line of

argunent suggests conolusively that PS, is near 1.51o.
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CHÁPTER EIGHT

THE VEI,OCITY-DEPDNDENI POTENT
-æ

rAL AND 1 He

Caleulations on the blntling energy of the alpha

particle are usuall.y oarrietl out with four types of

rrave functioÍrs¡ There are the GaussÍan, Ouna-Irvlng,

exponential ancl harcL-oore wavef unctions whichr in the

ground. state, involve only the six internucleon tlis-

tanoes. For the first two types, when harcl-cor€ pot-

entials arê not invol.vecl, alI the relevant natrix
elenents for two-bofly foroes can be evaÌuaterl in olosecl

forn by a, transfornation of the coord.inates of the four
nuoJ.eons. Ifith the exponentiaJ. ancL hartl-oore f unotlons

however, these integrals have only been conputecL by the

ì{onte-Carlo nethotl of six-tlinensional nunerica]- inte-
gratj.on. JLlthough the latter integrals can be retl.ucetl

to three-cliuensiona]- form, a consiclerab]-e anount of

oonputer tir¡e wiJ.l stiJ-l be neerled. to evaluate ê poss-

ible l+096 such three-ðinengíona1 integrations for the

expeotation value of each operator. In this "o"n(76)
therefore¡ wê have overlookecl the use of correlatecl

exponential wavefunctions for the ground. state of the

aì-pha particle and. have insteacl taken a two-paraneter
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Irving wavefunctíon as a reliabJ-e substitute. this
function is expectecl to be inaclequate for our

velooity-tlepend.ent potentiaJ. 1n b inrli-ng energy calou-

lations if only on the basis of the work of the pre-

vious chapters whe re short-range two-bocLy oorrelations

were found. to be necessary. ft shouJ-ct, nevertheless,

give a f air estinate of the comêct bincling energy,

and. in caloulations which tlo not tlepencl oritically on

the olose-in behaviour of the wavefunotion, results
that are very neer those obtainable from a correlatetl
func ti on.

8.1 Bj-nclíng Energy tr'ormuLae and. IÍavefunotion of 'He
ïÍe approxinate the gro und

predoninant spatially synmetric

eqn. (ll) with

of a He by tho

state i,ê. Ol oftto
st ate

exp
1
¿

i<J=1
v tN exp t- br

1

']( "i j) [ - 
"( ,ní,=,'i,) ,

bl < bg

If we use the transfornation of êeno (A¡) ancl the

(zzz)

expre ssions
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129

1

2-l+b o 
(n"t +nt" +n't)

'l 1

b? bå

n7 dntdnzdn=
.rn

2126e
o

= nlnZn't Q+n ) 
t dn , ctnz d? ¡

work, the nornalisation oonstant N

lzzt)

ð! = cta 1 d.1p dgr

fron rrving'"(t6)

is given by

(zzt+)

26

3n4 t
2

N2 (zzs)br +b¿

The paraneters b1 ancL b2 are f ound. by the nethod. of

ohapter five, whioh a1lows us to have a trial funotion

that ís at least goorL at large interparticle clistances.

Thus br and. b2 are evaluatetL by fittlng the forn factor

of aHe given by our rÍa,vefunction

2

rr(e") =:l.K*_lÐ" t 16 rsI ___- \
\ 16 + 2Æ-)

1

bl

I

-9
Þ2

t+bZ

(zz6)
16 I l2

to that obtainetl. fron the expressÍon
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r'"n (' ne )
nr(e" ) çzzt)

¡t n choh

fn this calcuJ-ation, tbe charge forn factor

2

( )+¡' (p )

lon (4 ue )
(ttz)Ís taken from the experÍ-mental work of Frosoh et aI.

ancl Repellin et rt. (97) . For the neutron and- proton

charge f orm f actors, ü¡e use the values of De Vrie"(tt:)

et af . and. Janssens et "r. 
(11 l+) . At the tirne this work

was carríed out there was uncertainty about the correct

value of the rorrtr so rad-ius of the al pha particle so

three values of R*.*. 
". 

'were selected.. These are 1.1+0r

1.45 and- 1 .10 f m.

The expression f or the roüt. s. rad-ius is

135n! x2
R2

folllrS¡

( i "q.\\i. j=t LJ/

r +bz
(zze)

I r-nc e

2rr

texp -2b

bt'
2

I c

1

"l 45n!
n1 dr (zzt)

2ebtl

The bind.ing energy is f ound. from

c
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where

<T>

<v>

E

h2
*- <v2
2M ?1t

11

(zto)

2 b1b2

<l>+<V>+<V>' statLc veJ-.clepo

3fr2 n4 xz
+V2 +V2 ) =' Tlz 71t

25

-6 (vo ) 
"rr. 

exp (-k"".¡, )t

(ztt )

z¿+ (vo ) 
"rr8!no 

tt'

(r'zr) "
br +bz

M t +
b"r h'.

st at io

X tr(tr rt") + F (bz ,k ) 2F l")2
,ks

(zsz)

and.

n(arku)
6)rgt +6992 +jop +5

B+op" (t *p )"
(ztt)

ztz d.

p (zt+)
k

s

The vel.ocity-c[ep end.ent contribution is

<v> vel , d-ep, ¡ (v" )ver . dep. I e (t r ,b,#', ) G (b, , b, ,k,s )+

G(br rbz,ks) G (bz ,b, rc" ) ] JXr"t(vo )rr"r.clep.

Ie (ur ,br ,kt ) ê(b,, ,bz,k,t)X

ê(br rbrkt)]

+ G(br rb,,kt)

+

(zts)



132

kt=

õ' n', hi *nZ +n'")- t 6ô (n21+n7+n'z)

?
âtY

(zte)

where

e(y ,ö ,k ) I',

Tls

I-z

_2
+ 26n's (n1 *nZ +nrt) 2+ k" +Nz kôn, (n1*nZ *n"r)

,[zu
1

2

1-z

of

in

is

X exp -t*v (ni +nZ +ntr) ,[zk.n,l

and can be evafuated. explicitly.

these relations and. other useful-

in the appendix.

dZ., dL" ùr!, (zll)

The f ulI d eri-vation of

inte6rals are presentecl

cro ss-section ar ('Hu )

i-n the d.erivati on

9s?_Jh o Lq-$ " 
i$e Ë.{gt_igq_C r o s s - åe c t i o n gn d C o ut_ o-nb

nnergy of o He

The brems strahl-ung-vreight ed-

is given by equation (lSg) whilst

the íntegrated. cross-secti-or dirrt('Hu), the tern D.z

the d.eterrnination of the sumned oscilJ.ator strength

D L(rr" * zst) (zta)
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Tlhen we use the general tlvo-botly force given by equation

(ff5) and evaluat" Xfo* explicitly, the expressíon for

Ç. beoome sr-nt

2172 ezh
d' 

'¡ = 
EÉdÈÐá

l-nr [lc

l-u¿ z m

LY - ;;; ' x ir ¡"i¡ (v) 
"tatio 

("r¡ )

(r'PT¡ + -"{rl']

where í and j stand for protons and. neutrons respec-

tively. The velocity-d.epenclent oontribution to oj_rrt

has been ab sorb-e"d. into the t"rt \Z (I.tr' =u if V.r"l. clep,

is absent). Ifhen we apply our ground- state wavefunc-

tion and. the analysis of Srivastava and- J 
"n(79) 

,

C reduoes toint

2Í72 ez À.

d.r-nt t1+ (vo )*r"t.dep. ("(".," )t * xrrel.t'*("'" )>)

+lvt (m+åir )

Mc

3Íf static .l
. (v) ("r 

" ) 
11z (z+o)

The coulorob energy of the alpha particle is given by

the expression

e2
dtr?'l,Ltnzd3nt

.[zn s

(z+t )c.E.
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which on transformation to the Rr 0r and. p coord.inates,

is easily evaluated. antL retl-uoe s to

7 lfla e? N" 'l I 2
c.E . i b

+
I b I

(zt+z)
31

)¡12 2

Tfe are of course assuming poínt protons; it is unnec-

essary to consider the Schnej-d.er-îhaler potential for

f inite nucleons as there ar"e no experimental val-ue s of

C.E. to compare with.

B. Numerica1 ResuLts and Di cussion

The parameters b1 and. b2 are varied from 0.50 to

1.40 fm-r and 0.52 to 5.0 fm-r respectively. fn

Tabl-e 13 we record. the three sets of parameters together

with the binding energies obtained. usj.ng the Rarita-

Present and- our olvn vel-ocity-d.epend.ent potential-s. 0ur

val-ue s are conpared- with tho se of rrving U e ) , Borysowic z

and- Zrelrrnrtu(41) an¿ ttre hard-core resuLts of Tang and.

Hernd.on. Fig. 4 and- Table 1r+ show the cJ- os e f it s to

the experimental bod.y form f actor given by the three

wavefunctions. It is obvious fron Table 15 that the

d.ísagreement between the experimental- measurement s by
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TÂBTE 13

THE BTNDING ENERGT. COULOMB ENERGY .IIND THE R.M.S.

RÂDIUS OF O He

Wave- Parameters
funct ion
br (f m-r ) b2 (f m-l )

(t) 0.99 1.06 1.1*o

r.rnrs. Potential B.E. C.E.
Rad.ius
(r') (u"v) (uev)

(ii)

(:.ii) o.9b
(i-" )

1 .01+ I .l+5

1 .50

1 .29
'l .72

Rarita-
Present
0ur
Potential

R.P

0ur
Potenti-al-

R-P

0ur
Potential-

R-P

Ile rnd.o n-
lang
Tang-
He rnd.on

30.39 0.91 0

19.14

29.67
20 .38

0. 881

28.7 2

21 .lr0
0. 8J+9v) o.91 1.01(

(vi)

Irv
B- 7r

0.92
o.6g

11.90
1 7.00

26.85

1 .00
0.749

r-H Hard-core (0.5of rn) t .48
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TÂBLE 1

THE BODY }ORM FÀCTOR OF THE .å,TPHÂ P¡.RTICLE

Expe ri nent al- Calouloted

92

1.0

1.5

2.0

2.5

3.O

l¡. 0

5.0

6.0

T.H" )

0.703

0.590

0.1',90

0.h09

0. Jr+0

0.234

0.160

0.110

F-Jb )

0.690

o.569

0 .l+71

0 .335

o .226

0.'l49

o.ogg

R-JC

0.454

0 .187

0 .260

0.170

0.113

(iii)

0.71 o

) (i )

0.725

Hard.-
co re

(") (o.5rro)

0.692 0.702

0.591

0.487 0.1+99o.532 O.511

o.395

o.296

o.225

0.172

0.37 5

o.276

0 .206

Q.155

o. J48

0 .252

0.1 85

o.137

0.357

0.256

0,1 84

0.1 31

a

b

) ffre analysis by Tang and- Hernd.on of d-ata collected-
by Frosoh and De Vries.

) ffre resul-ts of Frosch and- Janssens.

") The results of Repellin and. Janssens.



Reference

Rustgi-Levinger

Rustgi-Mukher j e e

Srivast ava-J ain
(corrected. to
our potential)

Sri-va stava-J ain

(i)

(ii )

(ii-i )

(i" )

(")

("i )

Gorbunov-
Spriclinov
(experinental )

137

ÎÂBLE 1 5

Cr'.LCUITATED d V¿.IUES 0F one
int

ob orrr*(t)
(mu ) (uev. mb )

0.8 89.0

2.7O 83.2

2.40 1O3.3

or-rr* (t) orrr, (t ) ørrr* (n)

(uev. nl ) (uev. mb ) (tvtev. rnb )

2.40

2.51

2,69

2.89

2.1+0

1 05.0

94.9

1 02.4

94.5

101 .5

9l+.1

1 00.4

'l 03.g

1 12.1

103.5

'l'11.1

1 02.9

10g.g

127.0

121 .g

131 .8

121 .3

130.¿t

120.5

128.9

96.0

132.7

127.0

121 .9

151 .8

121 .t
1 30.4

120.5

128..9

I

97.1

1'l 3.0 1 32.7

95 17

tO,15
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etr)Gorbunov end. Spiridonov of the integrated- photo-

d-i sintegration cro ss-section and- the theoreticaJ- work

of Rustgi and- Mukher je" (Ze) 
urr¿ Srivastava and Jain

cannot be attributed. to the failure of the sun-ru1es

of Levinger and. Bethe but to the partioular ohoices of

interaction potentials and oHe ground- state vravefunctiong.

Our calcul ated. vaf ues of dirrt taken w ith those f rom our

three-bod-y calculations suggest that the Serber and.3iel

exchange mixture s are f avoured- over the f ngli s ancl

Rosenfeld.. The good. agreement with the experinental

d-ata ind-icates thut oirrt is sensitive to the asymptotic

behaviour of th e w avef unotion only, thus co nf irnj-ng the

results obtained. in our tri-nucl-eon calcul-ations and-

shovring that although our trial- f unctions d-o not have

the correct close-in structure they are stil-l- abl-e to

provid.e ad.equate deocrÍ-ptions of the ground- state of

the alpha partJ-c1e in aIJ- other regions of configurational

space. It is novr known that the r¡rn¡s. r ad.ius of 'H" is

about 1.5O fm instead of the 1.1+2 fm suggestecL by old.

el-ectron scattering d-ata, which i s not surprising since

our fit to the bod-y form factor with rornos. rad.ius

1 .50 f m is the be st of tthe three curves plotted.. The

bincling energy for the velocity-cLepend.ent potential antL
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d. a¡ith R equal to 1 .50 fn are al so better- int T.III .s.
than those obtainecL using the other two value s of

the rad-ius. 0ur vel ocity-d-epend-ent potential- yield.s

a slightly und.erbound- alpha particle, but this result

shoulcl properly be ascribed- to our interpretqtion of B

and- the large value of ,¡ " f o" sma1l interparticle

separations. In this area, short-range correl-ations

between pairs of nucleons ¡:oust be j-nclud.ed- so as to

mirror the repulsive character of our potentÍaI.

Borysowic z anð. Zrelinska ' "Qú) ooo"k ancl our experience

vrith the trinucleon are suggestive of the importance

of such correl-ations for inproving the values of the

bind-ing energy. 0ur suocess in these ínvestigatj-ons

nakes it obvious th.a,t the propertJ-es of the three-

and. four-nucleon sy stems c an b e adequately explainetL

with the one form of the nucleon-nucleon interaction.

It i s al so obvious that our stud-y of the alpha-parti-c1e

rati-f ies the general oonclusions arri-ved. at in our own

work of the last three ohapters.



1l+0

CH¡IPTER NINB

.IPP].,TCÀTIONS TO OTHER LIGHT NUCLEI

îhe proced.ure s f or d-eternri-ni-ng the wavef unctions

of the very light nucLei tH and aHe cLevelopecl in the

preced.ing chapters can be extend.ecl and applÍed. to

other light nuclei. Since our facility in these calcu-

lations is mainly with the three-bod.y system, nuclei

which of f er thensel-ve s f or consid.eration are genuÍ-ne

three-nucl-eon systens or are those that can be red.ucec[

to three-particle nlode1s. In this chapter rt/e turn our

attentj-on to the tri-neutron, the alpha-partiole mod.e1

of 1" C and. the quark nod.eL of the baryon.

1 The Trineutron
(tte)Early in 1965, Àctjacic et al-. reported. the

þossíb1e existence of a bountl- state of three neutrons

vrith about 1 lvleV bind.ing energy. This stertling

announcement that there was a stabl-e nucleus tr, appar-

ent throu6h 'bhe observation of a peak in the proton

distribution in the reaotion 'H(nrp)3n, led Mitra and.

¡tr"irr(61) to carry out an analysís of the trineutron

with noh-l-ocal separable potentials. Their ca.lculations
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ind-icated. that such a state livas 1íkeIy as the forces

required. to bind. th e three neutrons together vrere

much less than those that gave a good. fi.t to the tP

phase shífts in nucl-eon-nucleon scattering. So far

there has been no experimental support for the con-

clusions of J-d.jacíc et al. and. Mitra and. Bhasin; es

vreI1, tvro vari ati onal cal-culat ions have af so d-i s-

cred.ited. the work of the latter. It ís interesting

to note that our exact oalcul-ations can offer us an

explicit soluti.on of an approxirnate trineutron wave-

equa'bion. The resuJ-ts obtaj-nabl-e are strongly in

favour of an unbound. 3n.

the most 1ike1y quantum assignnent s (lS,f t) f or

the trirreutron in d.escend.ing orclor o preference are

(r â + â>, r, â â Ð, (o + + 3) and (z L â â1. However

these states shoufd- be ne&r together in the energy

leve1 scheme; in fact }litra and Bhasin f ound- that the

S-state should- be nearly as bound. as the P-states,

and- thi s may b e t:re only valid- conclusion one can make

f rom their r¿rolrk. It appear s then that the d-eternina-

tion of the S-state binding energy vrith a plausible

1ocaI potential should offer n clear ind-ication of the

actual bind.ing energy of the trineutron. I[e cannot
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assume the spin-clepend.ent potential of chapter three

sinoc this rvould. give to tn the bincling energy of the

triton. I[e nust take as the two-nucleon i-nteractíon

the isospin generalisation of equation (Zl). Thus

V ij

where the forco constants are given by o = 0'l+r

b = 0,1, h = 0.1 ancl m = 0.4. For the S-state of the

triton the two internucleon potentials, given in

equations çzl) and (z+l) , yield th e sa,me eff ective
j-nteraction. For the configuration (O å + â) the

totally antísynmetric wavef unction d-e scribing the

system is

vo (, + url, + r'pÏ¡ + j)rpY
a

(z+t)

v('n )

vrhere V' anù ,ytt¡ and

in chapter two; ?sis

function. It fo11ov¡s

(v, Í,, + v,,f )n 
u ( zLE)

'l-' and. '1" hêve symmetrie s tLef inetl

a cornpletely symmetric i so spin

then that

.v
J

PT
l-

PÏ
l-

pi'l.v
r_J

v

B B

(z+s)

ancL

P ij j q/ -P ij v (z+e)
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-vo [ ("-r') (r-m) r çz+t)
B

V v + íjr-J

Sub stituting (z++) and- (2t+7 ) into the Schrod.inger

e quation f or the trineutron, ïve cl-erive coupJ-ed. clif f er-

ential e quations iclentica]- to those f or the triton

in chapter three. Here

l v

d,= (, -i, )

I[e c an then c arry out

exaotly as in chapter

t g= (¡-') (zta)

the solution of these equations

three.

The calculated. bincling energy is 20.9 tr[eV above

that of the ground- state of the triton. It suggests

that the more f avoured. P- states shoulcL be unbound- by

between B to 10 MeV which is in substantial agreement

with the variational cal-culation of Okamoto and. Davies(6h)

There are too many approximations involved- in our cal-

culations, hoviever, for us to be able to claim this

circumst&nce as a, signal achievernent of our. methocl-

but we are, nevertheless, oertaj,n that it confirms that

any local potentj-aI that yield.s the correct bind.ing

energy of the triton shoultl give an unbound. trineutrofio

a
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9 2 Thr e e -*lnha Mo clel of 1 2 
Ca

The oLuster modef of the nucleus, which has had.

a long history of sucoess, is based. on the intuitive

observation that nucleons in a large nucleus exhibit

o 1oose but effective correLation. The oorrelation,

vrhere th ere exist s an enhanced prob abílity of f incl-ing

four nucleons close together and. vù^ith properly aligneil

spins and. isospins, is terned. an a-cl-uster. This

weakly correJatetL substructure should. not be naively

consid.ered. as an a-particl-e wit hin the nucleus although

&n e xcepti on occurs in configurations rvhere th e four

nucleons a,Te somev,rhat separated fror¿ the others, that

is, at th e surf ace, 0n the other hahd-, to assume that

the clusters are rigid. entitie s without any internal.

structure and interacting through a potential cLeterninecL

by a-a scattering experiments is to red.uce the treatment

of the nucle ar sy st em t o it s sinple st f orm. Thus 1t C in

this mod-e1 become s a bound- structure of three spinless

ø-particles for which a non-relativistic theory should.

be ad.e quate. The valid-ity of th e mo d.el rnay b e judged. by

the accuraoy of its pred.ic'bions so the enoouraging

re sul-t s of Tlarri-ngton (t t 7 ) , d.erived f rom non-Iocal

separable potentials, ind-ioate that the rigicL mod.eI
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may reflect some of the physíoa1

rea.1 1t C nuclêüs¡ Consequently,

of t" C as an illustrative exarnple

of our variati ona]- method.s.

properties of the

we us e this mod.el

of B.n applícation

12 C is Ð, closecl-shel-l nucleus whose ground. state

has zero spin and no magnetic rnoments. fn accorclance

with the Bose statistics of the particles, the total

ancl therefore the spatial wavefunction of the grouncl

state must be synmetric in the three particles, which

makes the problen al-l the more favourable f<¡r analysj-s.

the rnost successful phenomenological d.-q. potentialt

which has been used. in the investigations of Bod-ner

and .1.1 ,QA) on tne hypernucleus 'r"n, has the form

4ez
exp ( -ur,' )Vvoo (" ) (z+g)

R
+

r

where

V 40OIf eV t o .635fm-t 160MeV antl ¡r O .¿+7 5f m- I

(z¡o)
R

Our trial function should al.Iow for the possibility of

strong spatial correlations between the alpha particles.

These correlations are expectecl to be inportant as a

consequence of the strong short-range repulsive character

V¿ exp (-a'z^r'z )

v.,i, = ¡.
pR
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of the 0t-ø. interaction. Vfe a ssume the symmetric spat-

ia1 function to be of the forn of the correlated.

Gaussian used in chapter five. The two most reliabl.e

measr:red physical constants of the 1t C ground state

are the r¡no s. rad.ius and. the bind-ing energy relative

to the three ø break-up threshhoLd". The latest

n and. Turck 
(t t e) ,rruicate

that the radius is 2.42 fm. while the bind,ing energy

is -12.7 MeV f ro¡o the most recent t abl-es of nuclear

masses. (ffre energy of Coulomb repulsion among the

alphas is d-etermined" from the forrnula for a uniforn

spherical charge d.i stribution , n"(LZ) = 0.58t+
1

z(z-t )a-3 tdev. This gives a value of n" (r" c) - JEc (og")

= 5.ì+)+ ùleV for the Coulomb energy of repulsion of the

øts). The experimental vafue of the r¡m¡s. rad-j-us corr-

espond-s to an inter-alpha separation of about 4.2 fm

which i s consid.erably larger than tl,¡ice the roIn. s¡

rad-ius of the alpha particle. As there is little over-

1ap between the alpha particles, i-b seems unnecessary

to Íntrod.uce any d-i storti on of the wavef unction. In

our rad-i aL f uncti on we have taken o e qual to 1 .0 whil e

Er and- b, found. f rom a f it to the r¡m.o so rad-ius and. the

binding energy, yì¡er e O.072 and- O.1O'l 5 f ^-' reslectively.
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1o test the mod.el and. the wavefunctionr wo evaluate

the form factor and Coulomb energy of 12C. The bod.y

forn faotor is obtainetL from the expression

n(q') z-1 <'/ I x exp(r g.I) lrt (zst )

In thi s mod.el th e

p

vrhere E ind-icates summation over the Z protons andp

the vectors r their ].ocations.

expression red.uces sinply to

¡(q" ) V t'V d.z (zrz)

v'rhich is easily evaluatecL, sÍnce ¿ is the d.istance

f rom one a-particle to the c¡ rno of the other two ancl

the rel-atíon nor^r resembl-e s that f or the trinucleon.

The CouJ.omb energy is d.erived. as in the calculations

of chapter five. Fig. ! shows our cal-ou1ated. form

factor together lvith the experinental d.ata of Crannell

et ut.(119). There is l-ittl-e resembl-anoe between the

experJ-mental and. theoretical forn factors although a

projud-iced. eye may d.etect a correspond.ence in the

behaviour of the two ourves for snall monentum trans-

fers. The fírst pred.icted. d.iffraction minimum occurs

not far from the experinentally d.etèrminetl one but

ï
t. 2 rexp \r_ Z 9.e_ I
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there ís no suggestion of a seoond rninimum belovr

12 f m-2 in th e rùo rk of Crannell- . Our Coulonb en ergy

is )+.65 ì,ie\.r compared. with the expected- 5,1+1+ lvleV. If

we are optimistic r wê con s ey that our result s o.re

only mod-erately acceptable but thi s by no means

suggests that the mod-eI j-s unreafistic. The Gaussian

lzaveforrn can obviously be improved. by removal of the

restriction on the value of cr Hovrever, until a

satisf actory three bocLy nod.el of 1t C is attainecL it

appeers that the v'¡i d-e acceptance of th e alpha particle

mod.e1 in hypernuclear oal-culatÍons should- be reappraisetL.

The Non-Rel-ativistic uark Mod.eI

Ever since the quark nod.el of baryons and mesons

yras proposec[ by Ge11-Mann(JZO) ura ind.epend-ently by

Zweíg?zl), few topics j.n el-ementary particl-e and.

frigh energy physios have generated. &s much interest

€Ìs the proepect of explaining phenonena in these

fíeId-s through the use of these mysterious objects.

Irrespective of their physical existence, the quarks

have had. a surpri sing d.egre e of succe ss, but they

have thrown up a nunber of problens as well-. l[e have

neither thc space nor the conpetence to d.iscuss in
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groat d.etail all th e achievement s and" c onse quence s

of the static quark motLel . In Íts essentials,

therefore, th e main assunptions of the ¡ood.el- are

a) that there is a basic triplet of quarks, whose

quantun numbers are

for the p quark ! - 2e an d-
3

, v-13'

for the n quark 18 =

B =+

1

3
B=i

3

L
3

t

-e

-e

,

t

,

,

and- Y ,

-2
='ît

t- and. f,,

for the

for the ì. quark 1Q = 3
B and. Y

b) that the anti-quarks are d.enoted.

and- have quantum nunbers opposite

corre spond-ing quark t

th at 'bhe quark s h av e ne arly e qual

(x{Q > 10 êev),

bv p,

tho se

)c and- large nasses

that in the same way that nucl-ei &re conpo secL

fixed. nunber of nucleons, elementary particle

observed are interpretecl as composite systerns

quo.rlcs and- antí-quarks.

d) ofa

states

of

This model by itself prediots, in simple fashion,

a large nunber of SU(6) "usults such as the retlo of

the proton-neutron magnetic moments, the u-S nixing

ang1e, the Schlvinger quad.ratic mass formula and. the



150

had-ron leveI cl assif ication scheme. 0ther more

sophisticated. SU(6) ""sults Like the electronagnetio

d.ecay of vector nesons and. the high energy elastic

scatteríng of mesons and- baryons folfow from very

si-mp1e a ssumption s on th e qu ark no d.el .

ft wouId. appear then, in view of these inpres-

sive sucoesses, that the next stage of the theory

wouJ.d- be the clirect conparison with experiment of

results v¡hich d.epencl on the d.ynamical features

all-otted. to the mod.el . In this respect, an important

question concerns the precíse role and forn of the

quark-quark interacti-on. Present evid-ence suggests

that the $-Q potential is spi-n ancl unitary spin

ind-elrendent and. th at if it is snooth and very d-eep

the moti-ons of th e bound. quarks are non-relativi stic.

Thus the Schrod,ínger equation coulcl- conceivably des-

cribe accurately the quark motions. Even if the

f unotional relati onship between the energy ancL the

potentia.l is not that v,¡hioh is characteristic of the

Sohrod.inger equation, it is expected- that the d.escrip-

tion of -bhe internal- notions of the quark system by

the Schrod.inger equation oou1d. sti11 give the correct
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I ev e l- or de ri-ng .

In the quark mod.el of the baryon, the baryonic

states are consid.eretl- to be bound- states of three

quarks. The low-lying states are known to corres-

pond to tine 56- representation of SU(6) con"isting

of the (å+) octet and. th " 
(â*) d.ecuplet. I[íth the

natural assunp-bion of Fermi ste"tistics for the

quarks, the spatial wavef unctions are re quirecL to

be antisynmetric und.er the interchange of any two

quark coordinates. This development is un'nrelcome

and- although Mitra and, MaiundarQzz) , and Kreps and

d.e Sv¡art?zl) n.rr" argued that Ferní statistics neecL

not be abandonecl from nucleon form factor caLcul-a-

tions, it may be more attraotive and perhaps nore

ad.visable that quarks obey parastatistics. If these

parastatístics are of ord.er three, the three-quark

wavef unctions v¡i11 b e totally synmetric. In f act

with other rnod-ifications of the sirnple quark noclel

other synmetries rîay even be used to accommodate 66.

Our interest in the problem arises from the tlis-

cussions in the last two paragraphs, namely that the

Schrod.inger equation coulc1 be the operative relation
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f or the internal quark moti ons ancl that symrnetric

and. nixed. synmetri-c wavef uncti ons of three partic.l es

occur naturally as ground. state configurations in

the quark rnod-eI of the baryon. Iltle are hopef ul that

our exact and. v ariational nethod.s for the nuclear

problenn can be transferretL vrith minimal alteration to

the j-nvestigation of the systematicsof the barJron

states. lTe have cond.uctecl a pilot calculation with

the 3-Q force taken as a, spin-d-epend.ent Gaussian of

d.epth 10 GeV and. range 0.1 f n. Our results indicate

a sma1l bind.ing energy for the representative three-

quark system vrhioh Ie ad.s to a rbaryon mass I that is

an ord.er of nagnitud-e too large. In a smalL way this

is encouraging âsr in spite of the obvious sinplicity

of the mod.el and. the d.ef ect s in our exact cal-culation

the results are still- sensible.
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CHÀPTER TEN

C O]VC LUS ION

In detailing the nain conclusions to be d.rawn

from thj-s stud.y of the three- and- four-nucleon

systemç Tre are struck by one si gnifioant f eature

connon to both nethod-s. 0ur exact and. variati-onaI

ca1.culations aJ-1ow agreenent with experinent that is

good. cnough to warrant contj-nued. work with two-bocLy

f orces alone. The íntrod.ucti on of nany-bod.y forces

appears unneoossary for work of duch accuracy although

Ít would. be erroneous to conclud.e from this evid.ence

that these forces are absent altogether from conplex

nuclear systêrìs¡ The two-bod.y intcraotíon nod-e1 of

the light nucLei has therefore sufficient physical

reality to pernit us to d-orive these general con-

cIu s íon s.

T[e ].rave succeed.ed. in placing Greenr s nod.el of the

nucleus on a firrirer found.ation by the introd.uction of

spin into the nucleon-nuoleon potential. Our exact

calcuLations produce wavefunotions whioh possess

functionaÌ forns resemblJ-n6 those used. successfully



154 -

by .tl,ranoff antL lrving end- v¡hich are cLirectly obtain-

abl.e from the assumed- nuclear potentj-aI. The physi-

caI features of the trínucleon are accurately repro-

d.uced. but the propertie s of the alpha particle a s

given by the no d.el- are d.cf j-cient. The na jor drawback

of the method. and one that puts a stop to any id.eas

for extending the calculations to other nuclear

systens is the complete reliance on shalLow and

long-ranged. potential-s for reasonable accureoy. It

eppears the nethod-s c¡f the nodel ncÌy be better usecl

elsewhere.

Our va.riational calculations have had rnore

success. ft is evid.ent fror¡ the v,¡ork in ohapters

f ive t o e ight th at t he vcJ-o cíty d.epend.ent po te nt i-al

ís eguivalent in most respects to the hard.-core inter-

action, and. in view of thc aclvantages it bríngs r,'¡ith

its use, coul-d- be er reliable substitute f or the latter

in t he nod-orn potential s. The val-id-ity of our expon-

ential velooity d.epenclent po tential seems oonf irmed.

so it o¿n b e ereployecl in a f ul-ler d-eter¡lination of

the propertiÞs of the four-, five- and six-nucleon

systêfirse 0ur prod-uct forn ¡ra,vefunctions v¡ith short-

range two-bocLy corcel-a.tions are good- and. versatí1e
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representations of the ground. state wavefunctions

of the trinucl-eorr¡ the correlations ere essential

e specially lvhen velocity d.epend.ent potentials or

other sof t-core interactions are assuned. t o d.e s-

cribe the two-particle interacti-on. 0ur calcula-

ti-ons suggest that c harge asynmctry is present to

the ord-er of 0.'1 líeV in the trinucl_eon. The S,

state of the trinuoleon is Iikely to be present in
the ground- state but it s percentage probability i_s

al¡oost certainly less than 1.j4. Our analysis of
the photod.isi-ntegration cross-sections of the three-
and- four-nucleon systens ind.icate that the Levinger-
Bethe sura-rul-es are ccrrect end. thut oirrt d-epend.s

sensitively on the asynptotic behavi-our of the wave-

function. It is also apparent that the Serber and

Biel- force mixtures are favoured. i. oirrt calcuI ations¡
That we a,re able to f it f orm factors urd oirrt valucs

si-multaneously is highly suggestive of the sinilarity
of the ch arg e d.istributions in eL e ctron sc attering
and. electric d-ipoIc absorption.

The appJ.ic ati on of our ¡nethod.s to of her 1ig ht

nuclei ind-icatcs that th e trineutron is unbound. and.

serve s t o caution agai_nst too reacly a,cceptance of
the rigid. al pha particl e nod.el.
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The work ín this thcsis can be inproved. in a

number of vrays lvithout having to resort to intr&ct-

abJ-e numericaJ. method-s. The proper variational. caI-

cul-e.tion can be introduced. using our velocity d.epend--

ent potential- or an improvement of it. The singlet

potential can be aJ-tered. to gi.ve a better fit to the

scattering length and effcotive range v¡hile the res-

triotíon on the ranges of th e triplet stotic Ernd. velocity

cLepend.ent potentials can be renovecl. Âs the S' state may

be ínportant in the trinucleon caloul-ations it can be

introcl-uced. into the ¡¡rethod- explicitly or by removing

the synraetric f orr,r of th e spatial f unction. For con-

plete acceptability of' sone of our r csul-ts the D states

will have 'bo b e considered. quantitatively and. the prod-uct

forn wavefunction nust bc used- for the alpha particle

cslculations.

In retrospcct, r¡c are convinced. that the nain

achievenent of this research has bcen the demonstrsti-on

of the equivalence in nuclear structure calcul-a"tions for

the J-ight nucl-ei of tr¡o seerni-ngly d-ifferent potential-s

vrhioh fit the two-nucleon d.at,a. If this result is true

in all nuclear syster,rs, then it suggests that too much

time and. effort should, not be unnecessarily wasteð in

f renzied. attempt s to deterr¡ine a glliguc tvro-body inter-

action.
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APPENDTX

Evaluation of Inteerals

As is usual in quantum-nechanioal calcul-atiorls,

one of the unwelcome tasks ís the calculation of

integrals. However, for the functions whioh we

have used. in this thesis, aIl- the integrals that

arise oan be evaluated explicitly. It is our purpose

to oollect here the three- and. four-nucl-eon integrals

and. the method.s for treating them that have not been

inc Iu d.e cL in t he t ext .

A For the Three-Nucleon Systema

f orm

The integrals whioh we encounter ate of the

(¿t )

where f unctj- ons f an¿l g ar"e spherícal.ly symmetric. .lt

sinple method- for carrying out the integration is to

transform such an integral over a prod.uct of functions

to a prod-uct of integral s. 1o d.o thí s we f ir st con-

Is id.e r f (")tr. (A) clv where the notation is ind.icated. j-n

f("t) s("r) tt("rr) dvr dv"I

Fí9. lI1 . T,/e get clir ectl-y



Rr

d ({ixetL)

Ftrr, AI

q \,

rt

Ftç. Az



1õB

iLv t' s in 0 ¿l-0 dø tLr

¡e a2+tz 2at oos 0

il

a

/' r (") r'dr I "i' o do fJo Jo Jo

2ll

2ll
dø ¡ (n)

r,(n )nan

h ("r, ) rq 2 d-r12

oo

r (") r (n) clvI

a(

(

) /"'(")' '" l,
I a-r

f ("r ) e("r ) tr(rrz ) clvli[v2

¡ (n)n¿r
ø,-?

(rz )

If (r, )av1 e(r" )h("t, ) dvz

rr tfz

2\
a ) i¿ r(").u" /

a+r

f",-". I

T1$fz

I

oof+A

. [ ,(r)rar 
I ,_,r(n)nan J

a

For

the

It2)

the more complic atecl integral (¿t ) r ne get f ron

correspond.ence rr ---a t rz---r-t tiz---R (see Fig.

ancL formula (,tZ)

I

oo

I
r (rr ) ¿vr e (r, ) 12 d.r2I

ï"I"

I

h (112 ) 112

clrr z

q*t )

8II2 f (".' )r1cLr1 e (r, ) 12 ð.12
1t -tz
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The f inal f orm of th e integral expresses the concLi-

tion ref errecL 'bo as the ttriangular inequalityr.

Using this formuì-a¡ we can write the integration

over alL spaoe of the function G(r,,rzrîtz)

G("r,rztTr.-)a, I"
Bnz r1 dr1 t7 dI'2

rtl.?z
G(r.¡ , rzTtz)

l"t-"rll

4 = î1]r2-]"12

n = f7-Tz+Ï.tz

t1

ioê. T2

I

= t(e*n)

= t (€+u)

= t(n+,)

L2

vfe

ï

r1 2 dr1, {n+)

It is sometimes convenientr &s with exponential func-

tions, to transform our naturaJ. coord.ínates to the

perinetrio coordinates

lai )

t,t z

The volume eJ. enent dr1 d.r2 d.r12 then beco¡ae s

tLrl clr2 d.r1 2

U = -ft{.Tz+t¡z

and relabellíng r.12 a.s :-3, rl ¡ as

(tfre interparticl-e separatiotts),

= i, dE dn dv

t

and. r"¡ as t"1

f incL

Í72 I
oo

I d, (4+n ) (6*, ) (n *, ) e (a tn tv)
4

ê ("1 , 12 ,r3) dt dTT

(¿e )
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.iinother transformation, vrhich is useful- wíth Gaussian

functi ons, is

X3

- tG" ')
(À7 )+

X.o

X.¡

r
p x

=i.ê. t3 îiz

so that

and.

r t tz = flf f1 TZS = f

(ra)

P--Lt'l 'L++

il-r rcLrp

cLr d dtpr3

Iê(", , rz ,:^3)dT G (", , rz trs)

where eaoh rectangular component of ¿ and. r ra.nges from

rco to oo.

Gaussian tr'unctions

(i ) For

9igl or

If we

torms

the lg tential e rlerg-y evaLuation and. normalisa-

any general Gaussian we need. the integral

tG1 exp (-a t11-o.z rl -a3r\)

express eaoh of the faotors in the integral j-n

of its Iourier transform

tlrp d.3 r
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ik
(Ðexp (-¡rr2 , = (;u) /

d.t kø, d.3p d.5 r

33 /.
r-2.
^ / l+tt I

e d.3

k2
d.q

4qz

a

k

. (g*å")

,

9

/""'[-
n

(a1 a" ø3)

+

drk drk
d. 1

q,2

Integrating over p and-:¡ to

three k variabl es antl th en

are left v¡ith

n5
Gr

Gr can aI so

top ancL r
oo

+ ik
-o-s

ob tain ô functions in the

integrating over theser wê

(.tg )

(,t,n-c" )

rad.ius I/ve use

(
1\

ñ)
9 ¿

r/,
k2

A,¿

4at

k2
0Lz

4qt
Gr

I
)

(o, o, + dz ds + ot ot)t/'

b e clerived. by transf orning the int egrand.

ooorcLinates. Tte then use

il3 -sl
[L.* (-¡¿' -2aL,I-BI" ) d 3p a3 r
lo 2

(ii) In the eval.uatíon of the r.¡mos¡

le2 exp ( -ütrzt -azr2 -cr=rï ) r2¡ A.3p a5 r
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which í s e asily d.eriv ed f rom $1 by d iff erentiating it

vritlr respect to d3

oEr IIt (o.¡ az)+
e2

(:.ri )rrtu f orm.

_2
2

(¿t o)
aat (o, o" + üz 4s + øt a=)

factor ínt esraf for the general Gaussian

2

G¡

where g is the nomentum transfer.

By transforming to the (¿rI) coorclinates, we obtain

l_s

G¡ I
where a = d.2aü3, b

/""n Gorrl -qzr3, -azrl) u*p Gf,S.q) a,

exp ( -a7z -brz -oP . r+i q. g. ) d.3p ct-5 r
* *n,
.)áu

?
3

1

= 4r+î
+

sinplified- by conpleting the square

over the conponent s of Ì'.

c = ds-ü2. This is

an d. int egrating

To

of

G¡ +

evaJ.uate this vre resort to the spheri caI coord.inates
(r¡o)

= (Ð'''lexP(-aP" i, ,' +ils.¿)di o

So mm e rf el- d- a The correspond.ing rectangular
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coord.inates are

x = p cos 0p

p

D,z p sin0 sin/

v = p sin 0 cos þ

Each of the components ranges fron to + cþ, p

ranges from 0 to oo, I from 0 to II ancl f, from -II to
+li. The volume eI enent beoomes

dtp pz sin 0 dp d.0 dþ

rf vre choose the o* axis along ür e d.j-reotion of the
vector gr so that g.L = qpcos0, then the þ integration
can b e pe rf ormed_, le aving

n3

Gz

.fl

J"

,I
exp

[-(" "e(å)'")'"uol. e ,f,w"o"o)znsinodo

I'ron Magnus and. 0berhettinger (ttt)

exp (izco so ) cu ( co so ) sinz 'o do
z't (ù++)r (å)r ( zu+n)

nt r (zv)
|+

L

' , nn(")
v

ci(t)
z

are the Gegenbauer functions an¿ Cl(t) 'l
wher e

,
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J (r) are BesseI funotions. îhus
U +tL

exp (i qo oo s0 ) sinO d0

Finally, using th e formula

rII

J.
2
3

qp)t r(42J

I ¡u
exp ( -az tz )r'*t,r, (tt ) at ,

(z^" ,u 
*'

Re v > -1 , Re a" > O

1¡[e get

G¡
8n3

lp(ør c.zro"za.3acllas)

tG¿ exp (- atrl.

q" (¡at+o'z+c-s)

36 (a,t üz ¡¡o.z a.3 ad.1 d.3)

Coulonb energy

"eI
(r,r r )s/I

)

(i") The inte6ral required. for the

calculations is

qzrT as 12= ) (il clz

r--1-r
\ot *ot /

1
2 1

(¡r z)
4(o, a" +üz dt+at as)



(")

T(ø,8)

The kinetic enerav

Stru h,

exp ( -at 11-qzr2-qtr2t ) and.

exp (-a|"i -aJ"7 -a|r"')

16õ -

f unction I (þ r¿) wh ere

2a1 al (a, +oJ +as+a\)

ó

4

is obtaíned- by straightforward. cl.ifferentiation and- use

of formula (¿tO)

l
c

(tvt t)
where I d.enot e s sum over cycJ-ic permutati on.

o

Exponential- Functi ons

correspond:ing potential energy and. normalisatÍ on

is, in the perinetric coorclinates

oo
n2

ï.
Er dn d, (E*n ) (ë*, ) (n*, ) n (E ,o ,v)

M

+ (ar +al ) (o^"!+o-tal) I (ar +øl ) G" *ol)t

(t ) îhe

int egraÌ

I.4

where
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"nI
d. 1

2

q.2

2

-1

d.3

2

n (E rn ,v) 8e (g*n ) - (ã+u ) - (n+u)

oo

(e.n ) (¿*r) (n*v) exp (- d1 î t - a.2 12 -a,3t 3)

(rr rr", ) 
-1

lherefore

Er 2172 d.€ e -Lþt+az) dn -t þ, +a=)n[. "eI

"eI -LG, +a=)u

I 6fi2

(at+a") (o.+4, ) (or *ø, )
(,t t a)

More general formulae containing poÏrrers of rt r r" ancL

T3 are easiJ-y derived. by taking partial d.erivativcs

of both sid.es with respect to the paramcters di t dz

and. o[3 . If v¡ e us e the not ati on

Bn2 I. exp ( -41 r1 ) d-r1 exp(-a.r")ð,r2
oo

[t ?, n] kf1 l.
f't2

t
l

r1*rz

"l "*p(-43r3 )d-r3

1".,-"rl



th en

Io o o] E1

By differenti-ating

Ìimes v¡ith respect

(at +a, ) (o" * ar) (qr +a: )

this k times with

16r

I 6Í2

otz and- m t ine s

expression f or

r espe ct to üi t I'

with respect to

[r ø n]

to
üstwegetageneral

[r< þ m] 16n2k!alnl (ï)(.-:.)('-::" )

- (p* e+1 ) - (karç1 -p )
(at +at)

- (ú+m+1 -q-r )

m

L

r=0

a
E

q=o

k
E

P=0

x (at +a" )

(ø" +ø" )

(ii) The formul-ae we use in our calcutations

r.mrs¡ rad-ius and. the Coulomb enersv for the

square root and- true expoential_s are

(o.' * o") (o1aa.2+a-z) (at+ott ) (*" *o, )+
E2 3zn2Irto]

(.,rr ¡ )

for the

inverse

(at +u")t (ar+øt)" (ar+or)"

(¡.r ø )
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Ð"o, (at +ct" ) (or *a¡ )+ 2(a1aa") (o.*ot ) (ot +or )
Er=[111]-6t+t1'

Eu=[113f=6til2

(at+q, ) (". +a¡ ) (ar +au )

L

t l
3

3

1

=[ooe]=Ea
32T12 (2az+a,t +ar)'

12 x d.1

(ut +a")" (or+a¡ )" (o, *o, )'

(nt 7¡

I

J

(¿ra)

(tt9)

(qt+a.) (qz +az ) (ø t +or ) 3 (az +a= ) (or +a¡ ) 2

c

12 t ü. 1

(ott +a, )" (o. +at)" (o, *o, )t

9(zat+e,t+az)

c
+

+

+

(ut+a.)(o"*ot)o (ot+at)o (o-t+a. )t (o, +ot)o (a¡+qt)

3(3a¡ +3dz +2at)

(at +az)t G.+a¡ ) (ø, +a, )o (o, * a")t (or*or)= (o, *or)t

3 l

(iii) ¡or the bgåZ_lorm faclol, we have the integral

E5 /"*n (-o, 
".¡ -üz'.z-r s' =*í.Zq,.p) (rrr.", )-1d3p d.3rJ )- -
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We carry the íntegration

f actors in tlr e integrand-

f orm. By usÍ-ng

out by expressing each of the

in terms of its Fourier trans-

(r<zo+az ) exp (i5o.I) d5 1.

"-1 "*p 
(-o") (zn')-1 I

E¿ l Qn" ¡-t t "ar+a"t ) Gi.+o"Z) {tt'or*oi)J 
1

"*n[

q.

ik
-d. 1

-tr ík. .b+tr)
-q3

+

By integratíng over p and- r and- subseguently over kn"

and- k tre obtain
fl¡

I.:] 
[tr. ,*!s)' **') [,u,",..t ,] ]

+ íEo" b_

r(r

d.rp d3 r

) +'|n.{iL'kø, a' k or"d'kø=

Es

The int egration is pe rf orme d. over the nagnitud-e of

first, by resid-ues and. then over the angle between

and g. îhe calculati on i s lengthy and- yiel-d-s the

expression

BN?

\2)+'l t [n.,-ln
d.3 k

d. 1

t
d.5

k
-d, 1

(trq" +oZ +ja"r)
Ee

q(zqt +a3, +a"-za1)
tan

)

at (aZ -ott)



tan

tan
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-1 Q (J+Q, + jd?z +q"r) -1
(Q" +aï'+o'i )

+ tan
a. (aZ -o"t) (q" +q7 - w1

-1 Q(Q"+a"+ü1) -1tan
az (Q" +q?-a1

'2Qa¡ \
------- i + tan
e" +ø7 -"1/ ((

a =1

(¿eo )

whe re

(i") The bod-y form factor for the true exponen tia]- wave-

lgg*iog can be obtained by d.ifferentiating E6 explicitly

T4 I" *n Gor, t - dz rz - c tr z*if,5.¿) clso d 3 r
J

a3

ð a1ð a2ð a3
86,

The labour involvecl is, however, substantial . Y,Ie have

consequently evaf uL.ted- Fa by a dif f erent rne thod.. this

soJ-ution v¡as d-eveJ-oped. v¡i th a d.íff erent d.ef inition of

the Fourier transform and. to maintain consistenoy with

the expr ession giv en in our pap ers vüe have d.ecid.ed. not

to af-ter th e f o rm of th e transf orm. Thus

(rn'- ,-' I (kî' *ut )-1t-t u*n (-¡r") exp (-íE¡,,.I) utou



and f4 , af ter int egration over f r

k t s in Ee (renemb ering th at v'ri th

the Fourier transform, 86, d-iffers

is given by

^3o

f ron 86, in (iii) ),

l7r -

r$i

our

tT and. two of the

iLefinition of

-32 (r.? * o1)-1 (Zrs-aïr)"

l?p-u-')'

Et

whcre

I t

t

+ h.a?

+ "}")-

]-'
1

ð a1ò a2A a3

2rrnd.1e2ü3

x = CoS 0

drk r

2'oot"'"'Ill

k1 sinO clkl d0 d.ø

(r.1+ "i)" (+t+4k? -tor..l cos0 +t+a|)' (lú +ú'\$rcos0 +o")'

toot

I"I -1

kq clk ¡ tlx

(u7 + q1 Y ($e' +At? -ter. ¡ x+ l+aZ l' <lt +ú'¡qt< 6,"+ a'" )"

q2

I
3

å
9

+ t+d.ZIf

9kr

+



l7e

and. D

ú+kî + dzz

gkr , then

I"

c à
9

À
3

1k1oo dkr cLx

Ez 21 1nd.1 d.2 0'3 I(Y7 +a1)' -'l (¿+s*)" (c+ox)'

Since

211 +1d-x -1

("-" ) --¡c+x/ ( u-" )'

a+x

I ( + + log
e l-1 (a+*)'(c+x)' a+x c+x

1

Ez red.uces to

Ez 21 3Í7tL1d,2 d.3 h
9ï.

ki tlkr

(u1 +a7 )'

-2

Ittt
2

fer., 
( 2k't2k21¡taa?2 -2a?-

k"t +q.s*lú*\*,

q.

t-
I

,"*"f+ r+azz -2""r- [ú )

+¡aZ *ln' *lro,

(k1+a',*þ{ )'

t+u1+l*a8 + q' Qkr

*"i *LÈú Qkr_À
3

-'l

5
9

B

3

À

4rc1

tf
"L

+

(f er.' )" ]

z[ Cr,r.r +L,,1"*$ú )'-(lor.,, )']

(tzt)

For the d.eterni-natlon of the Coulomb EnerAy and

+ l
(.')

kinetic energy of the inverse square roo t eSggnential
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f unoti on, we use

Ee exp (-ø1 r1 ) d-r1 exp ( -s.zîz) d.T2

oo

[. I
rt*rz

.exp'(

| ,, -r,

. -.1-d.zîs E 
'u",

I

(t zz)

I

l
8n2

das llr
q. (az +a¡ )

-1 6n2

if d.1 d.2

ï

dt +dt
l-' -l tr o(1 + q.21og

e(o" *o,, ) (o" -ot ) dz *.dt

oo oo

IEs exp(-&tr, )¿"t exp ( -a" r', ) d.r"

rt+ T2

exp (-ø3 r: ) (r¡ )-2art
l"t- rzll.

I
Bn2

das Ea = - -;- 1og
d.2

(q, +a=) if a"1 d'z @n)e

I 6nz

(æ¿ +a,t ) G, -o, )

(ør +a¡ ) toBe (ot *or )- (o"*ot )tog 
" 

(ar+at)

if d.1 + d.2

The evafuation of the kinetic srlerg,zJ49 r!.egon

of th e true exponential

t

("i )

vaLue

T(d,E).

r e quir e s th e funct j- on



Tf

t hen

vrhe r e

and.

r(É,E)

ol", )
I

42

ó

F

r exp (-ø1 11

= exp ( -alr.

LT.4

&zrz c"sît ) and

t2

+

fz
= -- (orol+aral+a=a!)r(or+ûl r az+ql taz+a!)

M

lrz

= -- (orol + wo,:) J (a.+ql t oz+d! c ar +al )
I+ttl

.ffi (otol + ara\) t (at+alt qt+df,t az+al)

fiztt+ ik þt ol + o;z dl) J (ø1+al , o.+ol t o-t+ül ¡ (,t'z4)

J (o rÊ ,y) 161(o' ,P' )y' (o' *p' ) (+v" +@y)

E¡

gn2
r(or1,v) is

+(o*P ) Gvo +7a7y" ) + 3o'p'y + lOapytf

I þ*p )' (P *y)o (o*y )o l -1x

B. Int eeral s for the Alpha Partiole

l¡/ith our choice of wavef unctioris, a]-l the integral s

appoaring in the four-nuoleon system are e xactly evaluated

by transf ormation to the n coord.ira tes.

v+
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Gaussian Functi- ons

(i) Our general no rmal is at ion integral

e xp ( - a r r? z -b 11 t - a t?,t o - dr"" t - erâ o -1 r1, ) ¿r

b ecome s

ï

e xp ( - ø t n1 -9 tlr .Ì!, -y nZ - õntt - €fi 1 cTI s -öL" .Lu ) at n r dt n 
" 

dt n t

in our transforued. coord.inates. Noting tht

I

oi*t +P.x = (t'ti

-2
2

+ -Í i-
Na.a

l"r -
l+a.'l-

2

)-

we fintl-

I
fri

Gar d, 1 exp ( -nl" + yn? -Enzz -þL" .g, ) dt nl at n" dt n ,
+a?

w ith d-1 q., Ft = Ê¡J, + eTt and- fína1lyt

p 2

4az

þr!' - P e!3

.e2
- rrzs(ô--) a'n I dt n) d'n u

4a

1_4^

(o, o. ) 2/ 
"*p 

(
I

=f't1"tþz

2

Gar

where cI2

1z2+-n2-n

I2ü.

Gat then reiluoes to
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9
2 (uoy-p" ) (+o- )t

(t)

Tfe d.ef íne the 9-d.j-nensional

three conponents are equal

(zoó-p e) (zó- F)]
_2

Gar t+=

The roilrrs¡ rad.ius calculation need.s

IGaz (g tnl +BzLr .b +BtnZ +B¿n?+Bs Zr .o z*Belz .4 t)

exp (-ø ¡n1-F tlt .T!, -ynï -ôn? -ê!,t or3t-þk.gr )

dtn,,dtn"d3ns

It(ur ¡ ê¿t... u.)

2ez
d

X

(¡t )

(sz )
a

i ða
L

where ê,1 = q. â'4 =

ã'e =9 â,s =

&3 =f 86=

(iii ) The bod.v forn f actor inte gral- wÍth the Gaussian

functj.on is eval.uateù using the Gegenbauer-funotj-ons-

method of (¡.t t ). Our most general integral is

ï
Ga¡ expIigr .[r ¡íg2 .!z+ig, .Lt-a1n1-a|n|.-qztnzs ]¿tn, dtn.dtn,

6

=EB
i=1

Ò

e

ø

vector E such tha"t its fírst

to d1 tines the rectangular
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oomponents of nr, the next three are equal- to q.z tj-nes

the oomponent s of rlz an d. th e l ast three are or, tírne s

the cornponents of ns. I[e a]- so d.ef ine q such that

-1 -1
a 112 13

coorclinat e s

xt = R oosO

7t2 = R sin0

x¡ = R sinO

x4 = R sinO

x5 = R sinO

x6 = R sinO

x7 = R sinO

xs = R sinO

xe - R sinO

d.1 (q' )

(q' )

a d.2 (q" )

Ot re re

Then Ga: (oro"ar) t

If we use Sommerf eId.r s

xtltzl 4 t 5 t6 xtYtz

xtTcz

exp(i g.E - az )aen

expansion, our r ectangul.a,r

-1
= d.3

I
are

cos @1

sinf, 1

sin/1

sinfl1

sínØr

sin$ 1

sin$ 1

sinp 1

co sþ"

s in$2

s int'"

s inf2

si nS2

sínS2

sinþ2

oost'3

sin$3

sinp 3

sinp3

sinp 3

sín$ 3

æ sC¿

s ínfa

sj-n$ a

s in$¿

s infa

oosÉs

sinf 5

sinf5

sinf5

c o s/6,

s i.nf 5

s inf6

cosÉz

sinST

Each of the Xrs range from to + oo, R ranges from

0 to oo, 0, þ¡ , Ó¿ , þ2, Q¿, þt and. ø6 range f rom 0 to iI

and. ç7 ranges from -II to fl. The 9-tlimensional volume

e].enent is
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deR R8 sirf 0sin6/1 sin5 þ2s:rna f3sintþ¿si'nz Érsinp6

d.R¿ro dó t dþ" dþ s dó ¿ døs ð-þ6 dø?

But s inPo d.o
2-P+z r (p )

t (P/z) t (P / z)
I]

[. t L p p+1
Hence si-npo ¡ ao 1 ,i.rp-102 d.o2 ... s i-nO d0 de

ï.
!.
p

I

[.p

, J'iÐ
r (r *!)

IÍe choo se the

I' so 3.8 = QR

mad.e,

Ga¡ (o, o" at)-t t exp (iQRcoso-R2 )n'"iil odRdo
Jo

x1 axi s along the clirection of the vector

oos 0 ancl af ter the ô integrationf are

I

The 0 ihtegre.t ion done by the metho d of (At t ).

"A
'l
2 (on)3.2 n Jz//2exp (iqnco s0 ) s irf o d.o

n

Evaluatíon of the R integral then gives

I. 7(oa) 2

Ga¡ (o, o, ats)-' (ni/ " exp (- f,l lnr )
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vf here

q'

frvine ïlavefunc !iorÊ
The normalisation of our Ïrving functi ons are

of

'* (
Qer

or) +

(i)

c a.rrie d. out wit h th e help

Ir

which is

IIr exp

texp
[-0., 6i +n|*n', )å]a' q 1d.3 nzcl'4 ¡

[-u"= 
G7*n2.n?)+) (+n)' (nrn,n,)'dntdnzdn j ,

after integrating over the angles.

îo evaluate Ir r we use the further transfornatíon

It Rsin0 cosþ 2 nz R si.n0 sínf ¡ Tts R cosO

The Jaoobian ís easily found. and. the volune element

dtn¡d=n,dtnt (l¡n )t R8 sins 0cos2 0 sinz fcosz ød.Rd.odø

Now fl/" I /, oo

I I. t
o

ïr sinsocos2od.o sin2 pcos2 pd.¿ (+n ¡'RB exp (-4a"n) an
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But n¿

(coso ¡2n-1 (sino r2n-1

and.

Rt"*p (-r<n) an
n!

- n+1
K

Ir (+u )'

(ii) The conputation of the

í s gre atly simplif ied. if vve

and. (¡¡), i.e. introd.uoe the

The nost general integral we

r (') r (")

zI (n+n)

5n

212

body f orn factor

use the nethocLs

9 -d.ime n sion aL

require is

¿t0l.

"*

l.

sor after some manipulation

9q, r

int egraJ.

of (.tt t )

integral R

12= exp - (a1n1 +aZnZ +a?n?) çigr .[r aigz,'lfz ¡ig:.[r

-3 -3 -3c[ ?r Ct flza '0=

Introctucing B and. d-efiníng g as in (g¡) and. lntegratÍng

over 0 ancL S, vre d.erive

I
1

2

oo e/ l_
exp(-n)3.2 lz nE J RLz (o, o, ar)-t (F){ ,/, (on) o

n ,/"
Cr.R
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But

go

oo za(za)'t ("*2r)

{ ""n 
(-'t ),r, (lt ) t'*1 at

(a" +b')'*â
J
2n

f¡

whi-oh we use i-n our

45n4

(i")

1=
2e

tl ll

r

For the Cou]-omb energy oaloulations

3.212.il4

(r+Q" )u

fr mos¡ racli.us calou1ations.

we enploy

f2 (o, o" ot)- o (85 )

where

Qt= . (å)' . (;)'

= / ""n[ -uur(n1 *nz.n?)l(n')' d' n, d'n,d' n,

(iii) ¡y rnethod.s similar to (nh), we can evaluate

(se )
q

= i "*n[- 4a *(nl *rZ .r')+tr #: a' ,¡ , a' nl" d' n ,

7'l' no e"
1az )tl

2T 3"",

1a



(") In the evaluation

the f oJ.lolring integral

Is *1,<,.
where

ö exp

ancL

182

of the kinetic ener value s

ar1 se s

2
+V +v2 )¿ dtntdtn"d3n=

712 Tl=

J

4 exp -2"f,(n1*n2+n1)

¿z

d.u2

[-r"= 
(n1+n3.r3 )å]

.l 3 |Jr 
wê f ind. after explicit cLiffer-

*; /""r[ fta,+zal ) (ni *n?.r?)\ 
lu*r' -t Gaf,(n2t+n\-r'i+)

fiz 3fl4 2t'(aya!)

(Since V2u

entíation

Is=

.å. transformation to the

integration revea.fs

Is

d.snrcltn"dtn,

coord.inates and a sinpleRtotÉ

(se )M (zo +Zat )eTf

("i ) For the static potential energy terms we come
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aoross the integral.

fe elcp -4a

Thi-s becomes

t

exp (-urlzn s) dtn t d=nrdth"I t I,h", +n7+nzt)

fo (+n )' exp - (4a*R+k,[Zncos0 ) Ro sinu o co s2 o sinz $co sz þi

8lsin50oos2o tLO

Sjsin5ocos20do

+,fzu ooso)e

2,[za,

d.Rd.o dé

Integrating explioitly over R and ø we obtain

I-e (+n )'

(hn )'

i:
n/.

I"

n/,

I sinz t' cosz ç dø
Jo(4ar+^[zu co so ) 

e

(
(i-l \a r

If we ].et u = cosO anti. ô k

4fi4 g¡ ut (1 -u" )t
(ô+t)'

I.

d.u

..rP (1-u" ) 
qd.u

(r*r)*

1

fe I(.t zt<)"
o

The general integral

by using the forniula

, can be eval-uated.
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I 

-----
J ("*,r)t

lÍhen &-n- s+1

braclcet s is

..184

¡ (-u ) " ( r*,, ¡n-n- 
s+1

(r-r) ¡ s¡ (rn-n-"+1 )

a
p -r+1 q.+1

cLu

0, the correspondLing term in the sguare

*i (-o¡n-n+1
tege | (u+") 

|

S=0

clu =

q

(a+1 )

(n-n+1)¡(n-t):

.4. simpl e expression for the general int egral i s

obtainetL for the speoial caser r-p-29 = 3. îhen

o

li"
uP(1-,r" )Q

( u*r) t P+ q+2

nl

S=0

(,),-, ,'

I
where

s

sl (q+z-s) !

2

T
l'=Ð

/p+q+z-s+24\
\ q+2-" )

qJ
¡c

Þ

ancl 0 el (n-n) I

(f fr:- s expression was f i rst tLerivecl

but there is a smal1 error in C, in

integral in u fron fe satisfies the

by -l,braham et al. (+e ¡

their paper). The

concLitlon r-p-2q = 3
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and. using the formul-a above, we find.

4Ír4 B J t+ô'+6 9ô" + JOô+
T.¿6 lar )

(,f zt<)" thoô6 (r+ö)6

(vii) Otfr"r integrals which we encounter v'¡hen vìre

attenpt to evafuate the photodisintegration and-

vel ocity d-epend.ent potentj-a]- v alues includ.e a couple

which satisfy the cond.ition referrect to in (n9). These

are

fi

Etr4 7 t u (t -uz )2
d.u

= [ "*, [-n.= h1 +nZ *nÐ+)exp (-t'er n,) (n, ¡-1 arn t d, n,cl3? ¡

= /""n[ -uq!h1+nZ*r'r)+)exp( -,fzt<n, ) (n ,). d'n,tdinzð-'n,

^1

J.(r'zr )"

)+n4 7 !

(,îzu)B

hIIa 1.0 ¡

(ô + u)'

,to (t -n' )"

(ô+o)t t

[-Jå9]-* -4Ê' -x-?5È,r-ålL 210 ô6 (1+ô)5 J
(sto)

and.

fe

n1

J"(,tzx)1 1

clu
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+ 258"+8ð'+1

cLu

d=ntdtn,dtn=

dtntdtnrcl3?¡

dtn tdtn.dtnt

4n4 1ot 326t

([zu)l I 1260 ô6 1t+ô)t

In these calculationsr wê require too

Ip

t+flo 7l u" (1-u')'

= / ""n[ -+at 
!(n1 

+nZ *r'= ):)exp (-t'et n, ) (n7 +nZ +n1)-1

(rtr )

(st 3)

(st z)

(rrzt ) " (ô*t)ut.

ô2+5ô+1

,ro (1 -u')'
(ô+t) n

rr o = /""r[ -L,-!(n", +nZ *r'r)t|exp ( -.f zun r) (n,)' G1+nâ +n"r)-1

(,tzu)" j05 ô'(r*ô)u

tÃto gt

I"(,tzu)n

1

r, 
' 
y'"*p[-u.= (n1'nZ'r")\exp( "tzun, )(n "f Un*r,3*n¡r)-â

clu

.4n4 7t ,ro (1 -o" )'
(ô+t)'l"(.1'zu)a

cLu (rr a)



and.

Ítz = / " "n[ - hør h1 *nZ *r', )le xp ( -t'er n t ) n, (n"r +nZ *, | )-t

IBî

(ô+t) "

dtn tdtn.dtn,

J+n4 8!

t
o

1 ,r'(1 -ut )"
d-u a (¡r¡)

(,t zu)'
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PROGRAM FOR DERIVING TI.IE GATISSIAN CFNTRAL POTENTIALTN CHAPTER 3
OUR PARAMETERS VO AND MU ARE OBTATNFD BY FTlTING THE BTNDTNG
ENERGY AND THE FORM FACTOR
PROGR AM EX TR I ( I NPLJT r OIJTPt-,T )

DIMENSION FF(8)
VOMTJ=O .8
ASn=5 .4*VOMU / 4I.41
A= SQR T ( ASCJ )

B=SORI l2 oI /2.7) *A
E=41 .47l'3. O* 14¡3 I /2.O
AÀIORM=Af I A/3.0r A/3.O ¡ A/3.0+0. 5rÊ ( B-A ) )

VO=17¡O
AM I.J =VOMU / VO
Ft=Al I A/3 .0 r A/ 3.0 ; A/? o o+6.5* ( B-A )+A¡4[J I
F1=F1lANORM
F2=Al lA/ 3.0 r \/3c0+AM(., tA/? oo+0 ¡5* ( B-A I )

F 2--F2 /ANORM
F4;AR I A /?.O t A/3.A eA/ 7 oô+0¡5* ( B-A ) )

F 4=F 4 /ANORM
F5=A.S I A /3. O r A / 3.O ¡A / 3.0+0.5* ( B-A ) )

F5=F5lANORM
BE = E-0 . I *Vrf, * ( F 1 +F 2+F 2 ) -0 . 8*VOMU* ( F4+F 5+F 5 ) + 0 . 2 *VOtçF 1 +0 . 2r+VoMU *F4

l_ -0 . 5*o ¡ 2*vo* lF 2+F 2l -o. 5*0 .2*VOMU* ( F 5+F 5 )

PRINT 20çFL¡F2¡F4;F5
FORMAT I4F 1 5 .8 )

PRTNT 2lrErBE
FORMA'll2F15¡8)
PR I NT 22 tVO r AMLj
FORMATI2F15.8)
A=A/3.0
B=B /3 .0
DO 11 I=1rB
FF( I l=EXP (-I*(4.0*B+2.0*A I / (?6.Ox12. 0x¡xga4*A ) ) )

PRINT 12rFF(I)
FORMAT(F15¡8)
CONlINUE
RADSQ=2¡Ox( 3.0*( A+B ) -0.75*( A+A I I / 19.0x( 2.0*¡*Ba¡.nA ) )

RAII=SORT ( RADSO )

PRINTISrRAD
FORMAT(F15eB )

A= A*? .0
B=B*3.0
y6=[e+0 o 5
IF(VO.G'l .22¡Ol GO TO 41
GO TÔ 7g
VOMU=VOMU+0¡1
IF(VOMIJ.GT¡1.3) GO TO 40
GOTOl
ST OP
END
FUNCTION AI ( ALI 'AL2 rALS )

PI=3.141 59
AI=pt/lBoO*(ALt*AL?_+ALI*ALZ+AL_Z*ALA)*SeRT(ALl*A[2+ALt*A[3+ALZ*AL3)

1)
R E TIJRN

FND
FTJNCTION AR ( AL1 rAL? t AL?l
P I =3.141 59
AR=3.0*p I * ( AL1+AL? I / I 1 6.0* ( ALI*AL2+AL1*AL3+AL2xAL1 ) **2 r5 )

RF lUR N

I

39

t2
11

20

2t

22

T?

4l

40



FNlf)
Ftl¡ICTION AS( AL1 rAt-2 ç ALll
Pl=7. I 41 59
AS--3.0*p I x ( AL2+AL?l / 116.0* ( Al-1+f At ?+AL1*AL3+At ?xAl Zl x+7.51
RFTUR¡I
E l\!l')
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PRObRAM TR ION ( I NPtJTTOUTPt,T )

TRITÔN AND TRTNEI'TRÔN BTl\IDTNG FNERGlES BY OUR FXACT METHODS
THE INTEGRALS ARE COMPUTED USING MILLERS QUADRATURE FORMULA
DIMENSIONA( 17r17 ) rB( 17r17 ) rC( 17r l7) tD( 17c 17 ) rE ( 17r17 ) rF( t7r17r3l I r

lG( 11¡]-71 rl{( 11çI1) rP ( I7) rQ( L7r 17 ) rR( 17 ) .S( 17 r 17 ) rT ( 17r17 ) rUl f 7 r17 } r
z(l17 t11) rY( 17;71) rVALI,E( ?1) rPQ( 17r17 ) rHl ( 171 :H2l17) rUA( 17 r l7 ) r
3tJB(17r17l

REAL MUAI.
REAL MU

1O READSO rì¡lrBEE rVO rMtJrN
PR I NT80 r \d r BEE r V0 r MtJ r N
THE VALUE ASSUMED FOR N FIXES THE MESH STZE

8O FORMAT(4F10.5'Il0)
IF (VO) 40¡40¡65

65 PLANCK=1. o54j
EOPT=1.0
AM=1.ó?057=2.0/ ( N-l ) $CONST= 1.60?
PLANC K=2 .OI+PLANCKåIP L A NTK
AM CON=AM*CoN.9T
TEM I = I 3.0+ld+ I . 5*BFF | *VO*MU*M|J
TEM2= ( 3o 0*W-1.5*BEE I *VO*MU*MtJ
EPSP=10.0*( SORT (TEMI I +5ç¡pT ( TFM2 ) )*SQRT( PLANCK/AMCON )

PEE=EPSP*AMCON / ( 2.0*PLANCK*100,
EPSQ=10¡0x( SORT ( TEMl ) -SORT ( TFM2 ) )*SQRT( pLANCK/AMCON )

OUE=EPSG*AMCON / I 2.0*1 00*pLANCK )

P I =8.0*3 ¡141592*?,147592
DO?5 I=1 rN
DO35 J=1 rN
Hl ( I )=( ( l-(N+l .Ol /2oOlx7,+1.0)
H2 I J) = ( J- ( N+1. O I /2. O ) r+7

P( I )=PI*H1( I )+ÊH1( I l*SORT(1.0-Hl ( I )*HIlIl/ 4.0) /4.O
R( I )=(0.5*Hl ( I l*Hl( I )-1.0)
S( I rJl=(Ht ( I )*Hl ( I )*H?lJlxH?.(J)*(1.0-H1( I l*H1 (I )/4.0 ) )

O( I rJ)=SGRT(R( I )*R( I )+S( T rJ) I

T( I rJl=0.5+Hl( I )*Hl l7) /4.0-0.866*H1( I )*H2(J)*
lSORT ( 1.0-H1 ( 1 t*Hr ( I ) /4.0 I

U( I r Jl =0 ¡5+Hl ( I ) *Hl I I I / 4.0+0.866*Hl ( llxïz ( J )*
lSQRT( 1.0-H1 ( I )*Hl ( I I z+.0)
trA( I rJ)=0.5*R( I )+0.5*(T( I rJ)-U( I rJ) )

UB( I rJ)=0.5*R( I )-0.5*(T( I rJ)-U( I rJl )

PO ( I r J) = I 2.OxPEE+2. O*OIJE*Q( I r J l )

A( I rJl=P( I )*(Q( I rJt+R( I ) )

B( I rJl=P( I )+(Q( I rJ)-R( I ) )

C( I.J)=P( I )*SORT(S( I rJ) )

D( I.J)=PO( I rJ)*PQ( I rJ)*OlI rJlxO( I tJ)
E( I rJ)=( 1.0-R lll I / (PA( I rJ)xPO( I rJ)*PQ( I rJ)n'Q(l rJ )xQ( I rJ) )

G( I rJl =(PO( I rJ)+MU*MU*( 1.0-R(I ) I )rÉ*2*Q( I rJl*O (I ¡J)
H( I rJ)=(PQ( I rJ)+Mt.,rÈMLJnT( I rJ) )J+*2*Q( I rJ)lÉQ (I rJ )

I rJ)= ( PO( I rJ )+Mtj*l"1tJltt,( I rJ I lxxzi+O( t rJ) xO ( I rJ )

I rJ) =PQ( I .J)*PQ ( I rJ)*PO( I rJ )nO( I rJ )xO( I r J)
I rJrl ) =0.25*A ( I ¡Jl tl> ( I .J )

I rJr2l=O:25*B ( I ¡J) /D( I rJl
I rJr3 l=Ot25*C( I ;Jl /D( I rJ)
I rJ 14) =M[J*MUlto.5*A( I rJlxE( I .J I

F( I rJr4)cF( IrJç41l(EOPT*EOPT)
5 F( I rJr5 )=lr,l(J*fvllJ*0.5*B( I rJ)*E( I rJ)

F( I r Jç51=F( I r J t5l /(EQPT*FQPT )

ó F( I,Jr6) cfvl[J*fr{tJx0. sx.C( I rJ )*E( I ¡J ) /1.0
F( I rJ.6)-F( I rJró) /(EOPT*EOPT)

7 F( l. J¡71=0.25*A( I'J)/G( I.J)

c

X

1F
2F
3F
4F



I
9

10
11
t2
T?
l4
15
1ó

11

l8

19

20

27

?7

23

24

25

26

21

28

?9

?o

7T

?5

100

to2
101

103
90

F(
F(

10(
F(

10(
F(

F( I çJrB)=0.25x8( I rJ)r+1.0 /GllçJl
F ( I rJ.9) =0.25*C ( I rJ, /G( I 'J)F( I rJ.10)=0.25*A( I rJ) /H( I rJ)
F( I rJrl1 l=O.25*B( I ¡Jl /H( I ¡J)
F( I r JoI2l=O.25*C(I rJl /H( I rJ)
F( I rJrl3)=0.25*A( 1çJl /X ( I rJ)
F( I rJrl4l=oo25*B( I ¡Jl /X( I rJ)
F( I rJrl5 )=0.25*C( I ¡Jl /X( I rJ)
F ( I I J r 16 ) =lt{lfxtvfl.J*0.5ì+A ( I I J )*T ( I t Jl / ( Y ( I I J I I

F( I'Jr1ó)=F( I rJ' 16) /( FOÞT*FOPT )

F( I rJrl?)=MtJ*MtJ*Ö.5x8( I rJ)xlt I ¡Jl / (Y(I rJ) )

F( I rJrl7)=F( I rJ¡l7l / ( FOPT*EQPT )

F( I rJrl8 )=MU*MIJ*O.5*C( I rJ)+t( I ¡Jl / ( Y( I 'J) )

F ( I rJ r18 ) =F ( I rJ r l8 ) / ( FOPT*FQPT )

F( I rJr19)=MIJ*MU*O.5*A( I rJ)*t,( I tJl /(Y( I rJ) I

F( I rJrl9 )=F( I rJ r19l / ( FOPT*EOPT)
F( I r J t2ô)=MUIÊMIJ*O.5*R( I rJ)*tJ( I çJl /(Y ( I rJ) I

F ( I r Jç2o ) =F ( I sJ. 20 ) / ( FaPT*FoPT )

F ( I r Jq?l ) =þl-lxfr'l(J*0.5*c ( I 'J)*tJ( I )Jl / ( Y( I rJ) I

I rJr27l=F ( T rJ ¡271 / ( EOPT*FOPT )

I ¡Jt22 ) =(O( I rJ)-R( I ¡ ¡*l'11( t )*Hl( I ) /(PO( I rJl*SORT (PO( I ¡Jl /?.74?lx
I r J) *Q( I r J l*3? t0*l ¡4141
| : Jt7ll =(Q( I r J) +R( I ) )*Hl. ( I )xHl I | | / (PQ( I r J ) *SORT ( PO ( I t Jl /3.I4?) x
I rJ)xQ( I rJlx32r.0*Io414)
I cJ t24 ) =S6RT( O( I rJ ) +¡A ( I rJ ) )*U ( I r J )xP ( I )*0.5*SQRT (Q ( 1 r J )-R ( I ) )

1/ lX( I 'J)*( PQ( I I J)+MtJ*MtJ*l.J( I tJ) I )

F( I r J¡25) =SORT( Q( I rJ) -UA ( I rJ) )*U( I rJ )xP ( I I*0.5*SQRT lQ ( I rJ )+R ( I ) I

I/ (X( I rJl *(PQ( I r J)+MU*MIJ*IJ( T rJ ì ) )

F ( I r J ç26) =SORT ( O ( I r J ) +1tB ( I r J ) I *T ( I I J ) *Þ ( I ) +0.5*SQRT ( CJ ( I r J )-R ( I I )

l/ lH( I rJ)*(PQ( I rJ)+MU*M[J*T( I rJ) ) )

F ( T I J ¡21 ) =SORT( O( I IJ I -LIB ( I IJ ) ) *T ( I I J }XP ( I )*O'5*SQRT (O ( I I J }+R ( T ) )

l/ lH( I rJ)*(PO( I rJ)+MLJxUtjxT( I rJ) I )

F ( I r J ¡28) =SeRT(A( I rJ)*¡A( I rJ) )*U( I rJ )*P( I )*0.5*SQRT(Q ( I rJ )-R ( I ) )

I/ lX( I rJ)*(PO( I rJ)+MU*M|.J*IJ( I rJ) I )

F ( I r J ¡2g) =SQRT( Q ( I r J I +¡.¡¡ ( I I J ) I *tJ ( I r J )*P ( I ) *0.5*SORT (Q ( I r J ) +R ( I ) )

I / lX( I tJ) * (PQ( I r J)+MLJ*MIr+lJ( I rJ) ) )

F ( I rJr30 I =SQRT( O( I rJ)-t-tB ( I rJ ) ) *T ( I r J )*P ( I ) *0.5*SORT (Q( I r J )-R ( I ) )

I/ lH( I rJ)r+(PO( I rJ)+MUÌ-Mt!x1( I rJ) ) )

F ( I r J,?l) =SORT ( O ( I I J I +t-lB ( I r J ) ) *T ( I r J )xp ( I )*0.5*SORT (O ( I I J I +R ( I ) )

I/ (H( I rJ)*(PQ( I rJ)+MU*l4tJ*T( I rJ) ) )

CONTINUE
DO50 K=l r3 I
VALUE(K)=0
NM1ÈN-1
NM 2 =À!- 2
DO 100 l=?cNMlr2
VALUE(K) CVATTIE(K)+F( I rI IK)+F( I rNIK)
DOl0l J=2rNM1.r2
DO102 I=2 rNMl
VALUE( K ) =VALIJE( K ) +2.0*F ( I rJrK )

VALLTF(K) =VAt-tJF( K )+tr ( 1 rJ rK. )+F (NrJ.K I

DO 103 J=? t NM2 r 2
DO103 1=2rNMlr2
VALIJF (K ) =\/ALtJE ( K ) +2.Ô+F ( I r JrK )

CONTINUE
t¡/OO=VOxh,n(VAt-tJF(4)+VALLJE(5)+VALUE(7)+VALtJE(8)+VALUE(10)+VALUE(11)+

TVALUE ( I3 ) +VAtUE ( I4 ) +y¡¡¡,a ( 1 6 ) +VALtJE ( 17 ) +y¡¡vt ( t 9 ) +VALUE ( 2 0 ) )

ZOO=VO*BÉE* ( VALUE ( I ) +VALI.JE ( 5 ) +VALLJE ( I 2\t xI .1 ?2+V ALUE ( I B ) *l t1 ?2-
l.VALUE ( 7 ) -VALIJE ( 4 ) +0.5* ( VALTJE ( I 1 ) +VALUE ( I4 I +V¡LIIE ( 17 ) +VALUË ( 2O ) 

'2-o.5*(VALUE ( 10 )+VAt.UE ( 13 )+y¡¡95 ( 16 )+VALUE( 19 ) )



{t

QOOr(2.oit(vAL
(V (4'}+VAL
RAD¡S8R1 ( OOO/Y

a

l2l
uE( l6)+
uE(5)rt

*

VAL UE ( 17'+VALUE ( I9 )+VALIJE ¡ 2O ) )

/ ( 9.O*MU*[4U )

( broo+zoo /Y

0)
:õ-FoRMÃT 

( 2E7-0. i

1G

(F6.¿r)A

N*l.437*80.0*{ VALUE ( 22 )+VALUE ( 23 ) ) /YOO
PRINI6OeBETCOEN

PRINT ó1r RAD

,+0 STOP
ef{D



(; THE DEUTËRON FUNCTION OF CHAPTËR FIVE
C. DETERMINATION OF THE I{AVEFIJNCTtON PARAMETERS I XSTAT AND XVEL

PROcRAM ÞEU ( I NP[JT TOUTPUT )

PI =3.14L592
40 RFAD 41 rA r B rC

PRINT 4lrA.BrC
41 FORMAT ( Fó .4 sF5.? s F?.1 I

IF(A.LT.O.1l GO TO 60
C=-C

C C IS ALWAYS TAKEN TO FE 1.0
D= 2.0
E=1.?.5
ANORM=P1* ( I .O/ ( 2.0*A )**j+(C*C) / 12.0*B )*+3+( 2.0*C) / ( A+B)**3 )

AKF=4 L.47*pt *0. 5* ( :l . o / A+( c*c I / B+ ( 8. 0*c) / ( A+B ) - ( 8. 0*c* ( A*A+B*B ) ) /
1(A+B)**3)
PRINT 3TANORMtAKF

3 FORMAT(2FI5.6)
XVEL =O o3

9 VOVEL=82.94*XVEL
vvEL=-vovEL*4.0*P I x I ( ?.0* ( A+D ) r+*2+2. 0*A*A I t l2.O*A+D I **3

I-2,-O / I 2. O*A+D ) +2 . 0*C* ( A*A+B*B+ ( B+D | **2+( A+D I *+2) / ( A+B+D ) **3
2-4 ¿o*c / ( A+B+D | - I 2.0*C*r / ( 2.O+B+D ) ) + ( 2.Ö*C*C I * ( t A+D ) **2+B*B ) /
3 I 2.0*B+D ) x*3 )

PRINT 4IVVEL
4 FORMAï(F15.ó)

XSÍAT=l.O
10 VOSTAT=100r0*X.STAT

VSTAT=-VOSTAT*PI*(1.0/(A+E /2.O )**3+ l2.oxç I Z( (R+A+el /2.01**34
1(C*C)/(B+E/2.o)**31
PRINT 5TVSTAT

5 FoRMAT ( Fl5 ¡6 )

BE= (AKE+VVEL+VSTAT } /ANORM
PRINT 6r BE

6 FORMAT(F1Or5)
XSTAT=Xc,TAT+O.1
IF ( XSTAT-2 o5 ) 1o I l0 r 1 1

t1 XVEL=XVEL+0.1
IF(XVEL-0.8)9s9¡4

(. OIjR RESULlS ARE GIVEN IN FTGI'RE 1

60 STOP
END



c CALCULATIONS t^JITH THE CORRELATHD GAI.JSSIAN FUNCTION OF CHAPTER 5
PROGRAM ROSGATJ( I NPTJT TOIJTPUT )

DIMENISION FF(13r1 ) rO( 111
COMMON P T

N=1
RËAD 2rArBrC
FORM AIl2F6¡4rF3.t )

PRINT 2rArBrC
IF (A) 4O¡4ôç?
AB = A+B
A= A+A
B= B+B
PI=?o14159
C=-C
Cl =C
C?=CXC.
C?=C2XC
C4= C? xC
C5=C4xC
C6=C5*C
ANORM=AI ( A r A rA ) +3. 0*C 2* AI ( A r A rB ) +ó. 0l+C1*AI ( A rA r AB )+? r0*C4*A I ( B r B r A

t ) +c6*A I ( B r B r B ) +6 . 0*C5*A I ( B r B r AB ) +12. or+C 2+A I ( AB r AB r A ) +1 2. 0*C4*A I (

2AB r AB rB l+8 .0*C3*A I ( AB rAB r AB I +I2.0*C?*A I ( A rR, AB )

DO 2l l=1r13
Q( I )=I
FF I I rN ) =F ( ArA rA rCJ ( I ) ) +czxF ( Ãr ArB rQ( T ) )+2. 0*C1*F ( A rA r AB rO ( I ) I

I+2.0*C2#F ( ArB rA rO ( I ) ) +2.0*C4*F ( A rB rB rQ( I ) )++. 0*C3*F ( A'B rAB rO ( I ) ) +
24.OxCl*F(ArAËrArQ(I ) )+4.01+C"3xF (ArABrBrQ(I I )+4.0*C2*F(AoABTABTQ( I ) )

3+C6*F ( B r B r B rQ( I ) ) +C4xF ( B rB rAr0 ( I ) ¡ +2. 0x(5*F ( B rB rAB rO ( I I ) +4. 0*C3*
4F ( B r AB rA rO I I ) ) +1+r 0*C5*F ( B r ABrB rQ ( I ) ) +8,oxC4*F ( B rAB r AB rO( t ) )

5+8. 0*C?*F ( AB r AR r AB rQ ( I ) ) +4. O xCz*F ( AB r AB r A rQ ( I ) )+4. 0*C4*F ( AB rAB rB r
60(rlr

FF ( I IN )=FF( I IN ) / ( ANORM*8.OXPI*PI )

FF( I rftl )=FF( I rN)rfFF( I rN )

PRINT6T FF(IrN)'O(I)
FoRMA't12F15.10)
CONT I NUE
A R 2 ? = 2 . O * ( A 2 ( A r A r A I + C 2 * A 2 ( A t A r B ) + 2 . O x C-l * A 2 ( A o A r A F I + 2 , g x ç 2*A 2 ( A r B

I r A ) +2.OxC4xAZ ( A r B r B ) +4. oxC x A2 (A r B r AB ) +4. 0xC1 *A2 ( A r AB I A ) +4. 0*C3*
2 AZ I A I AB r B ) +8 . 0*C2 *AZ ( A r AB r AB ) +C 6x A2 ( B rB r B I +C4* A7- ( B o B r A ) +2 o0*C 5*
?A2lBrB.AB)+4.01ÉC?x^2(BrARrA)+1r.0*C5xA?-(BrABrB)+8.0*64x42(BTABTAB)
4+8 ¡ or+ca*42 ( AB rAB r AB ) +4.0*C2xA2 ( AB rAR r A ) +4.0xC4xA 2l AB I AB rB I I /9 tO

RADS= 1 .5+AR 23 / ANORM
RAD=SQRT(RADS)
PRINT 2OT, RAD
FORt'4AT(F15¡51
RADM=ABS ( RAD-1. ó6 )
'IF(RADM¡GT¡0.005) G0 TO I
ACF= I. 4?7* ( A l. ( A r A r A ) +2 . 0*c2*A I ( A t A r R I +4 .0*c1 *41 ( A r A r AÊ ) +c4*Al ( A r B

I rB ) +4. 0*C3*A 1 ( A rB rAB ) +4.0*C2+A1 ( A rAB I AB ) +C6*A I ( B rB c B )+2. 0*C4*A1
?,lBtBrA)+4.0*C5ltA1(BrBrAnl+62{tA1(BrArA}+4.O'ttCl*41(BrAe AB)+4.0*C4*
3Al ( B I AB I AR ) +8.0*C1*41 ( AP . AR r ÂB ) +8, 0xC2*41 ( AB rAB r A ) +8 .0*C4*A1 ( AB I
4AB r B ) +2.O'FC1*41 ( AB r A r A ) +4.0*C3*Al ( AB r Ar B ) +2. 0*C5*Al ( AB rB rB ) I

¡¡'p =!CF /A NORM
PRINT 202ç ACE
FÖRMAT(F10¡5)
READ 31 tVO TAMUThIOTBETA
FORM Af(4F7.31
A L= A+AMT'
BE=B+AMU

1

2

3

6
2l
11

201

202
36
37
69



ABGÊAB+AMIJ
AAI= lA/2¡O-F/2.Olxx2
AA I I =A/2 ¡O+B /?.o
V.STAT=-VO* ( A I ( AL r A ¡ A ) +2. 0rÉC2*A I ( AL r A r B ) +4 ¡ 0*C 1 *A I ( AL rA I AB ) +4. O*

IC3J+AT ( AL IB IAB )+C4*AI ( AL IR rR )+4¡ O*C2*AI ( AL I AB IAB )+C2*AI (BE IA TA )

2+2..0*c4*A I ( BE rA, B ) +4. 0*C3'l+A I ( BE r A I AB I +4.0*C5*AI ( BE r B I AB I +C6*A I (

3BE r B r B ) +4 . OnC4*A I ( BE T AB . AB ) +2. 0*C1*A I ( ABG r A r A ) +4.OxC 7*A I ( ABG T A T B I

4*g ro*c2*A I ( ABG : A I AB ) +8. 0*c4*A I ( ABG r B r AB ) +2. 0ìtC5*A I ( ABG rB rB )

5+8.0*C3*AI ( ABGTAB rAB ) )

VS TAr=VST AT /A^IORM
VS TAT =-V S T AT
VSAR I 2=-VO* ( A4( AL rA rA )+2.0*C2+A4 ( ALt A rB )+4¡ 0*Cl *44 ( AL rArAB I +C4*

l. A4 ( AL r B ç B ) +4. O*C3*44 ( Al r R r AB ) +4 ¡ 0*C ? x A4( Al- r AR r AB I +C ?-x A4( BF t A r A I

?_+2.0*C4*44 ( BE r A r B ) +4. o+C ?xA4( RE r A r AB ) +C6xA4 ( BE rB .B ) +4. 0*C5*44 ( BE r
3B r AB ) +4. O*C4*A4 ( BF r AP r AR ) +2. O+C1*44 ( ABG I A r A ) +4. 0*C ?* A4( ABG I A r B )

4*9.0*c2*44 ( ABG r A r B ) +2.0*C5*44 ( ABG r B r B l+8.0*C4*44 ( ABG r B r AB ) +8.01Ê
5C7XA¿ç(ABGIABIÀB) )

V.SAR12=VSAR12/ANôRM
VS AR 12=-VSAR 1,2 / 47 .41
PR I NT 66 r\/SARl2 rt/STAT

66 FORMAT ( 2F15.8 )

AVO=ABS ( VO )

IF(AVO.LE.22¡0) GO TO 79
BL1'B+BETA
AB1=AB+BETA
htooo=ì¡lo* ( AI ( ALl rAr Al +2.0*C2*AI ( At..1rA rB l+4.o*CL*AI ( AtL rA rAB ) +4.0*

t c3*At ( ALl r B rAB) +C4*AI ( ALl r8I B ) +4. onc2*A I ( AL I rAB rAB ! +C2*AI ( BLl IAI
2A ! +2.0*C4*AI ( BL 1 I A rB I +4.0*Ca*A I ( BLI r A r AB ) +4.0*C9*A I ( BL1 rB rAB ) +Có*
?AllBLl'BrB)+4oO*C4*Af (FLITABrAB)+2.ô'r(C1*AI(ABlrArA)+4.0*63x¡I(ABlr
4A r B ) +3.¡*1-2*A I ( ABL r A r AP ) +9. 0*C4*A I ( ABI rB r AB ) +2. 0*ç5+AI ( ABI rB r B )

5+B.0nC3*AI ( ABl rAB rAB ) )

l{OOO=\dOOO / ANORM
vRosl=r¡to* ( 3 ¡ o*A*A I ( A I A r AL1 ) +6. 0*C 1*AA I I *Al ( A I A r AB 1 ) +a . 0x3*ç 2*

1A I ( A r A rBLl ) +6.0r+A*C2*A I ( A I Br ALI ) +1 2. 0+AA I I *C3*AI ( A ¡ R I ABI ) +6. 0*F*
?c4xAI (ArBrBLl) +12..0*At(C1*AI ( ATABTALI ) +24.}xC.? *AAI Ij+AI ( Ar,ABrABl )

3+l?.o*c3*B*A I ( A rAB IBt_ 1 ) +3.0*C4*A*A I ( B rB I AL1 )+l2.0*C5*AA1 ¡ *A I
4(BrBrABl )+300*Có*F*AI (F rB rBLl )+72t 0xCa*A*AI (3rAB rALll+24.0*C4l+
5AAI I*A I ( B r AR rABl ) +1 ?,O*C5*B*A I ( R rAB I BLl ) +I2 .0x¡*ç2x¡ I ( AB I AB rALl )

6+24.0*C3*AAl l*AI ( ABrABrAtrl )+1 2.0*C4rfR*AI ( AB rABrB[.1 )-4.0x¡1*
7AA t * A2- I.A r ¡1r AB 1 ) - 1 6. 0*C 2*AA I+ A2 ( A r AB r AB 1 ) -8 . 0*C?nAA l* A2 ( A r R r ABI )

S-1 6. O*C? *AA I x 
^? 

(AB r AF r An I ) - 1 14. OxC 4* AA f *A 2 ( AR r B r AB'l ) -4. 0+C5*
gAAI*A2lBrRrAR1. I )

VROSl=VROS1/ANORM
vRos2=T¡lo* ( 3.O*AxA I ( A r ALI rA ) +3.0*1-2*B+AI ( A r ALI rB )+9¡0*A*C1*A I (

1 A r AL1 rAB ) +3. o*R*C 1*A I ( A r Atll I AB ) +6. 0*C 1*A*A I ( A r AB 1 r A I +1 2. O*C?*AA
2 I I r+Af ( A r AF I r B ) + 12- .ô*C 2* AA I I *A I ( A r AB I I AB I +7. Qxç2.*A+A I ( A r BLI r A )

3*6.0*C/|*AAII*AI(ArBLlrF)+(B+AAII)*Car+6.0*AI(ABTALITB)+12.0*C2*AAII
4*AÌ(ARIALlIAB)+(AATT+A)JÊó'O*C?JfAI(A,BLIrABI+I2'0*62*¡*AT(ABIABlIAI
5+12. O*C4*B*A I ( AB I AP,1 ¡ 3 I +7 4. O*C3*AA I I *A I ( Aq r AB I r AB ) + ( R+AA I I * 2. O )

6*6.0*cStfAI (ABrB! lrB)+.l2.0+C4*AAIl*AT (AqrBLlrAB)+?.oxC2*A*Al (BrALlr
1 A I +?. O*C4*B*A I ( F r AL 1 r B ) +5 r 0*65*BxA I ( B r AB 1 I B ) +12.axC4*AA I I *A I ( B r AB 1

g r AB ) +3 .ortC6*BrfA I ( B rBL I ¡B ) -4. 0xC1*AAI *A2 ( A r AL1 rAB I -8. 0*C2+AA I *42
9 ( A I Atrl I AB ) -4. O*C3lÉ^A 7* A,? ( A r Bt-1 r AB ¡ -9. oxC2*AA I e+A2 ( AB r AL 1 r AB I )

VROST=WO+ ( -16.0*C3*AA IxA2 ( AB r AB I r AB ) -8.0*64*AAI *42 ( AB I BL1 r AB )

1-4. 0*Ca*AA lx A2 ( 3 I Al- t r AB ) -8.0*C4*AA I xA2 ( B r AB 1 I AB ) -4.0xC 5*AA I *
2A2( BrRl-1rAB) )

VROS 2=VROS 2+VROS 7
VR oS2=VR OS?. / ANORM
VROSS =-7 tô*B ETA *ldOOO
AL=AL 1



BE=BL 1

ABG=AB1
vsAR2 1 =-VO* ( A4 ( AL rA r A ) +2 . 0*C ?.x A4 ( AL r A rB ) +4. 0*Ct *44 ( AL r A r AB ) +C4*

-1 A4 ( AL r B r B ) +4. O*C 3x A4( At- r B r A B I +4. 0x62*A4 ( AL r AB r AB I +C 2*44 ( BF I A r A )

2+2,0*C4rÊA4 ( BE rA r B ) +4. 0*C3*44 ( BE r A r AB I +C6xA4 ( BE rB rB ) +4. 0*C5xA4 ( BF r
3B r AB ) +4. gx64*44 ( BE r AB r AB ) +2. 0*C1itA4 ( ABG r A r A I +4. 0*Ca*44 ( ABG I A r B I

4+8 o 0*C2*44 ( ABG r A rB ) +2. çx¡'5*44 ( ABG rB r B ) +8. 0*C4*44 ( ABG r B rAB ) +8 ¡ 0*
5C3xA4(ABGtABTAB) )

VROS¿I= 2 . 0 *BETA*B ETA*ì^|O*.VSAR ? I / I -VO I
VROS4=VR OS4 / ANORI'4
VR OS? = VRO S 3+VROS4
VVEL=3 .0* ( VROSl+0.5*VROS2'-?.O*VROS?

PRTNT 63oVVEL
63 FORI"IAT(F15rB)

hJOOO=lrlOOO 14L.47
pR I NT 64 t Ì^,OOO

64 FoRMAT(F1or6l
GO lO 36

39 A=A/?-.O
B=B/2.O
AKE=T ( A r A' A r A rA rA l+3. 0*C2*T ( A cA r B rA rA rB )+3. 0xC4*T ( A rB rB r A rB r B )

1+C6rÉT ( B r B' B r B r B' B ) +6. 0*C1 +T ( A r A r A r A r A rB ) + 1 2.O*C-?*T ( A r A r A r A r B r B )

2+8,0*C *T ( A I A r A r B r B r B I +I2.0*C3lfT ( A I R I A, A r B I B ) +6. 0*C5*T ( B r B r B r B I B .
3A ) +12.0*C4+T ( BrB rBrB ¡A rA )

AKF=AKE/ANoRtvl
PRTNT ó1 TVSTATTAKFTVROSl TVROS2TVROS?rVO

61 FORMAT(óF12.5l
PRINT 62t ArBrC

62 FORMAl l?F 10.5 I
GOTOl

C THE B.E. OF THF TRITON IS OBTAINED BY.ADDING ?/2 THE AVF"RAGE
C VALUES OF VSTAT AND VVFL 10 THE K.E.
C THE CONTRIBUTIONS OF THE STATIC AND VELOCITY DEPENDENT PARTS OF
C THF POTENTIAL TO THE INTEGRATED CROSS-SECTION IS GIVEN BY lHE
C AVERAGE OF THE ThIO VALI.,'ES OF VSARlz AND hIOOO

40 STOP
END
FTJNCTION AI(C;DrE)
COMMON PT
AI =P I / I lC,'.D+D*F+E*C)*SORÎ ( C*D+D*F+E*C )*8. 0 )

RE TURN
E NI)

' FUNCTION F(XrY¡TtOtJE)
COMMON P T

FI=QUE*(X+Y+4.0*Z )

F I I =4.0* ( X*Y+Y*Z+X*Zl
FqB oO*PI *PI*P I*EXP( -F I / I 9.0*F I ll I / ( FI I*SQRT ( FI I ) )

RE TUR N
E NI)
FUNCTION T (AOTBOTC0TDOTEO rFO )

co¡4MoN P I
Aoo=Ao+DO
BOO=BO+EO
COO=Cô+F0
T I ÊAO*DOlf ( BOO+COOI x2.O
T2=BO*EOr+ ( AQO+COO ) *2. 0
T3gCOxFO* ( AOO+BOO I *2 Ò O

T4=AoOx ( BO*FO+CO*EO ,

T5=BOO* ( AO*FO+CO*DO I

T6=CoO*( AO*EO+BO*DO I



'læ +

Al¡sSORT lPl I / ( Al l*A12 I

fETUFr.f- '----._r- .-

END

t+El t

COMMON Pl
ol{ -A 2rcz iDZ ¡F2t -

^22cC2+Ò2AzEt.O*Þlx A22/ t 1'6.ÔxA 27x A2l*SORT ( A21 ) )

RE TURN
END
FUNCTION A4(C4rD4rE4)

2*C22E +

A4=to0*pI *442 / I L6.0*441rÉ441*SORT ( A41 t l_REIURN '- -.

END

A4 I ÈC4 *D4+D4r+84+E 4*C4



C CALCTJLATIONS l¡,ITH THE CoRREL.ATED EXPONENTIAL Ft,NcTIoN (2) OF CHAP.
C5

PRoGRAM TR I ON ( I NPUT I ÔtlTPlJT )

COMMON AO
1 READ2TATBTC
2 FORMAT(F6 .4¡F5.1 ¡F3.1 )

IF(4.LE.0.1) GO TO 4C)

3 AB=A+B
A= A+A
B= B+B
P I =3.141 59
C=-C
C1=C
c2=ct+c
C ?=C? xC.

. C4=C3*C
C5=C4*C
C6= C 5*C
ANORM=AI ( A r A rA ) +3.0*C ?x Al ( A r A rB ) +5 ¡ 0*C1*A I ( A rA r AB ) +3 r0*C4*A I ( B I F I A

I ) +C6*AI ( B r B r B ) +6. OnC5*A I ( F r B r AB ) +1 2. oxc2#. AI IAB I AR r A ) +1 2. 0*C4*A I (

? AB tAB ¡R )+g.0*c3.tfAI ( AB rAF rAB | +I2.0*c?*AI ( A rB r,AB )

DO 2I I=1 r l0
AO= I

l.7 FF=FI ( A r A t Al +2. o*C zxF I I A. B r A ) +4.OrßC1*F I ( A I A r AB ) +<14*¡ I ( A r B rB I

l, +4. O*C3*F I ( A r B r AB ) +4. 0*ç 2*F 7 (A ¡ AR I AB ) +C 2*F | ( B r A r A I +2¡ 0*C4*
2Fl ( BoArB l+4.0*C?*FI ( R rArAB )+Cól+FI (B ¡B rB )+4.0*C5*FI ( B rBrAB )

?|t¡¡o*c4*FI ( B TABTAB )+2.ÔxC1*FI ( AB rA r A )+4¡uxCStfFt ( AB rArB )

4+g. O*C2.tfF I ( AB rA r AB ) +2. O*C5*F I ( AB I B r B ) +8 . 0*62çx¡I ( AB r B I AB ) +8. 0*C3
5rÉFI (ABTABTAB)' FF=FF / lg r 0*p I*P I*ANORM )

PR I NT 55 çFF
55 FORMAT(F10¡6 )

?T CONTINUE
1 I AR?.3=2 ,-Ox( A2 ( Ar A r A I +C ?*^2 I Aç Ar B ) +2 o 0*C1*A 2 ( A rA r AH ) +2.0*C2*42 ( A r B

I rA ) +2.0*c4*A2 ( A r B r B ) +4.0*c?x A2( A r B r AB )+4. 0*C1 *42 ( A I AB r A ) +4. 0*C3*
?.AZl A r Aß r R ) +8 . OxC 2*^2 ( A r AB r AB ì +C 6xA2 ( B r B r B I +C4*42 ( B r R I A ) +2 .0*C 5*
vA2 ( B r B r AB ) +4. O*C q*^2 ( B r AP r A I +4.0x65+A2 ( B r AB r B ) +8 ¡ oxC4*42 ( B I AB I AB )

4+g r o*a?+A 2 ( AR r AB r AB ) +¿+ . 0xC ?* A2( AB r AB r A ) +4. cJ-FC4*42 ( AB I AB c B I I / 9 .0
RADS=1.5*AR23lANORM
RAD=SQRT ( RADS )

PR I NT 201 I RAD
2OI FORMAT(F15.5)

RADM=ABS(RAD-1.70 )

IF(RADM¡GT¡0.005) GO TO 1

ACE= 1.4?1x( A 1 ( A r A rA I +2 . OxC ?* AI( A r A r B I +4. 0*C 1 r+A1 ( A r A I AB ) +C4*A I ( A r B

1 r B ) +4. O*C3*A I ( A r B r AB ) +4.0*C 2xA1, ( A r AB I AB ) +CóxA 1 ( B rB r B ) +2.0*C4l+A I
? lB ¡B r A ) +4 ¡ O*C5*A1 ( B r B r AR ) +C2*Al. ( B I A, A ) +4. 0x'Ca*41 ( B r A r AB ) +4. 0*C4*
?A1 ( B r AB r AB )+8.0*C?*A I ( AB. AB r AB ) +8.0x62+A1 ( AB rAB r A ) +ß.0*C4*Al" ( AB I
4AB r Bl+2. O*C1*A1 ( AB r A r A ) +4.0*C3*41 ( AB. A r B ) +2 .o*Ct*A1 ( AB rB rB ) I

ACF=ACE/Al'IORM
PRINT 2O2t ACE

202 FORMAT(F10¡5 )

40 STOP
FN I)
FUNCTION AI (CrD.E I
AI 1=8.0*C*( C+D ) * ( C+E )

Al2=8.0*D* ( D+E ) * ( D+C )

AI 3=8.0*Ex ( E+C ) * ( F+D )

AI 4=16.0* ( c+D )* ( D+F l'rÉ ( E+C )

AI 5=( ( C+D )* (D+E t* ( F+C I ) **3



c

AI = ( AI 1+AI 2+AI 3+A t4l / At5
RF TURN
ENI)
FUNCTION A1(ClrDlrFl)

A1 1=4.0*( D1+F t ) * ( C1 +D:L+Fl )

AI2=t+.0* ( C1+Dl" ) * ( C1+E1)
A13=( D1+E1 l**3.0* (C1+DIl x+2.0.r+ ( C1+El ) xx2.Ö
A1=(411+41?l /471
RE TUR N

FNtI)
FIJNCT I ON A? I C.? ¡D? qE? I

A2 1.=9 6. ¡x 1 ç2+D 2+8 2- I / I I D?+E ? | xx5 r 0x 1 6 z+F-Z I xx 2 .O* ( C2+D2 ) +*2 . 0 )
A22=96 . 0r+ I C 2_ +Dz+F_ 2 I / ( ( C2+82. I xx5. 0* ( C2+D 2l xx ?- . Ox ( D2+F_2 ) ++2 . 0 )

A21=7 2. 0+ ( 2 ¡ 0*F2+D 2+ C2 | I I t O 2+F.?_ ) **4 . 0x ( C z+li 2" ) **4. 0* ( C ?+D2 I I

A24--24. 0*1 . Ö / I (D2+-F2) xx4 .Q* ( C?-+8.2 I x ( C 2+D2 | +*?. 0 I

A25=24.0 / I lù2+F_21 * lC2+F ? ) xx4. 0x( C2+D2 ) xx3. 0 )

A2 6=24 cOx ( 3 . 0nf)2+3. 0nC ?-+2 t ôxF_2 ) / ( ( D 2 +F ?_ ) * ( F 2+C ? l x ( C.z+D2 ) ) x*3 ¡ 0
A2.= A? 1+A 2 ?+ A2.1+ þ,7 4+ A?5+ A? 6
RF IIJR I!
FN T)

FTJNCTIOÀl FI(ArBrC)
COMMON AO
THE- IJNIVERSAL. FUNCTION FT TS EVAL|.JATED USINC¡ SIMPSONS RULE
N=60
V=0
Vl =O
NM 1 =f\t- 1

NM 2 =Àl- 2
DO 105 I=1rNM1r2
V=V+X(ArB'CrIrAO)
DO 106 I=2rNM2r2
VI=VI+X(ArBrCrI rAQ)
H=0o05
F I = ( H* ( 4. 0*V+2 . 0rÉ\/ I +X ( A I fì r C I I,l I AQ I I t 7 t0 ) *? . I 4 1 59*AxB*C xglg?_
RF TURNI
FNI)
FlJt\!CTION X( CrDrEr I rG )

N=60
AQ= G

AOS=SORT ( AO )

A SQ=C* C

BSO=D*D
CSQ=E*E
M= 20
AI=I
sQr=tAl/M)x(AIlM)
F1=SoI/(SOl+BSQ)xxz
F 2=I.O / I 2.O*SQI *4.0*ASQ-2 .0+CSQ-4.oxAQ / 9.0 ) **2
F3= (4.0*AOS*A I x (2..0*SeI+4.ô+ASe-Z.0xCSe-4.0*Ae /9.01 I / l? o 0*M )

F4= (.SO I +CSO+4. O*AO/9. 0-4. 0xAOS*A I / ( 3. 0*M ) ) / ( SO T +CSQ+4. 0*AQ / g ¡ O

I +4.0*AQ.S*Al / ( 7. 0*M ) )

F5= ( 4.0*SQI+4.ô*A.SO+4 r 0*AO /9.O+8. 0*AOS*AI
1 / I 3¡ 0*M I I / I 4. 0*SO I +4. O*A.SQ+4. 0*AO/9. 0-8 .0*ACJc, x Al / ( 3 . 0*M ) )

F6= ( 4.0*SO I +4. O tfASQ+4. O.'fAQ / 9 . 0 ) *.n2
F7= 18.0*AQS*A I / I ?.OnM ) ).*rê2
F 8= ( SQ I+CSO+4. 0*An/9. O ) *r+2
F9= (4.Q*AQS*AI / ( 7.0*M ) )*+2
Y=SQRT ( FólF7 ) -SORT ( F8 /F9 )

Y=ABS(Y)
IF(Y,1,T.0.04) GO TO 11

4

105

10ó



c
(:

X=F1*F2* ( AL.OC:( F4*F5l /F?+? oô / lF6-F7) +0.5 / (F8-F9 ) )

RE TI.JRN

I 1 H1 SQ=F7*F9
H2=-.SQRT (F 6/F1l
H3=-SQRI lF I /F9 I

XA=-1.O / ( 3 ¡0*( H3+1. 0 ) *#3 )

XB=- l.O / ( 3 r 0* ( H3- 1. Q ) **3 )

DO 51 J=2q16
XJ=J
JM1=J-1
JA? = J+2
XA=XA+( X J / JA?)* ( -1.0 ) x*J* lH7-H3 ) **JMI / lH3+1.0 ) *rÊJA2
XB=XB+ IXJ /JA2 )*( -1. 0 )+*J* (H2-H3 ) n*JMI/ lH7-l.0 )+*JA2

51 COÀrTl!\tLJE
X=F1x tXA-XL1l / 14.0*H1SO )

RE TURT\
END

THF B.EO AND PHOTODI SINTFGRATION COMPUTATIOl\IS
SRIVASTA\/A tS VFt-OcÌTV lìFPFNDFNT cALcUL ATTô¡lS Fô!l B¡E ¡ìÀrITH FXP

1 READ 2¡VOrAMIjrWOrßFTA
2 FORMAT(4F7 cil

IF (\/ô) 40r4or6
6 RFAD 1t ArBrC
7 FORMAT(Fó.4rF5.? çF3. 1 )

IF (A) 1rl.r5
AL]=A+BETA
BLl=B+BFTA
AB I =AR+BET /tr

Al.-O= ( 0.5+A+BFTA ) *tÉ2. 0
BLO=( 0.5*B+BETA ) *x2. 0
AAA=AI ( A rA rALl ) * ( ALO+ 1A*A ) /4 to I

AAAB=-AI (ATATABI )*(At O+oLo+(^)fA+B*B) /4.O ) ,t(-Cl )

AAB=AI(ArArB[-1)*(Bt O+(R+a)/4.0) *C?-

ABA=AI ( A r R I Al- 1 ) * ( 2.0*^ t o+ ( A*^ | /2.O1 +C?

ARAB=-A I ( A rB rARl ) + 12. O* ( A¡ 6+fìLO )+( AxA+t-ìxP,l /?_.Ol * (-C3 )

ABR=Âl (ArprBLl) xl?.0*B[ ô+(Br+R) /?_.0 ) xC4
AABA=-Al (ArABrALl )*(4.OxALO+AnA) *(-Cl )

AABAB=Af (ArARrABl )*(4.0*(At-O+BLO)+(A*A+A*B*R/A) ) +Cz
AABB=-AI ( ATABTBLl )*(4.CrrfBLO+.B*B) *(-C3 )

BBA=AI (BrBrALl)*(ALo+(Ax¡l /t¡¡ol JtC4

BBAB=-AI (RTBTABI )+1¡l-O+qLO+(Ajr^+B*q) /4.0 ) *.(-C5 )

BBB=Al (B.BrBLl)*(BtO+(tr*B) /4,Q ) *C6
BABA=-AI (RrABrAl..1)*(4.0*ALO+A{'A) *( C3rf (-1 .0))
BABAB=AI ( R. AB rABl )* ( 4.0* ( ALO+BLO ) +¡*A+BnR ) *C4
BARB=-AI(arABrBLl_)*(4.n+RLO+B*B) *(-C5)
ABABA=AI (ABTABTALl)*(4.0*At-O+ArrA) xC2
ABABAR=-AI (ABTARTARl )x(4.0*(ALO+nL0)+A*A+B-xR) *(-C?)
ABABF=At ( ABTARTB[].)*(4.0*RLO+ßr+B) *(C4)
AAAl=-41 ( A rArALl ) x(2. O+SORT ( ALO ) +A )

AAABl=¡\1(ArArABl)*2.0*(SCJRT(ALO)+SORT(Bt,O)+AB) *(-C1)
AABl=-A1 ( A r A rBLl ) x 12. o'ttSORT ( RLO l+R ) xC.2

ABAl=-41 (ArB'AL1 ) x(4.0+SORT(ALO)+2.ô*A) xcz
ABABl=41(AIBIABl)*4OO*(SORT(ALO'+SQRT(BLO)+AR) *(-C3)
ABBt=-A1(ArBrBl.-1)+(4.O*SQRT(RLO)+2.0*B) +C4
AABAl=41 (A r AB rAl t )* ( 8.O*.SORT ( ALO )+4.0*A ) + ( -C1 )

SC



300

?I

AABAFl=-A1(ArAB.ABl)*8.0rÊ(SORT(ALO)+SQRT(BL0)+AB) xÇ.2
AABBI,=41 (¡1rABrBL1 )*(8.O*SQRT(Bt-O)+4.0*B) *(-C3)
BBAl=-41(BrBrALl) xl2.O|SQRT(ALO)+Al ìtC4
BBABl=41(BrBrABt)x2.O)+(SORT(ALO)+SORT(BLO)+AB) *(-C5)
BBBL=-41( RrB rBLl ) x12.0*SQRT ( BLO )+B ) ,tCó
BABAI=41(B.ABrALl)*(8.0*SQRT(ALO)+4.oìfA) *(-C3t
BABABl=-A1(BrAB.Ael)+8.0*(SQRl(ALOt+SQRT(BLO)+AB) ìrC4
BABBl=41 ( B rAB rBLl )+ ( 8.0*.SORT (BLo )+4.0x8 ) # (-C5 )

ABABAlÈ-41(ABTABTALI)+13.0x,SQRT(At.O)+4.0xAl *C2
ABABABI=A1 (ABTABTABI )*8.0rÉ( SORT(ALO)+SeRT(Bt_O)+^B ) r+(-C3 )

ABABBl=-Al ( AB rAB rBl.1 )++ ( 8.0*SORT ( P,LO ) +4.0*R ) *C4
VVE L =AAA+A AAB+A A f:ì+A BA+ARA R+ABR+AAB A +AAB Â B+AA R R+R F A+RR AB

I +BBB+BABA+BARAB+ABAR A+A RABA R+ABAÊR+B ARB

2+ AAAl +.4 AAn 1+AAB:l +ARA 1+A FtAB I +^BBl +A ARA'l +A AF/1n1 +ÀAPR I +a a 
^1+RRÂR1 

+
?BBB ] +BABA'I +F ABAB 1 +RA RP'I +AR A BA 1 +ABAB AR'I +A R AqII 1

VVHL=VVHL/ANORM
VV EL =-VVE L*!^,O
vsAR I 2=-VOx ( A4 ( AL rA o A | +?-.OxC?*44 ( AL, A r B ) +4. 0xC1 *44 ( AL r A r AB ) +C4*

1A4 ( AL rB , B ) +4.0nc AxA4 ( AL . B I AB ) +4 , axç2"JÊ44 ( AL I AB I AB ) +C 2*44 ( BE r A I A )
2+2 c 0*c4*A¿+ ( BE ¡ A r B ) +4.0xC ?* A4 (88 r A r AR ) +C6xA4 ( BE rB rR )+4.0xç5x44 135 ,
3B r AB ) +4. OxC4*44 ( BF I AR r AR ) +2. 0*C I +44 ( ABG r A r A ) +4. o*C3rÊ44 ( ARG r ¡\ I B )

4+8.0x62x¡4 ( ABG r A I B ) +2. 0lfC5+. Ãt+( ABG r B ¡ R ) +8. 0xC4*44 ( ABC r R r A.B ) +8 r 0*
5C3*44(ABGTABTAB) )

VSAR I 2=VS AR I 2 /A NOcr'¡
VSAR12=VSAR12/4!t41
WOOO=l¡,O*(AI(ALl.ArAl+2.0*C2*AI(ALlrArB)+4.0*C1.t+AT(ALlrArAB)+4.0*

1 C3*Al ( AL 1 r B r AB ) +C4*A I ( At. I r B r B ) +4. 0*C 2xAl IAL 1 r AB r AB ) +C 2rfA I ( BL I r Â r

2Al +2.0*C4*A I ( BL1 I ArB ) *4.0*C3*A I ( BL 1 rA rAB ) +4. 0*C5*A I ( BL I r ß rAB ) +C6*
3A I ( BLI rB r B ) *4.0*C4*A I ( BLI rAB I AB ) + 2.tOxC.l*AI ( AB l rA r A ) +4.Q*Cz*A 1 ( AB 1 r
4A r B ) +9. 0*c ?-x Al ( AB 1 r A r AB ) +8 . O*C4*A I ( ABl r B I AB | +2. 0xC5rçA I ( AB I I B r ß t
5+8 o0*C3*AI ( ABI rAB rAB ) )

l{ ooO =ldOOO / A ÀlOR M

hIOOO=1.¡IOOO / 4l t47
A=A/2.O
B=B/2.O
AKE=T ( A c A r A, A r A, A ) +3. 0*C2*T ( A rA I B r A ¡A rB )+3. 0*C4*T ( A rB r B r A.B rB )

1+C6*T ( B r B r B ¡ B r R r B ) +6. C)*C 1 *T ( A r A r A r A r A rB ) +1 2.0*C 2.*T I Ar A r A r A r B r R )

2+8.0*C?xT ( A r A r A . B r B r B I +I2.rì*C3*T ( A r B r A r A r B r R ) +6. 0*C 5*T ( B r R r B r B. B r
?A ) +I? .O*î 1+*T ( fì rB rR rB r A r A )

AKE=AKE /ANORM
PRINT TrArBrC
PR I NT300 r VO r AMU r VSTAT r VVFL r AKE I I^/O r BETA
FORMAT ( F7 .3 tF 6. 2 ¡F9.3 ¡F15 o3 r F1 I ¡ 3 rF 9 ¡? sF1 .2 I

PRINT 31rVSARl2rl{OO0
FORMAT(F9.4tF12.4l

THE FXPECTATION VALUES OF THE POTENTIAL OPERATORS IN THE
TRITON ARE GIVEN BY 3 TIMES lHE FFFECTIVF VAI.I"JFS

c
c

c
c

THE
ARF

VSTATIC AND VVFL CONTRIBUTIONS TO THE INTEGRATED CROSS-SECTION
THEIR EFFECTlVF VAI.IJFS

GOTO6
FUNCTION T ( AOTBCJ¡CO rDO rEO rFO )

AOO=AÔ+DO
BOO=BO+EO
cooEco+Fo



C.

T 1=4I.47x ( AOrÉDO+BO*EO+CO*Fôl *A I ( AOn rROO rCOO I

f 2=I0.37* ( BO*FO+CO*F:o ) *AJ ( BOo rCOOr Aoo )

T3= 1 O. 37* ( COr+DO+AO*FO I *AJ ( COO rAOO I BOO )

T4=1 0.37* ( AO*EO+BOIDO ) *AJ ( AOO r BOO r COO )
T=T1+f2+î7+'14
R E TT'R NI

END
FTJNCTION AJ( BltB2 'R3 

)

TJl = 16.0+ ( B1r+81 *Rl +B ?+A?xBz ) +B?rFR3
T J2=1 6 . 0* ( B1 +B 1+B 2ttB 2 ) * ( 4. o+R3*'R ?+83 +R 1 *B 2+87 I
TJ3 = 1ó . O* ( B1+B 2 I x I 4. O+F3*B?*83+B 7+1 .0+R lxR2*R 3*83 )

T J4 = R ? *B ? *B 3 nB ?xA?+3. 0.*B I JtB'ì +B ? *a ? x- B 3 +1 0 . 0+ R I xP 2#R 3 *B ? *B 3
TJ4=TJ4*16r0
TJ5=( B1+B? I *x1.0*( R2+Fl3 ) **4. o+ ( B3+Bl )**4.0
AJ= ( TJl+T J2+T J?+T J4l /T J5
RF TtJR N

END

ROSAT I ' S VEL. DEPT. CALCI't.AT TONS
PRoGRAM ROSAT I ( I NPTJT rotlTPtJT )

I READ 2 rVOrAMI,Jrì¡IOTBETA
2 FORMAT I4F1.7I

tF (VO) 40r40r6
ó RFAD ll ArBrC
7 FORMAf (F6.4tF5.?sF3.l )

PRINT T.ArBrC
IF (A) lrlrF

5 AB=[+B
ABl=AF+BETA
A=A+A
ALl =A+BETA
B= F+R
RLl=B+BETA
C=-C
C 1=C
C2=CxC
(3=CZxC.
(z¡= ( ?+ C

C 5=C4*C
ç6r=(l*C
ANORM=Al ( A I A rA ) +3. 0*C ?x AT ( A r A I B ) +6. O*C1*AI ( A rA r AB ) +3. 0*C4*A I ( B I B' A

1 l +có*A I ( B r B, R ) +6. 0+C5*A r ( B r B r AB ) +1 2. 0*C 2x 
^1 

I AB r AR r A ) +1 2. O*C-4*A I (

2AB rAF rB )+8.0*C3*AT ( ARrAR rAB l+12..0*C?*AI ( ATBTAB )

AAI = ( A/ 2 oo-B /2.O | **2"
AAIÌ=lA/2.0+B/?.Ol
X=-C1*AAI
vRosl,=hto*(xr(AI ( A;ArABl ) +2..ñxx*C2rÊAI (ArBrABl )+4.0*C1+X*AI (ArABrABl l

1*4.0x¡x¡-i*AÌ ( B r AB rABl ) +C4*X*A I ( B r B r ABl ) +4. 0*X*C2*A I ( AB r AB r ABl )

2+A*Al (ArArAl-1)+2.01+Ar+C2*41 ( ÂrBrAL 1)+4,0*A*C:l *Al (ArArrALl )+4.0lFA*
3C.3#Al(BrAPrALl)+AttC4*41(P,rBrALl)*4.0*A*C2*41(ABoABTALI)+2.0*AAII
4*C1*A1(ArArARll+4oô.t(43*AAII*^1(ArRrAR'ì)+4¡0*AAll*C2rêAl(ArABrAfll)
5+4.0*AAI I *C4x.A1 ( B I AB I AB 1 l+7. O*AAI I *C5nA1 ( B I B rABl ) 49.0*AA I I*C3*
6A1 ( AB r AB r ABI ) +BxC? *.A1 ( A r A, FL1 )+2.0*B*C4j+A 1 ( A rB rBL 1 ) +4.0*B*C3*Á,1 (

7A r AB rBLl ) 41¡. fl*f,*f 5+41 ( p rAB rBLl )+B*CórÊ41( B r P, rBLl )+4.0*R*C4*A1( A

BBTABTBLI ) )

VROSl=VROS 1 /ANORNI
VROS2=1,rlO*(X*AI(ArALlrAF)+X+C?+A\(ArBLlrAR)+2.O;tx*C1*AI(ArABlrAB)



c
c
c

I +X*C2*AI ( Fì r AL1 r AF ) +XxC4*¡ I ( R rBLl .AB ) +2. 0*X*C?*Â1 (B rARl rAR )

2+2,0*X*Cl xA I ( AB. AL 1 r AB ) +2 . î'*X*C3 *'A I ( AB' BL I r A-q ) +4. OnX *C2*A I ( Aß r

3ABl r AF ) +A*A1 ( A r AL 1 I A ) +¡+ C2x A1 ( A I RL 1 r A ) +2 ö O*^,*C'1 *A 1 ( A r Aql r A ) +AxC2
4*A1(B rALl rA ).+A*C4r+41( B rÊL Iq Al+2.0+¡x6jxA1( B rABl. I Al+? ¡0*A*CIrf A1(
5ABrALlrAl+2o0*C3*AltA1(ABrBLLrA)+¿+.0*A*C2*41(ABrABlrÂ)+2.0+C1*AAII*
ó41 ( A r AL I r AB ) +2.OxCa*AA I I *A 1 ( A r BL 1 r AB ) +4 ¡ 0*C2 eÊAA I I *A 1 ( A r AB t . AB )

1+2,0*C3*AAII+A1(B¡ALlrAR)+2.0*c5*AAIIJ+41(BrBLl.'AB)+4.6x1-4t+AAII'lt
8A1 ( B I ABl I AB ) +4. O*' ?X AA] I*A 1 ( AB I AL1 I AB )+4' O{'C4*AAT I*41 ( AB rRLI I AP I

9*8. 0+C3*AAI I*A 1 ( AB eAF I r AB ) +B*C2x Al( Àr ALI I B ) +B*C4*Al ( A rBL I r B ) )

VROS6=Wô+l?-.O*C3'nB*A1(ArABlrB)+B*C4+41(BrAL-1'B)+B*C6*Al"(BrBLlrB)
I+2.0*R*C5r+41(BrARl rB)+?.O*AxC1Jf A1(ARrALl rB)+2.oxRxC5xA1(AÊrBLl rc)
?+4.0*B.l+C4*A:1. ( AB r ABI I F ) )

VROS2=VROS 2+VROSó
VRôS2=VR qS? / ANnRM
VROS3=h,O*BETA* ( AI ( A r A r AL 7 I +2. 0*C 1*A I ( A. A r AB I ¡ +C 2x Al ( A . A t BL 1 )

1+2.0*C2*A1 ( A r B : AL 1 ) +6 1*t+ eoâf A1 ( A I R r ARI ) +2,ÖxC4r(41 ( A r B rBLl )

? +4.O*C1 *A I ( A I AB r AL I ) +8 . 0*C 2* Al ( A rAB r ABI ) +/+. 0*C3*/l 1 ( A r AB I RL 1 )

3+C4*41 ( B r B r ALI ) +C5x2o O*A I ( F I B r ABI ) +C6*A I ( B r B r BLl ) +4¿ 0*C3*A1 ( B r

4ABrAL-1)+g.o*r4*41(B.ABrAFl )+4r0*C5*^1"(BrABrBLl.)+4¡0*C2*41(ARTAFTAL
5 I ) +g.O*C3*A1 ( AB r AB r ABI ) +4 rô*C4*41 ( AB r AB rBL 1 ) )

VROS4=-Ì¡/Oì+BETA*BETA*0.5*(Al(ALlrArlt,l+2.0*62*Al(ALlrArB)+4o0r(C1*
lAI (ALlrArAB)+4.oxC3rfAt (ALlrBrAB)+C4*AI(ALlrBrB)+4.0*C2*AI (ALlrAP'r
2AB ) +C 2xAl ( BLl r A r A )+2. O*C4*A I ( BL1 , A r B )+4 ,oxC?*A I (RL 1 r A r AB ) +4.0*C5'r
3A I ( BL1 rB r AB ) +C6*A I ( BL l. rB rB )+4.0*C4*A I ( BL L r AB r AB l+2.O*C1*A I ( ABI .A I
4Al +4.0*C3*AI ( ARl r A ¡R )+8. O*C2xA I ( ABl I A rAB ) +8.0*C4*A I ( AB I r B r AB )

6+2.0*c5*AI ( ABIrB rB )+e.0*C3*AI ( ABl rAR rAB ) )

VROS3 =VROS 3+VROS4
VRoSS=VRO.S3 /ANORM
PRI NT 25O,VROS1'VROS2TVROST

25O FORIVIAT ( F I .3 ¡2F 72 t?l
VROS=VROS 1+VRO.S3+0. 5*VROSz
PRINf 25I. VROS

25I FORMAT(F10.6 I

THE VELOCITY DEPENDHNT CONTRIBUTION IO THE B.F. OF THE lRITON
LJSING ROSATI S INTFRPRETATION OF P IS 3 TIMES THE AVTRREE OF THE
VALUFS OF VROS

GOTO6
40 STOP

E ¡ID



c CALCULATIONS t^,ITH THE FXÞONF¡,lTIAL Ft,NcTION ( 3l IN cHAPTER 5
PROGRAM TRION ( I NPtJTTôtJTPtJT )

DIMFNSlON FF(8 ) rO(8) roS(8 I

READ 1 rA
FORMAT(F6.4I
B=0r7
AB = A+B
C=1r0
A= A+A
B=B+B
C=-C
C1 =C
C2=C1*C
C3=C.2xC
C4=C3xC

C 5 =C4*C
C6=C5*C
ANORM=Al ( A r A rA ) +3.0*C2* Al ( A r A rB ) +6 ¡ 0*C1++A I ( A rA rAB ) +3. 0*C4*A I ( B rB r A

I ) +C6*AI ( B. B r B ) +6 o 0*C5*A I ( B r B r AB ) +I2. 0*C2*A I ( AB r AR r A ) +12. 0+C4ltA t (

2 AB tAB r B ) +q. 0*C3+A I ( AP r AB r AB ) +12. 0xçj*AI ( A r B r AB )

AR23= 2.Ox ( A2 ( A r A rA | +C ?*A? | A r A r B I +2.O*C1+A 2 ( A ¡A r AR I +2 .gxç2-*42 ( A r R
I r A ) +2 .0*C4xAZ ( A r B r B ) +4.0+C V* A2 ( A ' B r AB ) +4.0*C1 *A2 ( A r AB r A ) +4.0*C3*
2AZIATABTB)+8.0rÊC?*A?-(ATAPTAB)+C6r+42(BrBrB)+Ç.4*A2(BrBrA)+2.0+C5x'
? A2 ( B r R r AB ) +4. 0*C ?x 

^2( 
B r An r A ) +4. 0xC 5 xA2( B r AB r B ) +B . 0x64x42 ( B r A.B r AB I

4*8.0+rc3*A ? ( Afl r AB r AP, ) +4.0*c 2xA2 ( AB r AB r A ) +4.0x6 4xAZ ( AB r AB rB I ) /9.0
RADS=1.5*4R23/ANORM
IF(RADSoLT¡0.0) GO TO 5I
RAD=SQRT ( RADS }

PRINT 201rRAt)
FORMAT(F15.5 )

RADM=ABS(RAD-1.70 )

IF(RADM.GT¡0.005) cO TO 51
DO 27 I=1r8
TI=I
OS(l)=SQRTlTll/1.

I
61

7

5

1l

20L

99
2T
51

lF 12.0*os ( I
TF 12. O*QS ( I
LF 12.0*OS ( I
rF(2.0*Q.S(I
lFl2.0*os(I
lFl2.0*Qs(I
lF(2.0nQS(I

)*os( I )+AxA+A*A-2.0*B*8.FQ.0.0000) GO TO 51
ì*os(
) *o.s (

)*QS(
}*GS(
)*os(
).nQS (

I )+AFnAB+AB*AB-2.0*B*8.8O.0.000) CO T0 51
t )+A*A+AxA-2.0*AB*A8.FQ.0.000 ) GO TO 51
I )+A*A+B*B-2.0*BìêB¡Fe.0.000¡ GO fO 51
I l+A*A+R*B-2.0*AB*AB.EQ.0¡000 ) G0 TO 51
I )+A*A+ABrÊAR-2.0xAgxABoËQ.0.000 ) GO TO 51
I )+B*B+A*A-2.0*B*8.8Q.0.000 ) GO TO 5 1
I l+an*AÞ+A*A-2o0xgxB¡8e.0.000 ) G0 TO 5I
I )+AB*AB+B*B-2o0xBxB¡FQ¡0¡000) G0 TO 51

tFl2.0*os(I)*os(
lF(2.0*QS(I)*OS(
FF( I l=FI (A.Arr\rQS( 1) l+c2*FI (ArA¡BrQS( I ll+?-.0*c1*FI (ArArABreS( I ) I

L+2.0*C2*FI (ArBrArO.S( I I l+2.0*C4tçFI (ArB rBrOS( I ) )+4r0*C3*Fl (ArBrABr
2as ( t ) ) ++.0*Cl*FI ( AtAB rA reS ( I I ) ++.0*c3*FI ( A r AB ¡B reS ( I ) )+9. 0*C2
3*FI (ATABTABTOS( I ) )+C6*FI (BrBrBrOS( I I )+C J+FI (BrBrArQSllll+2.0*C5*
4FI (BTBTABTOS( I ) )+4.0*C3*FI (RrABrArO.S(I ) )+4.0*C5*FI (BTARTBTOS( I ))
5+8.0*C4*FI (BTABTABTQS( I I )+9.ÖrÊCa*Ft (ABrABrABro.S( I ))+4.0*C2r(FI (

6ABTABTATOS( l t )+4¡0*C4*FI (ABrABrBr0S( I ) )

FF(I)=FF(I)/ANORM
PRINT 99rFF( I )

FoRfr4AT(F10.6)
CONlTNIJE
B=B /2..O
AæA/2.O
B=B+0.O2â
IF(B.LE¡?.00) GO TO 7
¡= [+0.0054l



c

IF(A.LE¡0.29) GO T0 61
40 STOP

ENT)

FUNCTION AI(ArBrC)
AI =2 .O / I lA+B )*( B+Cl rf ( C+A I )

RE TURN
END
FUNCTION A2lArBrC)
A2=2. 0* ( -2 r 0*1 . 0 / ( C** z+R*C+A|êC+A*B | *+2+2 o 0x ( 2 . o*C+A+B ) **2 / I C*e+B

1*C+A*C+A*B ) x*31 / ( A+B I

RE TURN
END
FtJ¡ICTION FI ( ArB'C rD)
IF(A.EO.Bl I¡2

I OAl=1.571
OBlE1.571
GOTOS

2 AAl=ATAN(D*(4.0*D*D+A*A+?.0*BnB) /(Br+(A*A-B+B ) ) l
QB1=ATAN ( D*( 4.Ol+D*D+3 Ò0*A*A+BxBl / (Ax1 ¡x¡-B*B ) ) )

3 IF ( D*D+A*A-C*C.EO.0.OO0 I 4ç5
4 QA2=1.571

QA3=1.571
GOTN6

5 OA2=AIAN(D*(D+D+A*A+CxC,l / (A*(D*D+AxA-C*C) I t
QA3=ATAN ( 2. o*D*C/ ( D*D+A*A-C+C ) )

6 IF( DlÊD+B*B-CJtC.EQ.0.000 )7 rB
7 0B 2=7.51I

OB3=7.57I
GOTO9

I oB2=ATAN ( D*(D*D+B'r+B+C*C) Z ( e*(D+D+B*B-C*C) ) )

OB3=ATAN ( 2.0*DrÉC/ (D*D+F*B-a*C ) I

9 F I = ( OAl+QA 2+OB2-OB 1-OB3-AA3 ) / ( f)* ( 2. 0{fD*D+A+A+BrÉB -2.Or+C*C ) )

RETURNI
END

THE BINDTNG ENERGY IS EVALI'ATED I'SING ROSATI S INTERPRETATION OF P

PRoGR AM TR I BE ( I NPt,T r OtJTPtJT )

I READ 1r A¡BrC
3 AB=A+B

C=1.0
A= A+A
B=B+B
C=-C
C1=C
C 2=C lxC
C?=C2+C
C4= C3*C

C5=C4*C
C6=C 5xC

5 ANORM=AI(ArÂrA)+3.0*C2xAl (ArA¡Bt+6.ô*ClJs/\I(ArArÂBl+?¡0+C4*AI(BrtrrA
1 ) +C6*A I ( B r B rB ) +6. O*C5*AI ( B r Br AB ) +12. 0*C2* Al ( AB I AB I A ) +1 2. 0*C4*A I (

2AB r AB r B I +8 . or+C3*A I ( AB r AB r AB I + I 2, 0xç.7*A I ( A r B r AB )

ACE=L o4?7*( A1( A.A tAl +2.0*C?_*^l ( A rA rB )+4.0*1-1*AÌ ( A.A rAB l+64*¡1 (A. B

1 I B ) +4.0*C3*A1 ( A r B rAB ) +4.0+C7xAI ( A rAB r AB )+C6*41 ( B rR ¡ R )+2. 0*C4*41
2 (B tB r A ) *4. 0*C5*41 ( B. B e AB ) +C 2.t(A I ( B r A r A ) +4. 0xC3*41 ( B r A r AB ) +4. 0*C4*
3A1 ( B T AB T AB )+B.O*C3*A:t ( AF T AB T AB ) +8. 0*C 2x A7 ( AB TAB TA ) +8 ¡ oxC4xA1 ( AF r
4AR r Bl +2. O*C1*A1 ( AF r A r A ) +4.rì*C3t+41 ( AB r Ar B ) +2. 0*C5*41 ( AF rB rB ) I



ACF= ACF-/ 
^t\ôRMPRINT 2O2¡ ACE

2O2 FORIVIAT(F10r5)
VO=0.5* ( I . 0+1 .521 x l.00r 0
AM U= | .25
A L = A+AMtJ
BE= B+AM[J
ABG=AB+AMt I

VSTAT=-VO*( AI ( AL rArA ) +2.0xC2åÉA I ( AL rA cB )+4r 0*6I*AI (At- rArAB ) +4¡ O*
1 C3*A Ì ( AL r B r AB ) +C4*A I ( AL. r B r B ) +1r.0*'C2*A I ( AL r AB r AB ) +C2xA I ( BE r A r A )

2+2,0*C4*A I ( BE r A o B ) +4. Ö*C ?xA I ( BF ¡ A I AB ) +4. 0+C 5r+A T ( BE r R r AB ) +C6*A I (

3FE r B I R ) +4 o 0nC4*A I ( BE r AB r AR ) +2. 0*C1*A f ( ABG I A r A ) +4. 0*C3*A I ( ABG r A I B )

/4+B ¡ 0t+C2.r+A I ( ABG r A r AB I +8. 0xC4nA I ( ABG r R r AB ) +2. 0xc5*A I ( ABG rB r B )

5*8.0J+C3*AI ( ABGTAB rAB ) )

VSTAT=VSTAT /ANORM
VSTAT=3.0*VSTAT
WO=82.94/2¿O
BBE=2.80

39 AU=A+BBE
BTJ=B+BBE
AB lJ = AB+BB E
AE = AtJ

ABEc ABU
BE =BtJ
hl1= ( ( A-B ) **2 / 4o 0 ) * ( A I ( ARtJ I A r A ) +A I ( ABtl rB I B | +4 ¡ 0*A I ( ABLJ r AB r AB )

I+2.0nAI ( ABtJTATB )-4.0*AI (ÂBtlrArAB )-4.OJ+AI ( ARtJTBTAB ) )

W1=l¡11+Ar+(41(AttçAçAT+Al (ALlrRrR)+4.0J+^1(AtJTABTAB)+2.0*41(AtJrArB)
1 -4.0*A1 ( Atl ç ArAB ) -4.0{'Al ( AtJr BrAB ) )

hll=l¡11 +B* ( Al ( BtJ r A rA ) +A:t ( Bl.J r Rç R ) +4.0ìr^ I ( t3U r AB r AB ) +2.0*A 1 ( BtJ rA r B )

1-4. 0+Al ( BtjrArAR)-4.0*41 ( RUTRTAB ) )

trl I =þrl-2. oxAB+ ( AL ( ABU r Â, r A )+A'l ( ABtJ, R r B l+4.0*A I ( ARtJ r AB. Â A) +2.0x¡ 1 1 4
IBU r A r B ) -4.0*Al ( ABt, r A r AF )-4.0x41 ( ABI.J r B r AB ) I

W I = l¡ll +0.5* ( A 5 ( AU r A r A ) +45 ( AtJ r B I B ) +4. Ot+A5 ( AtJ r AB r AB ) +2 . 0*45 ( AIJ , A I F )

1-4.O*45( ALI çArAB ) -4r0r+45 ( Al.JrBrAB I )

\¡l 1 =W1- ( A5 ( ABIJ r A ' A ) +A 5 ( ABt.J r B r B ) +4.0*45 ( ABI.J r AB r AB ) +2. Cl*AB ( ABU . A r B )

7-4.0*45 ( ABU rArAB ) -4. 0*45 ( ABtJTB rAB ) )

Itll=l¡11+0.5*(45(BUrArA)+45(Bt,rRrB)+4.ô*45(i3UrABrAB)+2¡0*45(BtJ'ÀrB)
I-4.0r(A5 ( BtJr ArAB ) -4.0J+A5 ( BUTBTAB ) )

W 2= I ( A-B I XXz / 4. O ) T+ ( A I ( AR I AIJ I A ) +A I ( AB I BIJ r R } +4' OJ+A T ( AB I ABIJ I AB )

!+2.0*A I ( AB ' AtJ r B ) -4.0x4 I ( AB r ALJ r AB ) -4. 0*A I ( AB r Btlr AB ) )

1,r,2=1,¡12+A+(41(A¡Al.JrA)+Al (ArBllrR)+4.0+êÂ1(ATABUTAB)+2.0JÊ41(ArAUrB)
.l -4o OxA1 ( Ar Al.JrAB )-4.0*A:l ( A rRtJtAB ) )

t{/=!{1+$r+ ( A 1 ( B r AU r A ) +A 1 ( B r Br-l r B ) +4.0+41 ( 3 I ABU r AB ) +2.0*A I (.B r AÌJ r B )

I -4.0*Al (B r AUrAB )-4.0*4,1 ( BTFtJTAB ) )

w?_=w?-?. 0*AB* ( A 1 ( AB r Al t r A ) +A l ( AB r RU r S ) +4. oxA 1 ( AB r ABll r AB ) +2 .0*A1 ( A
l B o AU r R ) -4. 01+Al ( AB TAU T AF ) -4. 0*AI ( AB r BU rAB I )

92. =l¡2+O.5 * ( A 5 ( A c AtJ r A ) +¡ 5 ( A r BIJ r B ) +4. ô*A5 ( A r AB l.J I AB t +2 o 0*45 ( A r AU r R )

I-4.OxA5( ATAUTAB )-4.0ìsA5 ( ATRIJTAB ) )

WZ=Vt?-- ( A5 ( AR r AtJ r A )+A 5 ( AF ' Btlr B ) +4. O*A 5 ( AB r ABU r AB ) +2.0*45 (AB I AtJ r B )
1-4. 0*45 ( AB r AtJ rAB ) -4.0*45 ( ABrRU rAB ) )

W2=W?+0.5* ( A5 ( B r AU r A ) +R¡ ( B r BtJ rB l+4 ¡ o*A5 ( tl r ABt.lr AB l+2.0x45 ( B r AU r F I

1-4.0+É45( B' AIJTAB )-4.0x45 ( B rBtJrAB ) )

WD=AI ( AE rArA)+2.0*C2*AI ( AE IArB I+4.OXC1*AI ( AF IArAB )+4.9X
1C3*A I ( AE r R I AB l +C4*A I ( AF r p, r B I +4.4*Cz*A I ( AE I AB rAB I +C2*A I ( BE rA r A )

2+2.0+C4*A I ( BE r A, B ) +4. 0*C3*A I ( BE r A r AB l+4.0*C5*A r ( BE r B r AB ) +CA*A I (

3BE r B r B I +4. or+C4*A t ( PE r AB r AB ) +2. 0*C 1*A I ( ABE r A r A ) +4. 0*C3*A I ( ABF r A r B I
4+8. 0*C2nA I ( ÂBE rA I AB I +8. 0*C4*A I ( ABE r R r AB )+2. 0*C5*A I ( ABF rB r B )
5+8o 0*C3*AI ( ABE rAB rAB )

lds=41 ( AE r A I A t+?.ôxC?rÉAl ( AF I A 
' 

B ) +4.0x61.n41 ( AE rA rÂB ) +C4xA1 ( AF I R rß )

1+4.0*C3*A1(AErB'ABl+4.O*C2*A1(AEcABTAB)+C6*41(BErBtBl+?-.0*C4+41(BF



c
c

? ç? :A ) +4 o 0+C5.rÉAl ( BF r B r AB ) +C2*A1 ( RE rA r A ) +4. 0xCa*Al ( BF rA r AB )

3*4.0xC4*41 ( BE rAB r AF ) +8.0*C?*Al ( ABE r AB rAB t +8. 0*c2*Al ( ABE r AB r A ) +8 ¡ 0*
4C4*Al ( ABË I AB rB ) +2. 0*C1 *At ( ARF rA r A ) +4. 0*C?*A 1 ( ABE I A r B )+2. 0*C5*A1 (

5ABF rB rB )

Itr 1 = l¡l l* blfl*3 r Ô / ANO RM

VlZ--t¡!?-x I ¡ 5*l¡/O/ANORM
WD= 1 . 5 *l^,O*BB E*BB E*l^lD / ANORM
tdS = -3 . O* h/O* B B Ex 145 /A NOR M

VVE L =1,r/l +W2 -WD-l¡,S
AKF= ( ( A-B I XX2 1 4.0 ) * ( A I ( AB I A I A ) +A I ( AB IB I B I +4. O*A I ( AB I AB I AB )

I+2.0*AI ( AB r A r B I -4. 0*A I ( AF r Ar AB ) -4. 0*A I ( AB r R r AB ) )

AKF=AKE+A*( A1 ( A rA rA ) +41 ( A rBr ß ) +4.0*Al ( A rAB r AB I +2.0x¡1 ( A rA rB )

1-4.0*Al ( A rA rAB) -4.o*41 (,4 ¡B tÀR ) )

AKF=AKF+B* ( A1 ( B rA rA ) +Al ( R rBr B ) +4.0*Al ( P rABr A3 I +2.0+Al ( B rA rR )

l-4.0*Al ( B rArABl -4.0*A1 (B rB rAB) )

AKE=ÂKE-2 . 0*ABrÉ ( A1 ( AF rA r A ) +¡1 ( AB rB r R I +4.0*A 1 ( AR rAB o AB ) +2. 0rÊAl ( A
1B rA rB )-4¡0*41 (AB rArAB )-4.0*Al ( AR rB rAB ) )

AKF=AKE+0. 5* ( A5 ( A rA' A ) +AE ( Ar B rB ) +4¡ ô*A5 ( A r AB rABl +2¡O*45 ( A rA rB )

1-4. 0x-45 ( A r A rAB ) -4.0*45 ( A'B r AB ) )

AK.E=AKF- ( A5 ( AB r ÂrÂ ) +45 ( AB, ß r B ) +4. 0*AC ( AB ¡ AP ¡ AB ) +2 . 0*45 ( AB rA r B )

7-t+c 0*45 ( AFt rA rAB ) -lt 0*45 ( AÊ rtrtAB ) )

AKF=AKF+0. 5* ( A5 ( B eA r A ) +45 ( Br R rB ) +4r 1r+45 ( Br AB rAB ) +2 ¡0*45 ( B rA f B )

1-4¡ O*45 ( B r A rAR ) -/+.0*45 ( B rB rAB ) )

AKE=AKE*1.5*4I.4.1
AKE=AKE/ANORM
BE =AKF +VST AT

PR Ì NT 41 r \/.STAT.trll I l¡12 ¡ltrD r ltr.S
41 FORMAT(5F14¡ó)

PR I NT 4?- tBE r VVFL
42 FORMA1l2F20,6l

l¡lO=t{O*0o415
BBF=2.0
t F ( l¡lO. LT ¡ 10.0 ) GO TO 40
Go To 39

THE BINDING ENFRGY IS GIVEN BY THE .SUM OF BE AND lHE TI^,O VALUES OF
VVE L

40

.?1

5

STOP
END
FUNCTION A1(ArBrC)
IF ( B-C.EQ.0¡ o00 ) GO TO 31
AI=-2.0*( ALOG(A+C,-ALOG(A+Bl I / I lR+C )*(B-C I I
RE TURN
AI=?.O/1(B+C)*(A+B) )

RF TTJRÀI

FND
FUNCTION A5(ArBrC)
IF(B-C.EO.0¡0oô) GO TO 5
A5=2.0rÉ( (C+A)rÊALOG(C+4 )-(B+A)*ALOG( B+A I I / ( lB+C)*(B-C ) )

RE TURN
A5=-2.0*ALOG ( A+R ) / ( R+C )

RF TURN
END

THE PHOTODISINTEGRATTON CRO.SS-.SECTIôN
PROGRAM SIGIN( I NPTJT TOI-ITPUT )

C



c
c

1 RFAD 1r ArBrC
? AB=A+B

C=1¡0
A= A+A
B= B+R
C=-C
C1=C
C2=C1*C
C7=C ?xC.
C4=C.3xC

C.5=C 4xC.
C É; =C q*C

5 ANORM=AI ( A¡A rA ) +3.0*C2*AI ( Ar A t R ) +6¡ 0*C1*AI ( A rA;AB ) +a. 0*C4*AI ( B rB rA
1 ) +C6xAl ( R r F r B ) +6 r 0x65*A I ( B r B I AB ) +12.0*C 2xAI ( AB rAB rA )'r'12.OxC¿+xA I (

2 AB r AF I B ) +8. 0*C3*A I ( AB I AB r A P, ) + 12 . Oxç1 r+A I ( A r B r AB )

VO= I 52 ¡O
AMU=I.25

?7 AL=A+AMtJ
BE=B+AMLJ iABG=AB+AMIJ :

vsAR 12=-VOn ( A2 ( AL r A r A | +2.QxC.?*42 ( AL r A r B ) +4.0*C1*42 ( Al,- r A r AB ) +C4x
1 A2 (AL r B r B ) +4. OrfC 1x 

^2 
( AL I R r AB ) +4. o*C ? * 

^2( 
AL I An I AB ) +C 2 * 

^2 
( FtE I A r A I

2*2.0r+C4*42(BFrArR)+4.0JÉC3*A2(BETATAB)+C6xA2(BErBrRl+4.0*C5*42(ÊËr
3BrAB)+4.0.'rC4+42(RFTARTAP.)+2..OxC.l*42(ABGr¡1rA)+4.0ttc3*42(AnG rArB)
4 + g o O x C 2x A2. ( A B G I A I B ) + ? . O x C 5 ¡( A ? I AB G r R I F¡ ) + I . 0 x C 4 rf A 2 ( /\ 3 G r Fl r A B ) + I r 0 *
qc?*42 ( ARG r An rAB ) !

VSAR il 2=[SAR'ì 2 /AttlOP¡r
VSARl2=VSAR12 /4Ic41
PRINT 31e VSARl2

?I FORMAT ( F15.5 )

BETA=2.80
hlO=8? '94l.?1. AL 1=A+BETA
BLl=B+BFTA
AB]AAB+BFTA
wooo=\,rlo* ( AI (ALl rA r Al +2.0*62*A I ( ALI r A rR ) +4.0xC1*A I (Al_1r A oAB ) +4 ¡0*

1C3*AT ( ALl rB rAB ) +C4*¡ I ( ALI rB r Fì ) +4.0*C 2xAl (AL1 rAR rAB ) +C2*AI (BL1 rA r
2Al, +2.0*C4*A I ( BL 1 r A rB ) +4. 0*C3*A I ( BL I r A rAB ) +4. 0+C5*A I ( B L1 rB r AB ) +C6*
3AI (BLlrBrB)*4.0å(C4*AI (RLITABrAB)+2.OxCI*AI (ARlrArA)+4.0*C3*AI (ARlr
4ArB)+8.0*C2xAllABlrArAP)+8.0*Cr+*At(ABlrBrAP')+2.0r+45;tAI(AP'lrBrB)
5*8.0*C3*AI ( ABI rAB rÂB ) )

l,{oOO=l¡lO0O /AÀIORM
t¡'rooo=klooo / 47 ,41
PRINT 122rt¡lOOO

I27- FORMAT(Fl5rBl
IF(BFTA.LT.2.10) G0 TO 40
BETA=2.0
hlO=0.415*8 2t94
GO TO I2T

TO SIG-IN IS
THF Tl¡rO !¡IOOO

THF STAT I C CONTR I BtJT TON

DFP. PART I.S THF SIIM OF
G I VHN BY V.SAR 12 BUT THE VEL .
S

40 STOP
FN f)



c
c

c
c

THE COULOMB ENERGY FOR FINITE NUCLEONS USING OLJR CORRHLATED
EXPONENTI AL FUNCT TON

PROGRAM COUL ( I NPUT 
' 

OL,TPUT )

CORRECTlONS TO THE COULOMB ENERGY FROM ASSUMTNG A FINITE
NUCLEON
READ 2rArBrC
FORMAT ( F6.4 rF5.3 ¡F3. 1 )

IF(A)40r40r?
AB=A+B
A= A+A
B=B+B
C=-C
C 1=C
C 2 =CxC
C?=C2xC
C4=C3*C
C 5 =C4*C
C6=C5*C
READ 7 t AMIJ
FORMAT(F5.3)
IF(AM|J)1rIró
ACEo1.0
D= A+AMU
E=B+AMtJ
X= AB+AMU
ACEc 7 . 437* ( A 1 ( D r A I A ) +2 . 0*c ?* AI( D, A I B ) +4. 0+C I *A 1 ( D ¡ A r AR I +C4*41 ( D r B

I rB ) +4¡O*C3*AI ( D' B rAB ) +4.0*C2*Al ( D r AB. AB ) +C6+41 ( E rB r B ) +2. 0*C4*A I
Z (F tB r A I +4. O*C5*41 ( E rB rAB ) +CZxAl ( E r A, A )+4. 0*C3*Al ( E r A r AB ) +4. 0+C4*
3A1 ( E I AB r AB ) +8. O*CjxAl ( X r AB r AB ) +8. 0*C2*AL ( X r AB ¡ A ) +8. 0*C4*Al ( X I
4AB r Bl +2. OrfClrÉ41 ( X rA r A )+4.0xçjx¡ 1 ( X I A r B ) +2. 0*C5*41 ( X rB rB ) )

ACE= ACE./ ANÕRM
I F ( AMtJ.EO.3 ¡ 360 ) ACE=ACEx 2t776
lF( AMIJ.EQ.2¡970 ) ACE=ACEx3.6?9
THE CORRECTION DUE TO THE TERMS IN R-l IS GIVEN BY IHE DIFFERENCE
BETU'EEN ACË ( AMU=2.91) AND ACE ( AMU=3.36')
PRI NT 10 o ArB rC; AMIJTACF
FORMAT (F6.4 rF5.7 sF3. I sF5.3 sF7 t4l
GOTOS
STOP
ENI)

PROGRAM TR I0N ( I NPTJT r oUTPUT )

1 RE AD2. ¡VO r AMU
2 FORlvl A1 l2F 5 .? I

IF (VO ) 40 r40 r6
6 READ 1t ArBrC
1 FORMAT(F6.4rF5.3s F3.l )

IF (Al lrlr5
5 AB=A+B

A= A+A
B=B+B
C=-C
C l.=C
e2=C+c

1

2

?

8
1

6

c
c

10

40



c
c

Ç3=Ç2xC
C4=C?*C
C5=C4*C
C6=C 5*C
ANORM=Al ( A r A rA I +?. o*C ? xAl ( A I A I B ) +6 o fl*C1*AI ( A r A r AB ) +? o0*C4*A I ( B I B I A

I ) +C6*AI ( B r B rB ) +ó. 0*c5*A I ( B I Br AB ) +1 2. 0*C2*At ( AB rAB cA ) +12. 0*C4*A I (

2AB r AB rB l+8. OxC3*A I ( AR rAB t AB ) +12. 0*C3*AI ( A r R r AB )

AL=A+AMIJ
BE=B+AMU
ABG =AB+AMU
VSTAT=-VO* ( A I ( AL I A r A I +?. O*C?*A I ( AL I A r B I +4. O*C1*A I ( AL I A I AB ) +4' O*

1 C3*AI ( AL r B r AB ) +C4*A t ( At. ¡ B r B ) +4. 0*C2xA I ( AL e AB r AB ) +C2*A I ( BE r A r A )

2+2.0*C4*A I ( BE rA rB )+4.0*C?*A I ( BF r A rAR ) +4.0*C5xAI ( BE I B r AB ) +CóxA I (

?BE r B rB )+4.0*C4*A I ( BE I AB rAB ) +2.0*C1*AT ( ABG r A r A ) +4. o*C3*A I ( ABGr A r B )

4+g. orÊc2t+A I ( ABG r A r AB ) +8 . 0*C4'l+A I ( ARG I B I AB ) +2. 0xC5ìÉA I ( ARG I B I B )

5*8.0*c3*AI ( ABGTAB rAB ) t

VS TAT=.VST AT /ANORM
I F ( AMU.EO.3.36 ) ACE=V.STAT*0 .582
I F ( AMU.EQ.2 r 97 ) ACF=VSTAT*0 .644
ACE =-ACE
PRINT 11 TATBTCTVOTAMUtVSTAT

t1 FORMAT l?.F6o4çF4.1t2F5.3 ¡ F10.5 )

PR I NT 2O2 ¡ AC.E

2O2 FôRMATlF10¡5)
THE CONTRIBUTION OF TIIE TERMS INDEPENDENÎ OF R IS lHE SUM OF THF

VALUES OF ACF
GOTO6

40 STOP
END

c
(,

THE AMOUNT
OF THÉ fWO

TO BE TAKEN OFF THË VALUF OF C.E. IS THE TOTAL SI"JM

CORRECT I ON S



c TFIË EVALUATION OF ßETA IN OUR S PRIME s AlE

A'0 ¡ 7¿+

a

NCl T

3 Pla l2 .o*A ) **3*( A+ß t **2x( 5 ¡5*A*A+2 ¡ otB*B*6r 5*A*B t
* * a a *B ) tÊlt

a a

P¿2o0*(1¡0-Pl/PZl

PRINTSTÞrArB- '- B -FOTñ{A1( Ê10'.6 tZF5,3 )

B oST0.005

SlATËTHE S PRI

c

TYOLo

ËTB:[aLE.0.a0 ]"- 60 îö -t-
RESULlS AR

P
P

t
t
)

c
?9aBETA =Nlr

BETA ¡0.450
BETA ¿0o465-

1¡ 5 PERCEI$T
-- -'-2.-o-ÞËRe ENT

.STOP

-EÑD



(:

c
PROGRAM FOR CHAPTER .S T X

EVALT'ATION OF F2IA2) AND THE MIJON CAPTURE RATE MATRIX ELEMENTS

PROGRAM CoRR ( INPI,T TOUTPUT )

COMf"loN AQ

I READ 2rArBtC
2 FORMAT I?F5.?I

tF(A.EQ.Ol GO TO 40
Pl=3.14159
AB = A+B
A= A+A
B= B+B
PRINT t4rArBrC

14 FORMAl(3F10.ó)
5 C=-C

C1=C
C2=CxC
C.?=C?*C.
C4=C7xC
C 5=C4*C
Có=C5*C

B P =0 .870
? AP=O.74

THE MOMENTUf\4 TRANSFER IN THE MUON CAPTURE CORRFSPONDS TO O2

FOTJAL TO o.21 Fl'l-?
AQ= 0.27
ALA=(A+APl/2.O
BBE=(B+BPl/2.O
ALB= (B+AP I /2.O
BEA=(A+BPl/2.O
BA=(¡p+BPl/2.O
ITNORMG= ( Ap+Bp ) * ( AP+BP ) *SORT ( AP+BÞ ) t(AP*SQRT ( AP I / ( SQRl ( I . 0xP I xP I

1* ( g.0xAp*Ap45.0*AP*BP+FP*BP ) ) )' 
FVtVI=ANORMG*ANORMG* ( F I ( AP rAP rBP ) +5. 0rÉFI ( Bp rAP rAÞ )-2.0*F I (Ao ¡

1BA rBA )-4.0*FI ( BA rBA rAP I I /6.0
FV 1V2=ANoRMG*ANORMG* (,F I ( AP r AP I B P I +2-. OXF I ( BA I BA r AP } -F I ( BP I AP ' AP )

7-2.0*FI (APtBATBA) )/SORT( 12'01
FY 2V2=ANORMG*ANORMG+ ( F T ( AP r AP IBP ) +F I ( BP I AÞ I AP ) -2' OXg I ( AP IBA IBA )

rl /2.o
FV IVl=FV1V l*8. 0lêP I l+P I
FV1 V2=FV1V2*8. o*P I *P I
FV?V?=F\t2\12*8.0{f P I*P I
PRINT IOr FVlVlrFV.lV2 ¡F\|2V2

10 FORMAT(3F12.6)
5 ANORM=A I ( A r A rA ) +3. O *C?* Al ( A r A I B ) +6. O*C1*AI ( A rA rAB ) +? I 0*C4xA I ( B I B I A

I ) +C6*A I ( B o B rB ) +6.0*C5*A I ( B r Br AB ) +12.0*C2*AI ( AB rAB r A ) +1 2.O*C4*A I (

2AB r AP,rB )+8.0*c3tfAl ( AB rAn rAB | +I2.0*C?rÊ41 ( ArR rAB )

AlrlN=SQRT ( I ¡0*PI *P IrÊA¡IORM )

FCOUI =AN¡*ANORMG* ( F I ( 

^L 
4., AL. A r BFA ) +Cl åtF I ( ALA I ALB oBÉA ) +r1*F I ( ALB I A

I LA I BEA ) +C zxF l( ALB rALB I FFA ) +C1*F I ( ALA rALAr BBE l+C2*FI ( ALA rALB rBBE )

Z+C1*FI (AlnrAù¡reAf l+C3*FI (ALBTALBTBBE ) ) /SART (6.01
FcoU}=FCOU I+ANNI*ANORMG* ( F I ( BFA T ALA I ALA ) +C1*F I ( BEA I ALB ¡ ALA ) +

tClxF I ( RBE r ALA rALA I +CZpF I ( BBE rALB rALA )+C1*Fl ( BEA rALA I ALB ) +C2*FI (

2 BFA I ALB r ALB ) +C?_xF I ( BBF I ALA r ALB ) +C3*F T ( BBE I ALB I ALR ) ) /SORT ( 6.0 )

FCOUl=FCOU 1-2. OnANNr-ANORMG* ( F I ( AL-A r BEA r ALA ) +C1xF I ( ALA r BBE IALA )

t+C I r+F I ( ALB r BFA I ALA | +C 2*F T ( ALB r BBE I ALA ) +C 1*FI ( ALA I BHA r At,B ) +C2*F T

3 ( ALA rBBE r ALB ) +CZpFI ( Al-. R I BEA I ALB ) +C3rÊF I ( AIB r BBF rALB ) ) / SORT ( ó'O )

FCOU 1 = FCOI.J 1 / ANNr+*2
FCOtJ2=ANNnANORMG* (FI ( At A TALATBEA l+C1*FI ( ALATALB rBËA )+C1*FI

1 ( ALB r ALA r BEA ) +C.2xFI ( At-,8 r ALR r BEA ) +C I xF I ( ALA ¡ ALA r RBE ) +(?"+F I (A LA r A

2L,B rBBÉ )+C2nFI ( ALBTALATBBE )+C?*F I ( ALBeALBTBBE ) ) /SORT(2.0)

c
c



F CIUZ=FCOU2-ANNTTANORMG* ( F I ( BEA r ALA r ALA ) +C l*F I ( BEA r ALB r ALA I +C I
1*FI (BBETALATALA) +(,ZxF I (BBETALBTALA)+C1*FI (BEATALAoAL.BI+Cz*F I (BEAr
?ALB rALB) +CzxFI ( BBFTALATALB)+c3*Fl (BBF TALBTALB ) ) /SQRl ( 2.0 )

FCOU2=FCOIJ 2/ANNI**2
FC OU 1=FCOIJ 1*8 .0*P J *P l
FCOU2= FCOIJ2*8. O*P I *P I
PRI NT11 TFCOU1 ¡FCOUZ
DOz1 I=1r10
AO= I
F zclÊ-ANNifANORMG* ( F I ( BEA r ALA I ALA ) -F I ( ALA I ALA I BEA ) +C 1* ( F I ( BEA I ALA

1 IALB ) +F I ( BEA TALB I AT"A ) +FI ( BBFT ALA IALA )-FT ( ALA TALB OBEA ) -F I ( ALB
2 I ALA I ÊEA I -F I ( ALA I ALA I BBF ) ) +C ?X ( F T ( BFA TALB I ALB ) +FT ( BFF I ALA IALB I +

?F I ( BBE rALB r AIA ] -FI ( ALB rALB r BFA ) -Fl ( AL-A r ALB r BRE ) -F I ( ALB rALA r BBE I )

4+C3*(FI (BBETALBTALBt-Fl(ALBTALBTBBE ) ) ) /SORT(6.0)
Fzcl=ó.0*F2Cl /ANN**2
F 2Cl =-F 7Cl

C IT SHOULD BE REMEMBERED THAT BECAUSÉ BETA IS LARGER THAN ALPHA
C THE AMPLTÎUDE OF THE S PRIME STATE IS OPPOSITE THAT OF THE S STAÎE

FzclèF2C I *8.0*P 1 *P I
PR I NT 20 çFZCl

20 FORMAl(F15oBl
2I CONTINUF
ó Bp=Bp+0.0?0

IF(BP.LE.0.97O) GO TO 3
40 STOP

END



OUR PROGRAM FOR THE [ì.M.S.RADII.JS OF 7H AND 3I.I

PRO R MRA DI I (INPIJTTOIJTPLJT )

I READ2TATBTC
2 FORMAT ( 3F 5.?I

PRINT2TATBTC
IF(A.EO.0) GO TO 40
AB=
A= A+A
B= B+B
P a

C1=C
C2=C1*C
C3=C2xC
c4--c3*c
C5=C4xC
C6=C5*C
BP=0.870

3 AP =O.14
LA=(A+APl/2.O

BBE=(R+gPl/2.O
ALB=(8+API/2.O
BFA=(A+BPl/2.O
¡3¡ =[p+ Bp

5 ANORM=AI ( A'ArA)+3.0* )+A.B)+(A.tÉ A *g,fJça

ANORMG-BA*BAJ+SORT ( BA ) *¡P*SORT ( AP ) / ( SORT ( B. O*P I *P I * ( 8 . OX.AP*AP+5. O

1x.AP*BP+UP',+BP
ANN=SQRT ( 8.0*P I *P I*ANORN4 )

RADS=3.0*2t89
AII=3.0 ADS / 2.0
BA=(AP+BPl/2.O
AI11=A ORMG*ANORMG*( 2.0*44( APrAP'BP ) +A4l BP rAP ç AP l-2.0*44 (ßArBA'

lAP)-44(APTBATBA) )

AIl=AI1+AI I1
PRINT 7lrAII

*P*8 .0*PILl=AIl
PRINT 71rAI1I

PR NT a NN
1I FORMAT(F15.8)

A I 2=ANN*ANORMG*SQRT l3.O / 2.0 )x ( A4 ( BEATALAoALA
*44 ( BEA r ALts r ALA ) +6 ?x A4( BEA r ALB rALB ) +CIìÊ44 ( BBE r ALA r ALA )t+c1

)+cÌ+44(BEATALATALB)

?+C.?')tA4 ( BBE r ALA rALR ) +C2xA4( BRF rALß rALA
3-A4( ALAIALA'BEA ) -C1+44 ( ALAIALA IRBE I _C1IfA4

t*44( ALBr ALA'BEA I *Ç2+(A4( ALBr ALA' BBE ) -CTt A4( ALB rALB rqEA )

)+CaxA4( BBE rALB rALB )

)-
)-c4rALBrB

5-C7*A4 ( ALB. ALB r BiiE ) )

AI
AI2=AI2/(ANNJÊANN)

8.0*P I *P I

PRINTTIr
Al3=AI2

3HE=SORT(IIE)
3H=SORT ( H3

HFlrNT 12t
72 FoRMAI l2F 15.8)

6 aBP=BP+0 ¡
IF(BP.LE.O.930) GO TO 3

HF-=2.0*Al I / 9.O+2. 0* ( A I 2+Al7 I / 9 .O
I/9.O-(At2+Al?l /9.OH3=2.0 *A



END
FUNCTION A4(C4¡D4rE4)

=96 . 4+ 4+ 4 c4+D4 l**5. O*( C4+E4) **2.0x( D4+E4 )**2.0 )

A42-- 96o0* ( C4+D4+E4) / I ( C4+E4l'rf*5.0x( C4+D4) **2.0J+ 4)**2.D

4 a . o*c4+D4+E4 / ( lc4+D4 ) r+r+4'.0*( c4+E4 ) rf*4.0x( D4+E4 ) )

A44=24.O / I I C4+94) **4. 0*( C4+84 ) * ( D4+ )xlÉ3.0)
+ * ( c4+E4 **4.0*(D4+E4¡*rÉ3o0)4 =24.

446=24.O* ( 3.0*D4+3. 0nE 4+2.0.nC4 I / I lC4+D4l x + J+ +
4L+ A42+ A47+ 444+ 445+ A46

RETLJRN

J+ i+

N



PROGRAM FOR THE COMPI-/TATION OF G SOTJARED AND TIIE A
SF-cTIoN IN THE REACTION l6o(3H'P)IBo
PROGRAM OXY ( INPIJT,OUTPIJT )

A=0 o40
B= 2 .00
C=0.4
A =A+
A= A+A
R= B+B
P l=7. I4l 59
C= -C
C1=C
C2=C*C
Ci=CZxC
C4=C3xC
C5=C4xC
C6=C5xC

5 ANORM=AI (A'ArA)+3.0*C2l+AI (ArArB)+6.0+CtitAI (A.ArAB)+3¡O*C4*AI (ßrBrA
I )+Có*A I ( [3, B r[J ) +ó. OJ+C5r(AI B R AB )+ 0.,+ lf )+ * *
2AB t AB r B ) +8.0itc3*A I ( AR r AB r AB | +12.0*C 3*AI ( A r B c ALI )

ANN=SQRT ( ANORM )

A=A/2.O
B=B/2.O
AF=A+I.25
BE=B+I.25
G=0. 5n ( 55ó. 0x ( A I ( AE' A rA J +2. O+C 1#A I ( AE .A r i3 ) +C 1',+A I ( BE r A, A ) +62x¡ 1

1 ( AE rBç B I +2.O*CT*A I ( EiF rA'B )+C ITAI (

2+4.0+1 7.21*V( ArB r2. 00 ) ) /ANN
G=GxSQRT ( 9.0*.P I {.P I )

G 2 =G*Cr
csEC= 32.5xG2 / ( 3 1 . 4jÉ l_ 00

))+ ü+ *

0 0 0)
PRINT 111. GçG2TCSFC

111 FoRMAT(3F20.51
AP=0.74
BP=0.9O
BA=AP+ BP
ANORMG_BA*BAìÊSCIRT ( tsA ) *AP* R (AP ) * * t J( *

1*AP*BP+BPiçBP ) ) )

PR I NT 42 r ANORMG r A ORM
42 FORMAT(2F15.8)

BP=BP / 2.O
GSP=0.5*ANORMG*SQ T )* * +

IAP+L.25rAP o BP ) ) +4.0x ( 41.47xVS ( AP. BP g2.80) +17.21ì+VS ( AP,BP r2 .BO ) ) )

2/SORT(6.0)

100 FoRMAT ( F20.51
\l-

G 2 =GxG
9 JÉ

c C=72 T

PR I NT ll2rGrG2rCSEC
*

IT2

C3= CZx C.

F A 0
STOP
ENt)
FUNCTION V(XTYIZI
C=-0.4
C1=C
C2=C lxC



lt *
L+Czr+AI ( x+7_ ty ry ) )-( 2.0*y*y+2.0*y*z+zxzl *cl*(AI(Y+ZrXrX)+2.0
Sxcl*AI(Y+Z¡XrY)+C *AI +

l_r+AL (x+z tX r Y ) +c2x.AI( f,+1 ry r y )

.lÉ + a * l+ + +
)+ (4. 0xY+2.0*Z ) * (41 ( y+Z rX rX ) +2.
¡)',+cl

))+ t+.

50x'c1*Al lY+7 t Y )+C *Al Y+
RF TURN
END
FUNCTION VS(XçY,71
vs=- ( 2 .0ìrY xY+2. 0*Y* + * )xAI Y+7 .Y)+(4.oxv+ 0* )* +
+ .o*X*X+2.0*X*7+7 *Z ) *A I lX+7.X rv )- r +.Clfx+2. orez )rfA1(X+Z,X ry )

RE TURN
Nt)



c
c

THIS PROGRAM IS IJ.SFD IN CHAPTER ETGI-11
THE COMPLETE CALCL]LATIONS OF THE PROPERTIF.S OF THE ALPI]A-
PARTICLE TJSING THF Tr¡JO-PARAI'4FTER IRVING FT.JNCTION
PRoGRAli4 ALPIIA ( I NPI.J T rOl.lTPtJT )

c

7t
T2

DIMENSIoNI Q( 20 ) rFORM ( 20
Pt--?.14159
PI=PI*Pl*PI*Pl
RF-AD 7lr A

FORMAT(F6.41
B= A+0.0 1

11 A1=3,0*PI / (64.0.xA.t++g
A?_=3.0*-P | / 164. ô*[.J.nn9 )

A?=6.0-rÊp I / I 64. OrÉ ( ( A+B ) /21 xxg I

ANORN4 =41+42-43
T

;0 FoRM Ar ( 2F 1 0.5 )

RADS=45 ¡0r+pI*( l. O / I 512.0*A**l 1 )+L.O / lrcI2.0*B*.*11 )

I'2.O / ( 5I2.Ox( ( A+B I / 2l x*11 | |
R DS= O s/t NORM*4.
RAD=.SQRT(RAD.Sì

F D.L a Ò tGo
IF(RAD.GT.1.51) GO TO 1

o?

a

RAD2=ABS(RAD-1.45 )

RAD3=ARS(RAn-1.50)
IF ( RAD1.LT.0.Oô5 ) GO 10 55
IF(RAD2.LT¡1.005 ) GO TO 55
IF(RAD3.LT.0.O05) 55.1

55 SI GB=I.?-8*R^DS
PRINT 3IRADISIGB

3 FORMAT ( 2F 1 .5)
DO 2l I=1r10
Q( I )=l
FORM( I )=AI/lI.O+( j.0*Q1l'' l/ (64.0*AìrrÊ2) )**5+A2/ (1.0+('j.Oi+o(I ))

c
21 CONÏINUE

A AND B ARE DETER¡4INED BY FITS TO T}IH RADIT'S A l) ORM

1(64.0*B*+2"lxx5-A3/ lI.0+(3.0+Q ll.l I t (64.0+(( A+ßl /2)xx2 ) )xx5
FORM( I I=FORM I II / ANORM
PRINT 4TFORM( I )

4 FORMAT(FIO.5)

AKE=20 .74+ 1',1.O / ( 16.0+A**7 )+3.0 / ( I6o O;iBe+x7
1r+JÊ9 ) )

-$.Q+[r'rs / l16 Ò0*( ( A+Bl /21

AK F =AKEXP I
AK E= AKE /A¡lOR¡4
POTL=- 3. 0x I91 . 328+' 4. 0+P I * 56. 0+30 . 0rs 24.Ox ( VO ( A ) +VO ( B ) -2. 0xy6

1 ( ( A+BI /21 I / Il_.156n1 .4]-4) *+t9
POTL=POTL/ANORM
RE =A KE +POT L
PRINT 5rAKÊ-rPOTL-rBF

5 FORMAT(3F10.5)
c
c

THE OUANTITIES ENDING IN S REFER TO THE EXPECTATION VALUES
OF THE OPERATORS APPËARING WI'-tEN WE USE OUR DYDCIE

POTENT I AL
po TL s=-3, Ox 252. O*4. O+ p I r(56. Orf 3 O . O*24. O* ( WO ( A ) +66 I B I -2. OrÊW A+B 

'
2

c

Il I / ( 1.414++1.25 ) rÉ*9
PO Tt S= POT t- S / ANOR ¡4

AK1 =1.414x2.8Q
AK?,= 1.414+2.tOO
VVFI-=( VrIEP ( ArA'AK1 ) +VDFP( R IßI AK1

IXB2 ¡94+ ( VDEP ( A I A rAK2 ) +VDFP ( ß I B IAK2 ) -VDEP ( A I B,AK2 ) -VDFP ( ß I A IAK2 ) )

_vDEP(QrArAKl ) )-VDFP(AçßrAKl



5
.0/ANORI'4

2x82.94* 0.4 1
V\/EL=VVfL*3

,S = AK E+PO TL S+VV ET.

PR I NT6 1 r POTLS rVVEt- I BES
6 o MAT(3F15.:l 0)

VSQR=- L23 . j3lt0. Ii+ B . o * p I * 9 o . o * 5 6 . 0 + 3 o . Ox 2t+. 0lr ( v R ( A ) +

1 ( ( A+ß', /21I / lI.t+ 14+1.156 )lfxl 1

VSQR=VSOR / ANORM

)- . O+

SG I N=ó a f. r{-vsQR*4 .O / (3.0Jç41 .47a

vsGR=vsoR*4 .o / ( 3. 0.r+41. 47 )

PR NT B' VSORI SC:IN
B FoRMATl2.Fl0¡5)

CoEN= o )+co(B)-2. *co( ( +B /2\
VSA RS=- 126.o+ g. 0 lÊp I iÊ90 . ox 56. 0J+3 0 .0^* ?_4.ox ( l¡lR ( A ) +\^lR ( B ) -2 .0 nwR

I (lA+Bt/?_ l/(I.4.1 4+1_.?^ *)Ê:l :l

VSORS=VSORS/ANI)RI'4
V SO RV= a i-1+öo*PIx56.0*3 a +24. *'(so(A +so( Bl -2.O+so( ( A+ts I /21 I ¡

Il2".B0*1.414)têìt9
VSCJ RV=VS v+ .0 a *PI+5ó.n*j a * 4. .4 5'rf(To(A .fTo ( ll) -2.0r+Tcl

1( ( A+B I /21 I / l2-.O*I./+l1r ) **g
R\/= VSG o

SG I NS= 6 0.0* ( 1.0-0 .5 tÊVSQRS+4 . Q / ( 3.0ìÉ4 l-41) +VSQRV )

SQ R.S= VS ìç4.O / (7.Oxt¡1 .O7
PRINT B] I\/SQRSIVSQRV'SGINS¡COEN

T

I R=B+0.0 1

a

o o
2 A=A+0.02

F( a a a

ST OP
FNI-)
FtJt\lCTIOt\l Co(7 t

TO L?

a

CO=4. O ìtP I {-'x4)tl+ 2.Ox2Q .A / ( 1 .4:l 4rr ( 1+ .Ox7- ) *tÉ B )

URN

FNIT)

LJ l.,l of\t vn(x)
VOI =64.0* ( 2. U2B*X /1 .75(, ) xìe3
V02=69 . 0* I 2.. F 28+X / I . 1 56 xx2
Vo3=30. oiÉ l2.BZBxx/ I .156 )

4=5 .0
VO5=B40.Ox(2.82. B*x/ 1 . 1 56 ) *'ì+6* ( 1. 0+ I ?..828*X ) /1. )xx
VO= ( \/O 1+VO 2+VO3+V 04 I tVCt5
RF, TUR I\

hro?=30 . 0* I 2. 828xX / I . ?_5 |

\dfl4=5.6
WO5=840. Ox'( 2 ,BZBxX/ I .25
['JO= ( l¡lO1+fiO2-+VlO3+l^/04 ) /1/'JO5

) xx5x ( 1 .0+ l2.gZB**X ) / I.?-j) xx6

FtJ NCT I Ot\ r.\lo ( X )

wol =64.0* ( 2.828r+x /1..25 )*¿É3
9.0*(2.828+X/ 1.25)+*v,lo2 = 6

RETURN
E¡IT)

TOl=64.01+ ( 2 .82BxX / 2. 0 ) Jrx?
TION TO(X)tJN

02=69. 0* I 2. BzBxX / ? . O I x+?
To3=30.0.* l2.gz9+x/ 2.0 )

1O1+=5.0
Tô5=8110. Ot(( ?.8?8xx/?_. (l ) *+r6+ ( I o0+ l?..8? BxX ) /2.0l.xx5



TO= ( TO1+TO2+TO3+T04 | t¡OE'
RE T URN

Nt)
FtJ I\ICT I ON VR ( Y )

VR a

VR2=8.Q'lt( l+. 0*Y I / I I.¿r14*I. 156 )

VR3=25 .0* ( ¿r.0)+Y / 17..414*1 . 156
VR4=3?, .O+ I 1f .()JtY / I I.4ILrxl . 156
VR5=1 260 r 0x ( l+.0ìtY / I I.4 I 4*1. I 56
VR-- ( \/R 1+VR 2+VR ?+\/Rr'. ) /VR 5

))*)t6+É(1.0+(¿+.0+Yl / lI.4I4'* 1.156 ) )lêJt8

) *+r2
I xx7

RETURN
END

TJ¡ICTION ì/\/R(X)
\tR1=1.0

\rlR3=2
=8. *(4. xx,l / .414+I.?_51

5.0+ (/+.oxx / I1.414rË1.2"51lxx2
WR4=32.O* (4.0*X / lf..4l4l+1. 251)xx3
l^/R5=I? 60. o* ( 4.otçx / (I.¿+1 4*1 .?al l*+6x 1.0+(4,0*Xl/lI. J+ ))xx
WR= þlR +l¡/R 2+WR 3+ì^/R4 /hrR5
RE TURN
ENI)
FIJNCTION SO(X)
.so1=64. + l?.828*X /?.80 )Ì'l+3
SO2=69. 0* I 2.828xX /2 . I 0 ) *rÊ2

Sô? =3 a Jf 2.8?-8f.X/2.80
5 4=5.0
SO5=840. 0*( 2. 828+X/2.8O ) x-F6r( ( 1.0+ l2.g?.8*X ) /2.80 ) x*6
.SO= ( SO 1+SO 2+SO3+S04 ) / SO5
RETURN
ENL)

VDEP(X'Y:AK)
14¡q1(!0) r \^IHAF( 50),

FTJI.ICTION
I)IN4FNSION

c
c

tdTHR(50)
THF THREE FIJNCT I ONS NOT EVAI-I]ATF D EXPLICITLY ARE I NTEGRATEI)
(JSING SIMP.SONS RIJLE

SEV=7+ó*5xt1.xJx1_
AM=0.

E-IG=SEV*B
VA=0.0

.0

VBI=0.0
VC= 0 .0

7"AK=7- / AK
DO 105 l=Iç49ç2

2 I xx2x ( I +AM | 1\x4/ ( Z_+AK*AN4*I ) +++9

\^lHAF ( I ) =EI GJ+ ( 1. 0- ( Ir(AM )*rÊ2 )

(1.0-( i*AN4)åÉr+GWM1 ( I ) =E
+l+xxz)r I *ITAM *A+xx?/l

VB=0.0

\^/THR ( I ) =SE\/r+ ( 1. 0- ( Ir+AM )ì+x2 )J+ì?2* ( Ì*AM lxx4/ ( Z+AK.r+AM*I ) **.8
VA=VA+þ./M1( I )

VFI=VR+VJHAF ( I )

VC= VC+ UJTIJR ( I )

o
DO t0ó !=2.c48¡2

2, llrx2ìÉ ( I rrAN4 I xx4 / ( Z+.AKxAM* I ) ++*9

0- ( I*A¡\4 )xx2lxxzJr( I*AM rxxS/ ( Z+AKxAM*I ) *J+9
)*l¡/ ( 1.n-( I*A1 GI)=E

!¡IHAF ( I ) =E I G* ( l.
'r+?-x ( tl+AM I xx ¿+ / ( Z +AKJ+AM)+ I ) **8x2AM-( I

VAI=VAI+\¡tMl( I )

( 1.)=WTH

VBI=VBI+ldHAF(I
VCI=\/CI+WTHR(I



106 CONTINUË
A= ( AMx ( /+.0*VA+2 .0xy¡ I I /V .O I

B= ( M 4. t+v +2.0x ll/3.
C= ( AM* ( 4.0xVC+2.0*VC I't /?.Ol
þ=$f \/fc ( $. z xx2+5.0*z_AK+1. / ( AK*x.8 rÉ I 5 Jf z_AKrÉ*5* ( I . 0+2AK l**5 )

F= SFV* ( 15 . O*7 AK *r+ ?+41 . Ox7 AK r+*2 +2.5 .0.x2 A K+5 . 0 ) AK*ìrB* 10ö0* J+* +
. O+7_ K)ìÉx

F= F I G* ( 64. 0xZ-AKn*3+6 g . O+ ZAK.*ì+ ?+3O . IxTAK+5 . O I / ( AK**gJr g4 0. 0* A K,'+* .t+

PI=PI*PI*P XPI
VDEP=- 4 o 0xP I * ( 4.0xYxx 2+ A-6.0r+Y*D+2 o n*Y*C+ ( AKì++ 2 / 2. O ) *F+2 ¡ 0xAK*yrrB

K*E )

RE TURN
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.\l)strrìct:'fhc rclatiVc probrtbilit¡'(P5,) ol tìlc tllircd-s¡'nlnlctr)'S-stiÌtc (thc S'statc) irl thc gr-oLrnd

staîc ofthe triltlrclctlrr, is tlctsrrxillctl b1'1ìLting tltc cllirrgc fot'tlr factors ir¡rcl tllc llìtlolì capttlrc

r¡rtc of thc fìtrcc-¡tarticlc S)'stclìì. Thc spatial rYavc ltttlcIiotls ttsctl in tllis work are of cxpo-

lrclltial forrlr sitìr t,r'o-bclci¡: corrclittiolrs irr tÌlc 1;rcclonlilìiìllt totally s¡'nrtrictric S-st¿rte a¡lcl hirve

bccir pr.orcrl suflì,:icrrtl),n"\iulc in LìuI rcccnt birrclirlg crrcrg¡'calculations' or-rr rcsu]ts ilrcliclte

th¿rt /)s, calrrlot cxcccd 1.5 N.

1. Intro¿hrctiotr

Ne*,cxpcri¡lctìtxl dxta olt l-l.re ìrig|-erlergy sciltterillg of electrolls by 3lle and

ll-{ [rel. 1)], atrcl tite plrrttoclisintcg|ittion closs-sectiolls 2) ¿u1cl llrtlotì-cilpttlre ratc

ol'rhc tìrlee-lltlctcolì s)'stcn.ì t'*), l."tt't lccl to e llulllbeI tlf fl'esh atternpts to cxplain

thc clc-tnilccl stl'rrctufe of tlie grotltl(l statc of thc tri¡lttcL:oll s-8)' Since the th¡ee-

particle s),st.tl1 is the sirltprlcst ¡r1try-botl¡'ploblenr, it prcsents the best stalting point

for thc stLrdlr ef'genct'¡,1 tìuclei.lr lorces ìllcl thet'cfore its structttre has irnmense si'q-

nilrca¡lcc. A classifìcatiorl bllscd oll s)'lllllletry propertics of the lhrce-bocly conlìgr'rltr-

tio¡ a), 
1r¡cclicts tll¿rt thcre'a¡e likely to bc ioLl¡tecll states prcsellt i¡ tl.tc gt'ottll(l stâte'

[-[orvevct it is er¡,.cctccl that only a smnll rltll]lbcl'colltl'ibLltc to any ¿ìpp;'eci¿llrlc cxtcnt'

Thtrs tì'o¡¡r rttc¿lsLlt'etlletlls of tlic nlilgrìetic nlotìlelltS ¿ìlìcl tlìc c¿lptLll'c of netttrorts by

cletrtcriulu ¿utci val'iorts otlte ¡: eviclclrcc, irrcluclirrg variatiolìal calculrrtions of '¡hc bind-

ing crLelgy, \\c belieye tht-se statcs to be tfie preclonlina¡t S-siate, rvþich is coÌllplctcly

syt'ìlntetlic L¡1(ler spatiill cxclizr¡ge oitIe ¡nclcons, togetlìef rvith srlr¿'ll aclr¡ixttlres of

thc S-st¿ttc of nrixcd s)'lìlllìctry (the so-citllccl S'state) ilnd tlìe D-stlrtes (ivliicl'r lve

labcl collcctively by Oj. fl. âì-lthors in rels. 2'4-e) have ¡nacle estim¿ltcs ol the rcla-

tive probabilities of tlte t'al.ious states by lìttirrg cxpcrinrentlil tlata i'rsirlg colìsistcnt

sets of wavc lLìllctioris. UlllolttllÌately these estilll¿ltcs sp¿ìI] a large Iange; for exatnple

tlrc lrr.obnbility of the S'statc P., assLtlttcs \/.ltues frol'l1 0.5 to 4'0 ft. Lately t\vo gfoups

h¿r,u,c col¡e io agrce allto!Ìg tltctnselves orr the lllagllittlde of Pr'. -fhr-rs Scliiff ancl his

co-\vorkcr-s take py to be i i{ *,hile lr,lit|a c/ a/., Lcvinger'¿urcl Srivastava alLd l)irvics

havc obtainecl a val¡c of aboLrt 1/,. Both sets of i¡vestigations posscss sholtcoulitlgs

hotvcvcr; the vari¿rtional c¡lculatiolìs ol Schiff's glol-lp arc obscLllccl by their ttse of

sintplc wave lltnctiolls that clo ¡ot exltii¡it the co¡l'ect ¿lsyllìptotic âs wcll as close-ill

bch¿rvioul for thc tl.rrec-palticlc systelìl rvliile the scp¿lrable noll-locaI potclltial lllcthocl

001

ol j\,litr.. gi'cs risc to virlucs ol-thc trincLrtron bintlingcrìcl'gy ancl thc Cotrlolllb cncrgy

ol lllc *,llìclr ar.c i.consistcnt \\,itlì tlìc gcnclll viìriittiolì¿ll lrlcthclcl and \\'illi cxl)el'i-

t1ìcn.t I o). r\s sornc clf the cxpcctlttioll valttcs arc cxtrclììcly scllsitiVc to thc fol'l¡l of thc

r'li'c I'uuctiou assur.nccl, Lhcsc rloubts on thc ltcctlrac)/ ol tllc l'cstrlts olbcrth -ql'oLlPS 
clo

'ot 
allow,s Io rìllìkc any firu conclusions irbout tlic actull i)robabilitics olthc st¿ttes'

hence thc nlotiVlì.lir)lì lor this inVcstiglrtioll. otlr tiltl irl thisri'ol'kisttl obt¿ti¡r a c¿lrelul

estilnateo|/,5,,asstllllillgfolsinlplicitytlratorrlytltesancls,statcsarcprcscrrtintlte
gr.or,rncl stltc. lrsolal-irs it crrn u0tcl orrl collclì.tsiotls tlie D-stlttc is ¿rlso collsi(lcrccl

f,ualituti'cly. r\s s¡olt-l'¡ugc t\\,o-bo(ly corrcl.ìtiolls ¿lrc kllo\\'lì to be lìirly inl¡lortarrt

i' thrcc-bocly ciìlcullìtiolls r1), u,c usc as tliul functiorls thc ¡lrotltrct-loIrlr s¡:ratial ftrnc-

tio.s fronr orr receLìt i¡r,estigation ìnto the binclìrrg cnergy of thc trirlttcleon"fllcsc

arc expolre'tial *,ave functions srritably rnoclilìecl by sholt-r'angc corì'cl¿ltiolìs. Satis-

fuctory fits to the static propcrtics ol'thc trinirclco!t tllake Lrs bclicve tltcsc ltrrlctions

arc a goocl reprcsentittion of thc Lhree-bocly systctlr. Trvo scts of cxperirtlental clilta

arc scùcte.l to cleierminc Pr,; t¡ese arc t¡e chlrgc lorm lactors allcl t¡e tltttott cttptttrc

rate. We h¿rvc r-ef¡ai¡ccl frout fitting thc incl¿tstic scattetirrg cl'oss sL-ctiolr of clcctt'olrs

fr.or-.r 3FIe ancl the trvo bocly photoclisiutcgration ctoss section of l-hc trìntrclcon sittcc

trnccrt¿i'ties about the cleliterotr \\,ave ltlliction ¿rntl the ltrr¿ll-st¿rtc intcl'irctiotis arc

likcly to cloLrcl ihe issue'

2.1.'|FIE Tl{tN UCLì:ON WAVE FUNCTION

Our totally nntisynrmctric rv¿rve lttlrction loI thc groLrncl statc ol the trinuclcorl js

\t : rþou l(órur- þ2tt1), (1)

rvllcre the spatial luirctions tt, t/r, lltlcl ¿/2 t¿lke the lolm

(2)tu:Al-1 /(,'';),
i.j:r

1

trl : i t,r(t2.3)-r-y(13,2) -2s(23, t)1,

VÓ

1 (3)

(6)

t¡ 1 
-

-f (,',¡) : exp (- ur,,)+c cxP (- br',r)'

s(ij, k) : Bs(¡t{)s(ik)/r(¡k)'

9(ù) : cxp (-ar,;), a : 0,37 fil-1,

h(ij) : cxp (-ii'¡;).

l!t(tz, t) - (i(13,2)f,

rvith

an<J

(4)

(s)

Tlie y', are the spin-isospi¡ ftrrlctions listecl in Schiff's paper. Thc pal'alìlctcfs of ottr'

lully symnrctric ltlrrction ¿l ¿rrc

n : 0.40 ùn-r, ó : 2.00fin-r, c : --0.4,

2

(7)



rvhich wcre usrrcl irr oul binding-erìergy calculations and rvere founcl to nrake out.tri¡rl
funcLion sulììcicntl¡, flexible. Wc h¡u,c not includecl collclations in the S'state ft¡¡c-
tions as tltc¡, ¡''. unlikely to be signilicant [see the cliscussion on this point in ref. 8)].

Thc value assurllcd for ø stems fi'onr fonn-factor ancl binding-errclgy fits rvith u¡-
nrcrdified exponctrtials fol u [tefs. ''")]; Py detelnrines f. Rccause otrl trial fLrnctions
nlnrlilcst the corrcct behaviour for small as lvell as lalge interpalticle separations,,,r,e
expcct our valLtcs ofP., to be tnorc acceptable than thosc of,rcfs. s,8).

2.2. CJìARCE FOI{l\4 FACTORS

Thc l'eler,¿rnt chalge forrn factot's are obt¿rinccl frorlr thc threc-clinrcnsional Four-ier
tr¿rttsfot'm o[ tlie expectation values of thc nucle¡rr charge clensity and are given by
the cxpressions

2È"r,(3I-tc) : (Fi,, +2¡-fr,)rr +(rlh-1ifh)r2,
¡'"h(3rj): (rL+z¡:o)1"+(rfn-1.-iu)r'r, (8)

rvhclc,tr",,(3FIc), /'-"h(3ìl), .trll, arrcl /-"'1, are the chzrr-ge for.ln factors of 3lle, 3FI, the
proton ¿urcl thc ncutron, r'espectivcly. ln the notation of ref.8),

Fr : t'(s, s)-FFl(D, D),

Fz : F(S, S')+,F2(D, D), (9)
rvhich rcclucc 1o

Fr : 1'(S, S) : Fr(qt),

1-, : lt(S, S') - zrFr(q2), (10)

sl'nce n'e clo not inclLrde D-state contl'ibutions. Using oLrr \\/ave fnnctions,

+kl++l+t,f -3qk,'
E(k,): (4t;2r++z!+!çq',)'-(åqk,)r, (j9)
G(k,): (ki+oi-lq')'-(årik,)'. (20)

orrr frrrrction rr gives an excellent fìt to ,Fr @2¡ lrel. 1r)]. In fig. l, se have plottecl the
clìrves fot Fr(q2) fol thrce values of Pr,. (It is rvor-thrvhile mentioning here that for.

- 
Gibsoni cui-ve

---- Ps'=2-0'i"
-'--Prr=1.5%
- - Ps'=1.0"/"

rvith

A(lc,) :

D(k') :

B(k,) : - a¡qk r(2kl + 4:Å -2a1 - tq)',

c(k,): rqiffii;#,,

rl_
(kl + al)'z Qr? i q.'? z1 - i;)t'

4t<l+4t2r+[c12 +!r1k,

(r5)

( 16)

(1i)

(18)

T

I

I

T

Fz(q2)

F ,(q'): J.-o 
(it¡ . x,)A2

t,r!t'): - J Jtcxp(iq

rvhcrc the t,c'¡Iultre ele mcnt

3

n J'2(r,,)dr, (r 1)

3

.r,)-exp (iq . x.)lAI3 I-I lQ.)s(t2,3)dt, (12)
i<j= I

0
clt : 8zr2r'r rrrrdrrdrrdr., r¡ : r¡*, (13)

atld x, is thc clistance bets'ccrt thc centre of ur¿tss of the trinuclcon ancl the nuclcon i.
The e valtration of thcse intcgrals is easily accontplislrecl ivith the hclp olthc ullivclsal

function Ir)

r)
I'(q') : 

J 
.*O ( -a.tt't_ 4zt'z-ø¡r.¡) cxp (i4'r,)r., rrr..cL.,clrrclr.,

: t,2lu'lvz"tJ, 
[ill;) r'{c(/r,)xD(/i )}* ol¡,:¡* ,¿i-.] o^,, (r4)

, q2 (t,n'?)

F-ig. l. A plot of I'r(r7:) agarinst thc squarù nlonrcrìtunr tr¿rnslcr r7r. Thc solid crrn e is that lronr Cib-
sott's ttrost rcccrlt pítpcr [8] u'lrilst the <lasllcd cur\cs arc those of this uork lor thl. thrcc ralucs of l'5,.

Fr(qt) to bc positil'c i.e. iu agrcerncrìt *itlr c-xperiurc-nt, p urtrst br- litrgc-r tharr z; tIis
mealìs the aruplittrcles ol thc S and S' stutcs nrust huc oppositc. siqns, riliich occuls
in the calcLrlal.ions ol Davies too). It is obvioL¡s front fig. I thrtt tlir. best fìt to thc cx-
perinrcntal cl¿rta ol Collarcl et al. is given b¡,P' equitl tt 27,. Ilc¡riercr it is know,¡
from the *'olk of Cibson thlt thc D-D contribtrtion incrc-irst--s F.(r7r) [rvhich is the
qtrarrtity X(qt) in ref. s)] for srlrall rììonl!-lrtunl tr¿rnsle.r q2. Sincc thc-r'c ¿rre no cross
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tc't'irrs l,-rctu'ecn the S ltnil D strttcs itr Fr(q') \\'c crìrì usc Cibs,:ln's rcsult us a rc-asoneble

cstirnatc of thc'contribtttiorl t-rf the D-stetc. Thc'r'clorc assnnring P,, t,t bc lbtrut 6,o{,
tlir- increrlrr'nt in Ë.(r7r) due t.) tllc ¡rrc--scrtcc olthc D-state u,ill bc- rtl'tltc tr¡tlgr oi0.0l.
'l-iris s'ill spoil the lìt lor P.. c'qtral to 2 od but corrcspondingly n,ill ilrr¡:rloyc thirt for
thc rrihcl tu,o r,¿tlucs qrl P5.. We fccl that rvc can slfc-ly conclutle ihnt p., cunlrot ex-
cc-e<l I .5\ on thìs cvide nce'. lt appcars thr-t thc vllucs of Fr(q') dcrivcçl fr-o¡.r our
corrclrtcd lunctions srìggcst that P' is rrear 1.5 i{.

:1.1. l\lUON-Cz\PTURE l{Al E

.{.ssr.rruing the V-A tlreory ancl ncglecting the relativistic efl'ccts, the capture rate
for the lcnction

3l-Ie+ir- 
- rl-I lv

can L.c shorvn to be

u,herc O, is I or ø,,

/il I îJ "l' 
: iji; iJ" li

and introducing thc Ganrou,-l-cllcl constant

r2 : Gi+!&Í-2G^cr,)

our exprcssion for the captule ratc bccon'rcs

I f Znr,,],: 
Qù; L øJ

tvtg

(24)

(25)

(26)

(27)

A

2ì

1a 1tl 2

M,,,

Evaltrttting this explicitly, A,, is

n': 
,rl,r'V-:#l

'.-''',,- ianlcl t;?.+ ¡t., t-¿r1,

1". 11-
Mr-

,r,:#l?*l'
1+ ltl_

M,,,

fdt ç \.t/-1,J l9l a'r¡t= l{ rrr¡¡.= 11

Gv = ev (r* Il) *0.,

rul
Gs = g¡-(gu r gnò fi,

ivlC, = fr ktr- g n- g, - lyt !r),
1

1 : (ì1.,,1 I.*p [- ir' ' .t,]rpu(.t,)tf -)¡F,,,"¡,
i= 1

3

' {or lJ'l'--ot lJ" l'*,or 
_2G^Gòl 

uiJ" l'),

\y I .^p [- iv ' -t,]rpu(x,)r!-)o,1Vr,,,"),
i:1 (22)

rvhere

FF: --åPs(ul exp [-iv .t,]l¿r) -Jl']r,(1u,1 cxp [- iv . .t,]lrr,)

-r(urlexp [-iv'.t,]lrrr))- 3;.i"r& (rrl exp [-¡u. .t,]lrr,)

- 7l Or(rrl exp [- ¡u ' .r,]lrrr), (28)
VÓ

and

Fcr : -jPr(rrl cxp [-iv. .t,]lrr)*1p5,(rr,l cxp [-iv. r,]lu,)
4,

3J3

Using the second set olfolnr firctor cou¡tling coustants t.orl ret-. r3)

::: ,i,','ír
Gp : -0-59gqv

g( : t.+l+O x 10-ae erg'crn1

we lrave calculated A,, for the three values olP' fronr secf.2.2. Our lcsults are clis-
played olt table l. On courpalison rvith thc expcrinrcnt¿rl valucs quotccl by Roocl ancl
Pascual aucl Pascttal, it is cleal that lor our theoletical estin.rates of ,{,, to itglc.e u,ith
expcrittretrt, Py cltruot be nrolc than 1.5 f, in corrplcte accolcl rvith thc finclings of
section 2.2.

(2r)

rvith

I
I Jr(t

rvhere lvl is thc neutrino energy (taken to be 102.505 MeV), v/lvl is thc unit vector irr
tlte dilection of thc emittccl ncutrino, iVt the nucleon urass, .,'\y'.¡¡ tlie tritou mass, /r,/¡

thc rccltrccd mass of the ¡.uuon and Eu(x,) the muon rvave function.Et(rí) is vcry close
to 1.0 over nuclc¿rr climensions ¿rnd in our calculations is ¿rssumed to h¿rve that value.
Using thc relations

3

6

<Y,,JLexp [- iv' x¡]O,|!,,,.) :3(P,,,1 exp [-iv' .r,]O,l'(,,,"), (23)



There is, ef coursc, a possibility thlt this statenretrt is open to qucstion sincc lelati-
vistic cor'rcctions u,ill tcrrd 1a) to incrc-¿tsc z1u. Florvever this is nrore thalr offset by the

irrclrrsio¡r olthc D-st¿tte l,hich rvill dccrease it 4). In this respcct P' cqtral to2\will
ttc tJiscrinlinirtecl ag:tirrst more thatr the other tu'o values olPr,. Unccrt¿rintics in the

couplitrg corrstants are plesertt of course but on latest eviclen.e t'), large variations

T¡nlt I

Values ol the nruon-capture rate ol 3l{c (scc-l)

'ilris rvolk r00%s 1%s' t.s %s' 2.0%s'
1464 t446 1434 1420
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1468+404

a\ya), fl'olìl the set \\,c h¿rve usecì are nlost unlikely. All thesc considerations suggest

th¿rt rvc are still cntitlcd to claim tl.rat or.rr calcul¿rtions of ,r1,, indicate that P., catrtrot

bc lar-gcr thru 1.5 f.

3. Conclusion

Using flexible n,¿ìr,e functions that inclLrcle trvo-bocly short-rallge correlatiolls, we

have obtailred estinrates of the probability of the S' state in tl.re ground state of the

triuircleon b¡, fitting trvo sets of experinrent¿rl data. Our analyses corìcul ancl suggest

that P' is srualler than 1.5%.h" appears that the figule ol 2f estirnated by Scliiff
and Gibson is too lalge ancl lea(ls to subst¿ntial disagreement rvith the form factors

and thc rnuotì-captul'c l'ate. Our lesults sr4)port the c¿rlculatiolÌs of Davies \\,ho foLtnd

in his extcnsive rvork olÌ thc binding erlergy of thc thrcc-r-rLlcleon systeltt that P.. is
1.2 %.

TIrc arrthor wishes to ackno*,lcclge thc valu¿ìble -quidance of Plofessor l-I. S. Grcerl,

\\,ho also oflèr'ecl useful criticisur on this r.t1arìrtscript.
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,\,ricl¿,ri /'/r.r.Ìi..1 ,\000 (19(rS) 000 OOO; @ il,nth-Ilollatul l'tthlislting C(t.,.'ltttsl.r¿uttt

Net to Lrc rcIrrttlrrce'd b\r Dlr(ìtoDrirìt ()f rlìict(ìlìllll sitlltrtt( rrri(te-n ltclnlissitt¡r lìolìl tlìc ltttblishc¡

SIIOIì'f-lì,\NGli COlllìUL,\'l IONS .\NÐ 1'IlE Tl"I-\LIC['[ìON

f. K. t-ll,l

I)¿tutrttnt,nt <tf \ltttht,ntettit'ul Ph¡sits, Llnitcrsitl' oJ )d,:ltirlc, Sott¡lt "lttslrulio

lìcccirerl l2 Dt'cernbcr 1967

..\llslr¡ct: l-hc cfììct ol-short-1ltlrgc corrclûtiLlns in thc tri-rruclco¡l is consitle-rctì b¡ t-rrlplo¡"iirg stlitablc

lbrms for tlrc s¡ratiill ¡rart of tlìc totall), urrl.isS'nrnrctric S-stûtc \\'ílvc futrctiol.t. I lt': llarlttìcters
rrl'oul- trill ¡ayc lìrircìiolrs, riilich ar.- ol ¡rloduct fclrrn tt ith ttvo-¡rltrtir:lc corrclittioll functions

i¡trorltrcc,l to si¡ìulatc tlrc plescncc of l soft r'!'llulsivc cot'c, itlc obtailled Lry lìtrirlg thc r'nì's'

racliLrs a¡il tìre bocl;, lol'¡¡ l-¿ctcrr of tÌrc thrcc-lruclcotr s¡'stctrr- Usitlg a lllotlilìclLtion ol Srir a-

stat,ir's cctitlal rclocit¡,-clc¡re'ndctìt poterìtiù1, u'c are ¿tLrle to oblllilr good lgrcelìlcrlt r!ith the

L.inclìng elcrg¡, ol 3ll ancf tlrc plrotoclisintcgrirtion cl'oss sccl.iotl ol- rlle, \"itlr thc cxpottctrtill

rvavc lonlts.

1. Illfrotlttctioll

The lìrirly large binclirrg c¡crqies ol the ls shcll ltrclei tH, tile arttl al-{e together'

\vìth thcit t'el¿ttì\,cly colllpacI structLtres suLqgest that the co1llpol]cllr- llr-lclt'olì3 tìrc lìÌost

of the tìnte rvcll \\,ithin the langc of their nlutu¿rl llttclcxr lorccrs. Strch ¿r physical

situaiiou is i¡rilìcltivc of the irnportatrce of shott-ra!ìge tt'o-5ody;ol'rel¿rt;o¡ls bctlveelr

ihe n,,1,:lcor.rs for thesc light nuclci. I'lou,ever thc elTect ol sttch col'rel¿ìtit)lls h¿rs been

lirt[: colrsiclc-r'cc] ¡ntil thc t'ecclt \\,ork ol Roslti el ul. | ), 'farlg eÍ 41.2), Okanroto

(t (t1.3) an(ì KhalÌrì¿t o). Klianne ttsed xs \\'avc forÌìls for tl-'e spltilI pal-i oi the totally

¡¡rtisvntntctric S-si¿r.te \\,avc lurìctiolt of tlìe tritou, sinrple trvo-botly Gattssians and

c\l)one¡iti¿rls, ri'hich \\,ere sì.ritably niodifiecl by trvo-body ccrrelattoll lLrnctions, to

obt¿rin ¡'crìsonably good agrcerrìerjt \\,;th tl.rc experinterltal cross sectiolìs for the irre-

lastìc scattcl'ing ol clectlons olr 3lle. fhcsc rr,¿Lve fonns htve becl-t sttcccssltrlly ex-

¡tloitctl by Dalitz ¿¡ttl Doç,¡ts s), Rirjirsekaralt alìd Dllitz 6) and MLrrphy ¿ìl1cl Bod-
' I tolvtt to ltlvc suf-Ittcr 7) in thcil rnlrl¡'*þ oÊ the tight liypcrrlLrclei atld have bccn sl

fìcient flcribility to acJ'oLurt for both close- in uncl irsymptotic legions rìt the siì0ìc IllÌ1e'

It seenis the rcfore, th¿rt il thc tri,o-particlc illteraction is dcsclibccl by ir ce ntraI velocity-

clcltcnclctrt potelìtiul, thcsc tri¿rl rvave functions \\'ill bc lrirrticularly suitable to rcp-

rcscnt thc grouucl state of tlie bouncl systcnl. In this n'ol'k, rvc evaltlatc the triton

binclirrg cnc¡'gy altcl t|c Co¡lolltb cllet'gy arrcl pl.rotoclisintcgration cross scctiolÌs of
ttl.-usi,rg Lrial functioris si¡nilal to those of Khann¿i ¿tr'ìcl ¿ltl itr-Lprovettletrt of SLi-

vast¿rv¿r-'s s) r,clocity-clcpclldeltt potcntial. Thc palrnrctels of otri ploduct r¿ldial wave

functions arc obtaincd by litti¡g the bocly fbrn-r flactor and thc r.m.s. l'aclitrs of the

th ree-bocly systctl'ì.
' 001.

Iir se,ct.2, *c rlìscLrss tlic trial furrctious r-tse(l, \\'llilst ilr scet' 3, rrb pi-cscllt thc

'roccrlurc 
lor crrrlrtLting thc tri¡rlct rìuclcon-nr.tclc'olt ¡lotcnLill. Se'ct' 4 colltiiirls thc

tritr,t bi¡trli¡g r-¡L-rg), cllculrrtions ond scct. 5 an cxplicit tlcrivltiòll ol tlrc I)hoto-

cl i s i Il tc-ql.û t i tr lì c ro ss-scct i o ll cxP lcssioll s'

2, 'fri-tluclcoll 11 iì\'c fu¡rctiort

l-lre gro'ut[ st¡te r¡f Ihc thrce-trttclcort systcrtr ri'itll / : T''- ] is lL¡rproxirlllrtccl by

tlrc plctlonrillllllt' splltiillly s¡'r11¡1t-¡t'it S-statc \\avr- fullctiollr/' tvhcrc

,!t : tþ,(l'('- l"(), (l)

rvith
t. (trß, -t,lì,)xr,'- /)\/-

l" : ]- ()uru2li:- dt[],a3-[ira.ru.r), (2)

vó

(,tLrrd ,,,¿rr.c the con.esponcling isospin fLrnctions. The totally syttliitetric splltial \\'llve

Iunction ry'. is asstrnre cl to h¿lvrl the form

ir. - ii oQ',¡)lQ',¡), (3)
i< j

*,lrer.e g(r.,r) ancl/(r.,r) ofe clìoscu to h¿rve olle ol thc fornls

(i) ,JQ',¡) : cxp (-a'i',r1), l('',¡) -- l_ c'exp (-b'r'lr)

(¡i) ttQ'¡¡): exp(-alr'';i)' /(''') : l-ccxp1- ôlrr;l)' (4)

Tlresc ftulctiolls h¿rve ccrnsi(ler¿ìble lìexibility ancl should be caprblc ol qivillg I gootl

r.ept.esentatio¡ of the principrrl lerLtulcs of tl're bouncl systenl rvith sholt-rltrtge forces'

T1]. 1.,n.a,]-,.tcrs c', ó', c'ltrtcl tt, b, c rrre obtai¡ecl by Íìtti¡g t|e botl¡'lorrll lactot 'Ft

(r72) givcn by

t, ,(q') : I ,: 
exp (i,¡ ' lR)S;t2r', t, r'. cL', clt', clr. , (5)

rvlicrc R : .rr -l(..-¿-¡.t.) and t'¡, t'2t r. alc thc intelpirlticlc sc¡>itrlttiolts' ancl the

r.rlr.s. raditts R. ,,... is giverl by

ß,'.,, .. : J 'li{+trf rÎ + t'i) -r]11r¿.8ntr, r, r. c1t', cl¡' cL'¡ ' (6)

-[hcse integral s antl tlrc othc|s rvhich follorv a|e takcu over the- clonlilirr consistcut rvitt't

tlre tlirLngtilar inccltralitics r'1 .l/'r 2 t'3' t't*r-¡ à r, atld r2+r3> r,"I'hey c¿ìlì be

evalu¿rte<J c.tplicitly antl arc givcn in tlrc appcnclix lol co

cr,ì ngc rjLS rivirs t l
nrpl c teness.'f llc- cx ¡rc-t'int.- nt ul

ilst thc t'. nt.s. radirts

,l Ok'n *t oto a n ,l
' 

L,-trrrls 
¡

I ond v¿rltres ol Irr(e12) sclectc-cl at'c thosc of L
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is takc, t. lrc l.66 fnr for th.- Crussiarr fto facilittLte contparison rviLh Okamoto's I (
resrrlts) a'd 1.70 hlr fol thc cxponcntial. li shrttrlcl Lrc rcnrel'ubcl'ccl tl.r¿rt these al'c trvo

inclc¡rcrrcltrtt l)t.ocedures siltcc thc fìt to /1r.,,,. orlly cletct'nlille Fr(q') fot'r'cry snlall r7.

For thc Caussian, the ltalirnr,:tcrs ò' ancl r" arc val'iecl frolll 0.2 to 6.0 lm-2 allcl

0 to 1.0, r.es¡.rc-crivt'l¡,, ri,ith ¿' : 0.0-5tì,,0.062-, 0.066 ¿rncl 0.070 fin-2. J'hc best fit to
.iR..,,,,*.iuìtl 1.,(qt)(sccfig. l)isgir',.-rr b)'f :0.062fin-t,b':].99.iftn-2arrcl C.:0.4.*n ¡.796

Ëår th" cx¡rorrcntiü1, tlre palamt-ters ó ancl c ¿rre varicd frortr 0.5 to 6.0 hn-1 ancl 0

to 1.0, rc.sltcctivcly, tyith a :0.36, 0.38, 0.40 ancl 0.42 lnr I. The bcst fit to tlic

sclcctccl /ì,.,,,... rìncl l'rQt') is gii'cn l:y a --'' 0.40ftn-t, ó:rl90r.ilì-r arlcl 5,9Í;

3.'fhc nuclcon-nuclcott iirtcritcfiolt

ltrtr thc expcr¡t-¡tiul u,¿rytr ftr nctic'rn. tlrc gcncrll tivo-bocly'intcl'¿rctitln is titkcn to bc

)t(r,,) : (rr,/')) i- hl'r,i,+ itl'tt,-t- rrrt'))(i').,,,,.(,'¡;) F l',", ,,",, (r',r), (7)

Iyhcre rr,, b, lt, ìt ¿rrc thc cxchangc lttlcc ctrrs[rLr(s ¿urcl t']", fl), /',1] anrl /') tlle' trstrrl

intcichuugc opcrittol's. I lcrc (l/).t"ri" (r''r) is give-ri by

. ' :- (V),i",i.(/'¡j) =,À'.,,,,,.(l's).,,,r¡. c\P ç'-2r¡¡l [i;), t ' . (S)

wlrer-c (the ratio ol the tliplet slatic potcntial to therl'lfglg,,static potcrltial), . s,^glct

xsrr(ic : y+b+-11+ln ',

¡r,-b-h1-nt

(l/),"r. ¿"p.(ri;) : (l',)'",. 0",, *(l',),",. u"n.'

( 4) ""i. o 
" 

n. 
(',;) : [( l'o)- 

", 
. u 

" 
r. I 2]l p?¡ u'.('',;) * v''(r,,') pl,)'

(I/,),"r.¿"n.(t'¡;) : Ix'",.(Lo)'", o"n./21[/',rirr',(r'¡-¡)+ u',(',.¡)p?¡f,

with
rr'(r',r) : cxP (-2r¡¡i íi').

(Subscr.ipts s ancl t relcr to the sirrglct ancl triplct sttrtes, r'espectively.) fhe efl'ectivc

nrrcleon-nucle on potcntial in the tritoll is hcnce

1,",,(,',;) : -å(1 + x"t"ri"Xl/o)st¡tic ÈXp (2r,tl fi)+(tr"),",.0"n.(,',;) (tl)

Thc valucs of the potetìtial parantetcrs assLìl]lecl by S|ivastava \\'ere

(l'ô),o,," : - l00lr4eV' 1l[]' :0'625 hu-t,

(I/o),"r ¿"p. : 82.94 Mev, 1lß::1'40 fnr- t, Iifi: l'0 fl.u- r,

Xr,',¡" : 1'84, X."r. : 0'55' (14)

I-Iori,ei,cr, his parantcters X.,",¡" ancl X,",. calcLrlatccl ft'oln a singlc palamcter clcLr-

tclon tli¿rl hntction har,e l¡cen shol'n [r¡, 1o1,i1.1.ì and iìoslti t) to gil'e ¿rn orerl¡otLncl

clcutet'Ot't. We, thclefore, re-Cvalrtate X,,n,i" arlcl X,",. trsing a tht'ee parat'uctcr tIial

fu¡ction of the for'¡l exp(-xr',r)-z cxp(-.¡'r',r) for thc clerttet'oll. \\i itli Sr'ìritstliva's

potcntial, rve cle teu¡ine -x,.¡' ancl z rvhich give a binclìrt-s e rìùrg)' of 3.49 lvlc\¡ (thc rcstrlt

obtainecl by LovitchJtìosati through a clirect nunrc'r'ical cl'rllttation of the ts'o-body

Sch¡occli¡gcr ecltratión). \\¡ith these r'¿illtcs of r,.¡'llttcl z, l'e- plot tilc scts o1 X,,,,,. tlud

X,"¡. rvlrich givc the truc clcutcron binclìr'Lg ellerg)/ aglinst thosc ol St'ivastltva, ilhich

give thc con.ect 3S phase shifts at fr,u : 270 lvf c\/ (sce- fig. 2). Tlrc poinl ol irrtctst-ctit'rtr

gives oLrl valucs of X.,,,r" and X""¡ . Tllesc arc

,\ r,.,,¡" : 1.52, X,"r : 0.415. (l 5)

This potcnti¿tl ri,ill bc uscti rvith oì.u cxpolìcutill ri'ar!- fullctìotl, *hilst -l-ang's *ill Lrc

tuscd *'iih ihc Catrssian.
ìt is ¡rc¡ti¡crrt to pttitrt otrt thiit thcle itrc trvo intcr¡trctittiotls of ¡r irl tlit-- rc-ltrcit¡'-

clepcrrclcnt potcntill. Slir,astavl's calcLrlltions ltrc b¿rsccl on tlle ltsstttrlptitrt't thlrt ['or

thc thrr-c-bi¡cly sy,stcnt ¡r is in cacll illstuncc tlìc rìrL)rììL-tttttttl cotljLtgrltt-'to tllc ìrltcr-

piirticlc sc¡rlLrirtions, i1, r', ân(l l'. (to bc rcle-n'.'d to as citsL- l). Loviteh lntl lìtrsltti,

.[gu,cvcr', irrtcr'¡rlci ¡ lo. [rc.tltc lllourr-ntrrnr clLr¡otticrtll¡' coirjtrgtrtc to .tltr- t* o-pitIt.ic'lc

rcl¿rtivc cocrrtlin¿rtes in thc ciirtlc-ol-¡ttrss flunrcs ol tlrr'p:tlticl.c-s.tllkt-n trio at rt Iilllc

ts il tlrc. tlìi¡.1 onc clitl rrot exist (cir:c 2). Altlrrrrrglr tvc' lrclìcvc l.trr irt:h ltrrtl lìt,::tt'1's
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intcrpretrrtion to bc the crrrrc'ct one, \\'e, nevertltclcss, use both in our c.\pr'ìrìcntial
cirlculrrtions so lìs to clcl'irc ir tlulntitutirc conr¡rarisorr ol the t\\'o.

Thcse intcgr-tls irlthough complicated ¿rrc stlitiglttforrvirrd and are given in the

appc¡¿ix. The trvo intelpretations ol p result only in a cliffcrence in the expectation

value of the velocity-clepcnclcnt pirlt of the potcntial eltergy. The exprcssion obtained

by Slivastava becotnes

tz, 
",. 

u 
" 

n. 
(ú",,1/,) : tl 

! f : 
t f, 

"1, ",. 
o 

" 
n. ) { [p i, ru.(r' 3 ) r ru.( r' 3 )p] r]

t X""¡.[pf r rv,(r'.) + rr,,(rr)p]r]]ry',8n2r, r', r. <1t'r dr', dr. , (2t)

rvrrere 
^2 _ _ lgl+ ¿ ¿l ,P'':-\ãi- 13ôrr/

rvhile that oi f-ovitctrfnosati is

. 
(,"r.0"p(,/,,,/,) : :f {ttr, *Jru2*'lrurlrr(o ,.f )gif}s!f!}
8n2r1r2r.dr, dl'rclr. , (22)

rvhere

,,(,,) :Íj,:,È :,t:#, ìr,¡ : (z,i),".a"p.exp Gz,,i[t'). (23)

For the Coulomb ellergy of 3-[Ie, we rrse the poterttial ol Schneicler aucl Thaler ro)

rvhich'take s accoutrt ol the finite llltcleon sizc. Thus

with 
C-E- : c(rl,',r|,), (24)

c(,Þ, i) : 
J' 

O. (Í t'-"-''0"10.ss2r. -2.176)

-e-2'e'tt1(0.644rr+3.639)]) asntr,r'rr'.clt',clt'rclr,. (25)

5. The cross-scctions d6 and ø¡'¡ for 3FI and 3I.Ie

The brerusstlahlung-rvcightecl cross-section o5 for a trttclear groLtncl st¿rte rvitve

fu¡ctio¡ that is hrlly spatially synrmetlic is sinrply lclatecl to the r.m.s. rlclitrs througlr

the expression !
n z €2 ry-Z- Ril, . Q6)oh:. tn n, Ã-t

ThLls to cvalrrate oo (3t-lc¡ rve neccl only nrultiply our me¿trt sqrtíìrc Latlii by the con-

st¿rnt in eq. (26). The intcgratccl cross section o¡,,, tbr thc photoclisintcgrltion of ]He, is

/2n2 c2 h\
",,,. 

: \!lJ) [{ I/r,).*( I./0,).,",,"r( I-f",)"",.u"n.], (27)
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crlculations, linc il froru Srivastava's 8)

4. Triton bintling encrgy and Coulomb encrgy of 3I'Ie

Follorvirrg the notation of Dalitz and Doivns, \\/e c¿ul rvrite the birrcling eucrgy of the

triton as

Ë('H) : 7'(ú.,,/.) + V(r\t,,,1,,)
( 16)

N(,/,, ,y'.)

rvhe lc
Cç eô

cft ô,'t

[i(23 l) + /(il2) + r(123)]8n2r, 12 r. dr, <lt', dr. , (17)

*
-tkþ, c): - i [i, t

-t
h-+--
t1

¡,*oc co oc'+'- '+
ô,', ôr, ôr, ;)

(u# ur:,."{, 
f,)

l 1t
)

v(,þ, Ë) : ç*13V",,(r,,)f(8n2 r 1 r rr rdr rdr, dr3 ,
I

I

( 18)

(1e)

rvith

N(ó, ë) : þ" 18n2 r, r, r.dr rdr2 dr'3,

2
f ¡ tf

2
- rk

5 6

r(ijk) :
4rrr t

(20)
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wherc f,,/0,, is the st¡urrlrctl oscill¿rtor strerrgth, ancl T, static and vel. clcp. relcr to the
co¡rtlibutions of the kiiretiffneLgy, thc stutic potcntial ancl the velocity-dcpenclcnt
paLt of thc potential. ì--ol' -lFle ancl using the interpretation of Srivastzrva 12)

(I/.Jr:Y::, (28)

( r/0,).,",,. : - ({,){.lg-t | | r,l(ø),,",,"(r,)

(rrrP|j+ nr',t¡1ç,zn2t.,rrrrdrrarrdr.) , eg)
ry

( I /0")"",. ¿.n. : *(zo),",..f;; 
{ Jv,it'r,{,',r) 

+ X,",.',(,.,;)l

8n2r rrrL..d,., d.rd,..) . (30)

Irr eq, (29), i ancl ,r denote protorìs aucl ueutlon, respcctively. Applicatio¡ of the
Tlrorrras-llciche-Kuhn sunr rulcs elinrinatcs thc ternrs in ll ancl b in (l,fo)..,o,," since
the cot'res¡londing Wigner atrci Bartlett opelators conmute rvith the space coor-cli-
nates. The cxpcctatior.r valtre of thc Heiscnbel'g operator rvith our S-state wave f¡¡c-
tion. is

(P,.Ï) : l(P,.,Y).
Sincc

(l'),,.,¡" (r,¡) : -l . [z"rr(/'i;)],,"ti., (31)
(rl'+ /'r')

otrl cxplcssion for' ø,,,, recltrces to

o,,,,:!1"'l ['- A't(n+lt) ir-, yt,
3þrt. L (,i,, lnr' J v:t 

.LL,lv",lr¡i)1,,.,¡.r'i.r))¿,at* 3(/o)-.,. u,n.r_ 
z

,, /J irl t,r,(,',.¡) + À'"",. r,,,(r.,r)l /. d r],
dt : 8¡r2l'r r., r.-, <1r., clr., clr.. , (32)

rvhiclr clil'l-cls flonr cc1. Q7)olSlir,¿LstrLv¿r,L,rr.Using Lhe force mixtur.cs lronr Las-
karra) an<l x.,,,,,.-, ivc calculate o,",('tlJc) lol thc Scr.bcr-a¡lcl Bicl forccs (u,hcr-c- thc
fornls of the singlct ancl triplet stltic poterrtials ciifl'el as in Ti.rng's potcntiirl, rve take
x,rori" to be cquiLl to 1.67). Il-ciLse 2 is rrsecl instcad r.:lcase [, o,,,,(rr.rc) is not greatry
aflectccl sirlcc thc vclocit¡,-çlçpcnclcnt contribLrtion is snrall. Ilcsirlcs, thc <lill-clcllcc
betrvecn S¡'il¿tstar'¿t zrncl Lovitcl{Rosati's velocit¡,clr--pcndcnt crrlculations, is likc-ly
to bc at mosl l5\, zrs cliscussccl ill thc ¡rext scctrttn.

6. Results and discussion

For the Gaussian rvave fu'ction, our coulomb energy results are in agreement
with those of Okamoto-Lucas. This suggests litLle difference betn,ee' thcir trial fu'c-
tion and ottrs' Holever, atl advantage rvith our moclified Gaussian is that it is per-
haps rnore tractablc for binding energy calculations. The tr.iton bincrirrg encr.gy ob_
tained rvith Tang's potential is mtrch smallcr than that of case A ancl case Il of Lovitch-
Rosati. This may be expectecl si¡rce our fit to Fr Ø,)it not good for large morneutunr

Tr¡rr I

The bincling e'crgy, Coulomb encrgy ancl thc r.nr.s. ra.lius of the three- nuclcon s¡,stcn-r

Ref, Wal's function Potential

Okamoto-Ltrcas 3)

Lovilclì-l{osat i t)

prcscnI rvork

Loi,itch- Rosati

Srivastayl 8)

present rvork

cxperiructr tir I

modilìed Gaussian
trncorrelate d Tang
Gar¡ssian (casc 2)
case A Tang (câsc 2)
casc B Tang (casc 2)
modifìcd Caussia¡r Tang (casc 2)

BE.
('H)

(MeV)

C.E.
(point)
(MeV)

0.69

0.708
0.171

0.7 t7
0.67

C,E.
(lì n itc)
(McV)

2.50
7.623
8.240
3.30

0.64

o.66

0.62

0.69

0.69

r.m.s.
ratlius
(lnr)

1.66

1.70

1.70

I .65

1.69

t.92

r.lor.r r r /']
I.$f i3ilc) n

.62

.61

.61

.66
I

modifìed
exponcntial

case A

casc B

uncorrclatcd
exponelrtial
t h rec-palanrc tcr
expo rreutiaI

moclilìcd
exponent ial

Sriv¿istava
(casc I )
Srivast¿va
(case 2)
S rivasta va
(case 2)
S¡ivas t ar,¿r

(case 2)
Srii,ast¿rva
(case l)
S riv ast ava
(case | )

moclifìcd
Srir,¿rstavn
(casc I )
nrodifìccl

Srivastava
(case 2)

9.30

10.20

10.90_l

I r.20 t

6.08

1.17

0.74

0.7 4

0.748

0.706

0.597

0.661

5.92 0.14 0.69 1.70

6.76 0.'14 0.69 1.70

8.48 o.761

transle|s; thc Gatlssian forrtr is knori'n to be r¡nsr-ritablc ftir asyrrrptotic regions u^rl
this is paItiall¡'confir'nlccl by thc snr¿rllnc'ss olø¡,,,. For the ..rpo,r.,riinl rvlr,e fu¡cti..,
\\'e calì cxpcct ottI rcsttlts to bc rnore ucculatc. Although thc contr-ibLrtions ol S, a.rlD states irt large lllolllcrìttrrìì tlanslcrs lrc- like-ly to alter ot¡r tlicor-r-tic¡.rl cur.r,c,s ¡.r¡Fr(q')' thc'e.xponcnti¿tl rvavc [ornr shoulcl still p|cscrrt the bettt--r fìt. OLrr. binrling

8

7
8l

t o^t

7



i!.

r'nc¡'!'ty \'¿llttcs lìr Sl'irrtstrtt'tt's ¡totcntial ru'c suflìcie lltly rrcar l-oritch.lR,,s1li's to t¡- | an,{
c(rr.trilgc trs 1o belicvc f hltt tr'.rr trii'.1 lìr¡tctitrn is clr¡sc to the b.-st cr!r!:ìiilr:,i llrr-irtii¡rnlly.
'l'llc.-rccllcilt ltsreetllcttt Lrcttt't-cil oLll- (r¡,,1 artd c.rlterirricnt sullgcsts thlt otrr vr-locity-
tlc¡t,:tttlt'ttt lt.-rtc-rttill is quitc' ¿tccut'¿Lte . ,\s a chcck, rvc c¡rlculatc-d o¡,,, ft)r alIc usirrg
Slivitstltvit's lrrltl¡'sis rtlttl c¡t¡r llotc'ììti¿ìl pl.¿uleicrs. Thc agiccnrent ri,ith cr-pcr.inrcnt
ìs sLtLrst¿trttiallf irtr¡rrovctl; o,,,, is lìttlc ¡llictctl b¡'our usc crf Srir,¿rst¿¡,a's i¡terpr.etl-
tiorr trl-¡l bccatts.'it u'lts loLulcl irt cttr bincl ing enr-rgy crlculation that thcr.c \,{rs orìly

l',rurr 2

r7b ilÌl(l rtlrÌr of 3[{ ir¡rd {F[e

7, Ccuclusion

Using racliirl tvavc lurlctiotts of ¡rrotluct lornl *,i(h trvo-bocly corr-clltio¡s rve have
bccrr aLrle to olttlin goocl agrc'crtrcnt ri'ith tlle rcsults of othcr arrthors. Our calcul¿rtio¡is
irlclicatc tll¿tt sltort-rnrtgc con'cl:ttious arc inrportant ¿s Llìeir introduction inr¡trovcs
t'csttlts considcritbl)'. Otu trial ltrrtctious, in palticulur thc nroclilìccl cxponential, pr-o-
vide ercclleltt applttrimatiorls fol the S-st¿rtc structure ol tlic tli-nucleol ¿¡rcl ar-e

extretnely tlactnblc. Work is rtos,in progrcss Lrsir:rg thcse trial functions to clctcr-lli¡e
the ¡r-capttrle lute of 3l lc..

Tlie atrthor is gratefLrl to Prolcssor'l-1. S. Glecn for cncoLrlagenrcnt ¿rncl to Dr. K.
Okrrtlloto fol trseft¡l cliscussioirs rvhilst the ¿rnthoi'.\vls itt thc Univelsity olNov South
\\/alcs. [-le is grirtclt¡l to Dr. S. Rosati, rvhose qucry o11 scìillc nur]tc-r'ical lcsults ill the
oliginal Inattttscript, lcd to the tlctcction of alr clror in the conrputirrg ¡trogritìl1ure.

.{ppeni!ix

Thc integlals appe¡.ling in this p¿ìper are presented hcre tbr conrpletcness. Iror the
Gaussian

I

(i) 
J 

.*O ( -utrl -a.z13- arr!)rrrrrrdrrclr.rclr.. : ln(ø1 cz1-'4tu.+are.)-!

(ii) 
J.*p 1-o, t'?-ort-1-atr2r)rrrrclr., c1i.rO,.. : (" lr)

x (4[a, a2Ia1u3-fc/.2o.])- t,

f(iii) 
J 

.*O ( -atr?,-azri.-urr!)rrrrr.ldr, dr.rclr. : l-6n(trïu2)

x (a., u, * u.t a s + ura3)- +,

(iu) I crp (-ø, ,'1,- or,'L- qrrl) cxp (.iq .lt)r., rrr.rclr,tlr.rcìr.

: n(41u, u, * a, c r + I 2a.-])- Ì- exp

(u) il ó : exp (-2, t-zt-azrj-arr!),

( : exp (- oi ,i - r.! 11- q: r3),

q2l,Iat ta2 *ø.1
361a, a r-'l- d r d: -l- cr z a. t

Nuclcrrs Author rr r,r, I (1 -2 e'2 h I 3,\ I c) 6rnt 6 ,,tr
(Sclbcr) (Uìet)

().f c\/. nrb) (lr'lc\/. nib)

tí¡
(nr l¡)

3l Ic

j IIc

Srir'¿rstavrt

(corrccir'ij io our l)ota¡Ìti:tl)

I'liìthui ¿/ ¿rl.

pi'.scit \\c! It (Caussiait)

(erponcntial)

crpe rint err tal

S¡-ilast¿rr a-.luilr

(colrccted to cur potrrrIi¿tl)

cxpcri;ncntaI

f .013 j-0.72.1(r:r -l- lÁ)

t.u,* ,'o.rr.r('1;{)

r.o: r o uu(-i,11)

1.0 i 0.72 (nt i)¿lt)
lnt.i l,lt\

¡ .o ¡- 0.7.2 [ --- I\(tiIilt

r.03 ro.+sr('li,l)

r05 io.7rt(:::#)

1.5

-1.5

3.5

I ei

2.85

2 6)-

11¿

2.53 .Þ 0. t 9

¿.4

2.1

2.1

t 0.1 5 95t7

_s6.0

53. t

56.0

5.1.0

55.2

51.0

62.2

59.6

60.4

5,1.8

62.0

t2t.0

I13.0

¿l

62ú

3(1. I 30-j- 1.239) tn ) jl¡))

r(r r:o: t.r(:.,:#))

r(r r'1'."9:Íj))
2.4

105.0

I 10.5

I 03.3

/
lr sill¿rll qLlanfitative difference betu,een case I ¿ucl c¿ise 2. It c¿rrr be corrclucle.J that the

dr,4. discrcirancy bctu'cclr Slivastav¿r ancl Lovitchf Rosati's binrling erlersy results is trlnrost
r','irolly att¡'ibrrtablc to tltc pcor- trial firnction of Srivustava. r\ cornitarìson of the
l'esrtlts (tablcs I ¿ncl 2) obttLincd by thc Lrncolrcl¿rtecl ancl correlated lLutctions for both
\t'ave fc-rllls, illdic¿ttcs the impoltzince of short-range colreleLtions *,hen the trvo-bocly
íllter¿lctioll is describccl by a vclocity-clepenclcnt potential. Tlic Coulomb euergies in
o¡-rr ciilc'¡latiorls arc tloti,hcre nc¿rr Ihe difl'elencc betrveen the expciinrcntal bincling
e nerlqy of 3fl a¡tcl 3l'{e. Ttl¡s tencls to strppolt the clairn of Okarroto thai chalge zrsyrn-
illetry ntulìt be il.escnt ro thc ordcr ot 0. I McV.

'r(rþ(¡ : 3¡3¡2
M

rvhcrc l" clenotes sLull ovcr cyclic pcnnr,rtirtion.

2arat(zr+a)+u.+a\) , - (r, -t-t\)Qrrj+r.,oj)¡
1'L 

- M - |

x { | (a, +al)(cr, +dl)} -;,

T

9.
10
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I

Fol the cx¡toncntial

t(i) 
.f 

cxp ( - e' r ¡ - d.21' 2-4. r'.)r', r r rrdr rdr'r dr'. : 8{ur(q t + ur)(u r + ar)

I a zd z -t a r)(a r+ a3) + c.(ø. * a,)(a. l- u r) + 2(a, i a )(a, I u r)(u, + a r)'j
x {(a, +ar)(a1 *43)(ar+o.)}-t : I(a"t, a2, o3),

f
(ti) j .^n (-ür r'¡ -u.zt'z-ø3 r'3)r'' r2dr,drrdr. : 4{1or 1a)(a.,*ur*ar)

r 
r(a,-ra.r)(ar+a3)){(ø, +a)-3(a,-t-e.r)-2(a2+a.)-2},

(ii¡) 
J 

cx¡r ( -u t t' t -d.zt'z-a.r'.)r', r'r,']d,',drrdr'.

l2(u.r+ur1 ur)

whelc 1(a, ß,y)is integral (i) above and

J(o, lJ, i) : to[(ø3 + ß')v'+(a2 + ß2)(4t1+a[]v)

+(a+ þ)(aya +.7 ullyz) + ys +3u2 [ì2y + l}ct [)y3fl(u. + ¡])3(þ +7)4(z+ 7)*l - ' .
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:8 , l2(ct 1+ u.rl ur)
' (o, +o.)'i7 ,+or)'(trl ojar+ t r)s(u., -t u.r)2(u, + ur)t

9(2u..1-t,+u2)
+

(a2+ ar)a(u., ¡ a.r)4(a, + a.r)

3
If' (u, + a.r)a (u.2 * u 3)(t,+ ør)3

102rlx, a.ra,

1T

X
I<2,+4t2r+f,q2 + jqk,
ttlt-4fi-tâq2 -lqli,

+
2l(l;l + al + !,;q')' - (lqtr ,)'f

f'' | -Ì k?

) ot çt,1 + r.j¡' lzt,i ),t'3 - 2a1 - -,1-¡,2

-t

(a., + a r)a (a, -r a r)(u., + u r)3

3(3u.1-t3a.r*24)
(a., 1- a.r)3 (a. ,,+ a.)3(ø, + ø.)3

k2, -t u2, * $q2 - !e1t;,

l<l + o,zr -t !¡c12 1'tq k ,

2

l$ki+ afi+ 1ç,1')' - (jq/,,)'l

dk, ,

+

(in) exp (-ø, t' t -dzt'z-dtr'3) exp (i3q' ft)r', r',r'.dr', clr'rdr.I Jt* *
i'l

x l\q t;,(2ki -t 4.r.3 - 2,i? - Ê,f ) )- 
"" [(

+

(u) il',þ : exp(-ø, t't-u.zt'"-d3rj),

ð : cxp (-"1 r, -a),'r-ø] r'.),

t,1
T(,þ, ë) : 

AtA,a', 
+a,l+"ra.!)t(u., *al , ar+a'r, a. +al)

+ l, - çr ro;+ t.at)J(t.-t at2, a.+-øj, a, -rel) r,t 
' -

It2
I 

¡r(tt".t, 
-lr.,u")Jçt^+u\, u,l-al , ur+at)

h2-r - nkta.)-rttzt)l(a.r 
*dI, u.,-ra), ø.+aj),

1l l2



[}[ìffiHFJT $5t

.\¿rclr'¡r¡'l'l,r.vc.s.\000 (196¡') 000 0ti0: @ ,\'ortlt-ì!ollutxl Prrblishing C.o,,lntrtotlunr

Not to bc rcllrrl(lLrccd b¡ ¡rlrtrto¡rri¡¡ or rììicrolìlrìì rritlrtrrtt rrri(tcrl p!'rìl¡ssio'l frorlr thc ¡rLrblislrcr

TIIIr I)l lO'fODlSiN 1'l-Glt¡\l'ION CIIOSS SEC-t tON OIi ltlc

T. K. LIJ\I

D('luttntctìt o-l .\l¿tlr(ntotictrl I'lt1'sits, Utiitr:tsit¡'rtl',1laloirlc, .South .'lttsttoliu

fìcccir,:tl l-l Octobcr 1967

.\l)slrrìct: -i lre intcgmtetl cross s(-ction ø¡n, for tìrc pllrtodi-sinlcgration of hcliu¡lr (rFIc) is calcul¿ltcd
b-ra¡r¡rl¡irrgtlrc-srrllrLll!ìsofl-c\ingcraridBcthcaudrrsirigats'o-par'rìrìrctcrIrriirgr',avefunction.
-f ìrc trr o-bocly intcractiorrs irrc ¿rssruÌe d to Lrc thlìt obtuìnctl ft,¡nl oL¡r nrotlificittio¡l of (lìc cc¡ìtral
\ clùcit),-(!cp!-ndcrrt potcnril:l of Srivasta\ a lnrl thc lìirritn-Prcscnt potcùtiíì1. Oul rcsults gite
consiclcmbl¡, bettcr agrcclìe nt r, itll thc c-rpcrinrental r!-sults ol Corbunov antl Spiritlonov than
clo thosc ofotlìcr ¡luthors nnil in¡licatc tlìxt SL-rber arcl llicl forcc rnixturcs nrc nrorc suitable
forìrs of ìntcraction.

l. Irtloilucfion

lhe I-llcnrsstrirhlung-\\'e;ghtecl cross scction alìd tlìe integi'rrted c!'oss scctiol'r in the

¡rhotocl::intcgi'¿tiou ol +f te h¿u,c lecentll, be-cn evrrluírtc(l by Goltlhrlirllìtcl'ítrt(l Valk,
tìLrsi-ei iìn(l ìvlLÌkhr-rjec, Siivast:rva and Jnin ancl Davey ancl V¿rlk'-n) b), applying
Ihe sunl rLrles of Lcvihgel arìd Betlìc t). The rcsults of tilcsc giL)r¡:s ¿rre tbrìnd to be

luÌsiìt!sfactory ou close cLrnlpatison with tlle llrelìsLriellteiltr; of GorbLttìov ¿l¡]d

Spiriclrnov 6). It appea.rs tilat the clisrrgreernclrt rvith cxperiireiìt carrrlot be attribtrtcd
to thc Íailure oi thc sum lrrlcs ri,hich have becn succt-ssiul in other ap¡iicltiorts. OLrr

vieri'is ihat thc ciis,:r'epiLncy nlLlst be ¿lssociitted with tiì3 p¿ìrticular choiccs olinterac-
tirtn poterrtiuls ancl a[{c glouilcl-state ivave'ftrnctions nrarle by these rvoiker-s, sillce

ilte c--:pr'essioll fol a,,,, clepencls on both thc ¿rss.Ltincd potelltial iì-ncl tlle glot-llld-

st:tte \\'¿lvc l'unctio¡r of the tlucleus.'I'he clisaglecrneut i)ro'o:rbly irrises frortr their
Ltse ol either a¡r irrs'.rllìcicrrtly rc¿ìlistic nLlclcon-!tLlclcorr potcrrtial or a sitrtple rvave

fiutction rvhose llalatlleters ¿tre obtainell r,i¿r the uncertairìtics ola veriatiolt¿tl calcula-

tìon. I¡r particLrlar, the lnoclifì,:d Irving il'¿rvc function ol Rustgi nnd \4ukheljce is

clcrivecl fi'orl a va.ri¿rtioiral c¿rlcLll¿tiou thtt lcacls to an unclcll¡ounci alpha partir:le,

u'hilst the ce¡rtrtl velocit¡'-ilcpcrrr-lcnt pùtential enlployed by Siirrastava and Jain is

over-¿tttlacfive. 7) In this rr'ork, our purposc is to sec if a fairly flcxible trial ftrnctiorr
u'ltose paranrctcls alc Jìxccl by 1ìtting the bocly fon¡ lactor ¿urd the r.ln.s. r¿ìditls of
al{e togethcr u,ith ¿r mocler¿rtely lcalistic nuclcolt-uucleon potcrrtial (i.e. orle that
explains rrrost of the c.risiing ts,o-bocly clntlr) cirn resolve the clisagleeuent bcttveerl
theory arrcl expcrintcrrt. We also investigate the uatLrre of the exchatrge forces that are

rnost suittblc lor' the intcractiolts uscd.
In scct. 2 rvc consiclcr thc trvo fonlrs of intcrnr-rc!conic lolce alld the alphtr-particle

grourìcl-statc rvave fultctib¡Ì that are thc basis of this \vork, ¿utd in sect. 3 lr'e presctrt

001

lu¡ cxl)licit clcrivirtiorr of thc sun't-r(rlc ftjr'¡rltrllt'-- fc'r thc iìlt'--slllctl rrrtd brcnrsitr-alrltrng-

\\'ci-qhtr-d crtlss scctiolls <¡f +lle.

2, -l'hc llr!clcon-uuclc0u irìtcrrction iultl thc 
{llc grotrrttl-stntc trutc f'.lltctiolt

O¡c of o¡r t\\o choices tor the rluclc¿rr prricntial is thc Iìirritit-Pt'cs,-'nt 8) 
¡toterttirl,

rihich takes thc forllt

v(,',¡) : l',(r,,) : - 123'j cxp (- l'156r',r){r'; +bl'1,',1-/rI'lj lirr/')j}' (l)

lz.(r.,) : qV,Q.,,), (2)

(ri,hcle !hc latio r¡, rtf thc singlg{strtic to trìplct sta'tic potcrrtials is 0.6. rrttl tllc sttb-

scr.ipts s ancl t lelcr-to singlct ancl triplct, rcspcctivcly). The sccon,-l l)ùtcrrtiiìl is a
troclitìc¿ttiol't of thc cctrtial vclocity-tlepcrtclcnt potential of Srivastilva 3)

V(,',¡) : (co+ LtPt', t'hPt,t, t rirPlr!)(lz),,.,,"(,',;)-l- /.", u"o.(r',;)' (3)

IIeL'c (l/).,,,,," (r¡r) is given bY

/ \ (/o)',",i" / ?¡"\
L,,u,¡.(,.,j):\lor't¡t¡c.-o( 

;.t/ 
, (r)

1"".'.u"n.(,',;): (4)'",.u",,.(r''r)-t-(t';)""r.a"p.(r'i;), (5)

rvlle re

Jt

( t .),",. o"n.(i',r) : l(/o),",. u"o.{l,l o-l.(r'¡;) -F o.(r,,)pl,},

( 4)' 
",. 

o 
" 

o. 
(,',) : -1- x, 

",. 
( /o)'" r. ¿ 

" 
p { ¡;1, tt,(r, ¡) +',('', ) pi ¡},

(6)

(7)

(8)

rvitir

al(i'';) : cxp ,;,)

The valLres of our potcntial parlttl'tctcrs are

(Zo).,,,,i" : - 100 IvIeV, L : 0'625 ùn- r''ß.

(Zo)"",.¡"0. : 82.94 MeV, : 1.40 fm-r,
I' :1.0 lnr-1,

l)¡

X,'"¡. : 0'415, 11 : 0'655' (9)

lt is obvio¡s lioirt refs.7-e) that our t\vo poterrtials satisly thc c¡itc-i'ill lì¡r'¿r lealistic

potc¡tial. We approxiniaie thc groLurd st¿r.te of 4llc by the prcclortrinitnt spittillly
syrrmctric tso statc. -fhus otrr lv¿rve ftrtrctiott ciitr bc rv¡itten as

T'(tSo) : ,lt,(x'(' - x."('), (10)

1
-,,'
tJ-

)
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rvhct'c

X' : I(u, ß r- e, ß,)(a, þ o- o.u ß r),

"|(r), : 
Jrot'dt/,

are or-tlrogt'lliül s¡tilr functiolls lnd ('ancl (" the.oïr.rpon,litrg isos¡lirl ltrllctions for

thc fo¡r.-rr¡cleo¡ systcnr. Thc sprtialty s.vnmetlic part of ihe u'ave ftrnction ry'. is

takcn to bc the trvo-plrtatletct' l¡f i11o 11'¿1's fLrnctiorl e)

ry'. : À'{exp t-"( I r'lr)!l-exp t-1,(I,'¿)-l}, i,i : 1,2,3,4, (12)
¡<j ¡<j

rvlrcle the tlolnralizirtiotl colrst¿rtrt is

the ¡eut¡on and prototr chtrrge lorm factors 4n('r), Ft(p),\\'c Llse thc v¿tltres ol Dc

Vries r3) a¡d J¿rnssens t4). We take thrce valtres lor tlrc r.t¡.s. r'adius givcrt b¡'

7tt
li5N2r4 l l I

(/r,,u,)' : i - 
\rr¡, 

* 
F, -

2

{j(c+a)}

ô

(r6)

i9

^4- -1Itrr?') : 
zo

^ 26 l 1

;Y' : 
,n'i \,,.'* t, -

t6

l6 -t-
^2rq

4a

16
ti

2ì
{+t., + ¡Ìii

(1 3)

03

0.6

Fe

02

\\/ar c-functior.r ptranìc[cts
a(lnr) ó(im-r)

t.06
1.0-t

I.0t
t.06
t.0-l
t.0 t

'f¡is rv¿rve hr¡ction is expectecl to bc inaclcqLtatc fol tltc l'elocit)'clepenclent potêntial

i' bi.cli'g-crrer.gy calc¡latiolts if onl¡r 6¡ the l¡asis ol our u,ot'k olr the t|iton 7) rlhele

sltor-i-rrt¡gc tivo-bocl¡, co¡relrtio¡rs u,erc fc>uncl to be riecessru'y. It shoulcl nevertheless

giyc as i,-, .t-1. p¡oroclisintcgution closs-seciion calcu[atiolts, A valtle of ø,,,, (41]e)

th¿rt is ncar tllat obtain¡rble frtu'u â correlatccl function.'l'his l'ollorl's sillce it is kllotvn

thlt o,,,, clepenrls clitìcell¡,onl¡,on the as¡'mptotic behaviour.ol the rvave fullction

gSccl, ancl our p¡occclure îo¡ sclcctiirg tlre co¡ist¿utts a ancl b I.ilakes {, goocl at lalge

raclirl clistances. Otrr p¡r-zLr.¡ciers ct ar.cl b irre frrtrncl by tlte method of lef. ?), lvhich

allorvs us to in,oicl the unceltailtties introclucecl by the inter:actiotr in any variational

calculltìolt. This is i¡rpoltant AS \\¡Íìve fru.tt:tions chosctr by variatiorlal lnethoc[s

to giye tlrc corrcct binclirrg el.terg),give loo concentlatecl a trttcletls n;. Thtrs n arld l¡

ar.c cvaluatcc-l b¡, 1ìtting tlte fornr factoI of aFìc given by oirr tÏave ftltrction

q 2 (t't-2 )

i.ig. L Coniparison ol theoretical aocl crpe rinìental fornr fu:,î..Cilcleìfc\pùrinrcntal.clrtu rnal¡scJ f 1¡ a"t !
bv'r'a,g a ,cr Frcrndo r, .'::ïl;ili'i,Jil:,:,:ìT':¡ï.i:iill,:i:ì.i],:iì:, ,n"'.."' a,,cr r iir rsÌ,s o,,

Tr\Bt-t- I

Thc bincling encrg¡, Cottlortrb c¡tc'rttv ir¡tcl thr- r.nt.s. ritilitts of- rlìe
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It sltoLrlcl bc lcit.lcr.utrclccl thiLt this lìt is lor lriglr nìc)lllctltttÌll tt'ltlslcl's sìucc thc r.111's'-

raclirrs llrclLcly clctcr'¡nilrcs t ultt) ftl srnlll r7. ln this calcirlittion, tltc cltll|gc'l'ol'nr fttctor

.lt"h(11-lc) is i¿rkcr-r fionr thc cxpcrinrcntul rvoIk of lrrrrscll ''),/licncttirl 
rr) rrncl for'

Itrl a,/ !- 3 4



77.e <.qrv¿s( dre , lrc.,¿ t"¡ h, Loîin- t' t'h q5c¿n'4i"¡ otl"''"f R.^')'

'fhesc are 1.40, 1.45 ¿tncl 1.,50 hn, r'cs¡tectit'c11,. Flc'rrn fìg. I it is sccn that thc trest

1ìts bctsccn thc cllcLrlatccl artd ex ¡re linrentll r,ulucs for the bocly Íbrnr lìrctol are very

satisftictory 'I'hc thrcc scts of d ¿ìlìd 1, are displa¡,ccl in tablc L As possible chccks on a.
tltc irccLtrllcy of ottt' \\'1\'L' l'Lllìctiolls. \\;e hirve dclL'rnlincd the Coulonrb energy arrtl the

bi¡ding cncrgy of al{e. The Coulomb cnergy is obt¿tinecl frrrnr tltc explcssion (26)

Thc lLrnctiort G(ar, or, K) can be ev¿luuted explicitly using thc tr-¿utslon¡rtions of
Irving. Our rcsults for the bincling encrgy aucl tlle CoLrlon.rb cncrgy givcn irr table I

clcally shorv th¿rt our triaI functiou has enough flcxibitity to clescribe pro¡tclly tlre
glound strte ol thc lour-l¡ocly systcnl, especially rvhcn thc intcraction is the Rirritt-
Plcscnt potential. The sligirtly unclelboLrnd alphl particlc il,hen wc use thc vclocity-
clcpcnclent irotentizrl at'ises fronr the large v¿rlue of r/. lor smtill interpatticlc septr'a-
tions; ry'. clocs not exhibit zury colr:clations bctrvecn puirs ol plrticles. Wlitirrg ry'.

in ploduct form lvith sholt-rirnge collelations rr,ill inrprovc oLrr bincling-enelgy cllcu-
latious consiclerably, but the iurirlovemcnt in ø,,,,(alIc) is likety to bc nlinintal (scc

table 2, whcre \\,c have included our 3FIc- r'esults). This point rvill be iur,cstigutcd in
more detail rvhen the prcsent c¿rlcul¿rtion¿rl programme is extcnclccl to inclLrclc ry', ir.r

plocluct lornr.

3. Suul-rule forn

Thc [rlcnrsstralllunc-rveislrtcd cross sccti

function tt/ot ir; lLrlly ipatiilly syrrrrnctric/is
expressionr) 

',:J; (;) . * :T#(*r-,) o,,,, (zt)

'1 hus to cvaluate oo (4lle;, we rreed only urultiply oLlr lìrearì squ¿rre Lactii by the

const¿Lnt in eq. (27). In the electric clipolc rpploximation, thc integnttecl cross-section
ø,", is clcfinecl as

f- 
= 

2n2e'-\)- /.,,, (2s)di". : 
Jo 

o(tv)dtv = 
lvtc /-r uil'

rvl.re re thc oscill¿rtor strengthrfo,, whcn sunrnrecl over all states gives

\-r
/2J On -
n ¡r!¡ 

rffr,D.l, Dl) (2e)

For aFIe,

D : tz(Z,zIZ*),

aud thc r.luclcal H¿rmiltonian fI is

I1 :L'4-F I V(,.,¡); i, j: t,2,3,4.
t í<j

(30)

¡ulrl thc tr¿rnslor'¡lllttiotl

rr =-j(r'. +rn-rr-r2),
/.>

4
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", 
: 
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2ts3jz lnt

(here *'e arc nssutrting point rttrclcolrs).

The binding crlergy is fotrnd f'rom
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T.rt¡lt, 2

ob ¿ùld dtnr of 3Hc ancl {FIo

o1,,¡l(4t2e!hl Alc) õt 6ru,(S) rrnr(B) õrnr(l) irrnr(fì)
(nrb) (McV.mb) (Mc\z-nìb) (McV'nrb) (McV.rnb)

3.5 56.0 59.6 66.9 66.9

whel'c i and j stancl for pt'ototts ancl neutrons, respectivcly, and the tcrm (...) is

evaluate(l witlì tlìe co¡llplctc grouncl st¿tte wiì\'c fturctiort. The velocity-clcpcnclcnl

contribtrtio¡r lias bcen absorbccl into the tern N'ZlA (À": // if V,"t.a"p.(r'i;) is

absent). With our grouncl st¿rte wavc function and follorving the analysis of Slivastava

and Jain, oin( redttces to

'2x2e'h
oi"t: 

-¡;

N uclcus

3 ÞIc

{Hc

Rcl

col'[ùctcd to
our'¡rotcntillr)

hlrtl corc ì')

cc¡ rrc l atccl
exl)on!-nti¿tl c)

expcrirncntal 'l)

co¡rcctcd [o
our potcrìt¡lìl e)

f)

(ii )

(iìi)

(iv)

(r')

(vi)

expctirtre'ntal l)

l.0l -1-0.612 Qtt -l t2lt)

(ro 1|- rrr)

1.00+0.720 (rr i .lf )
(tò -'1 nt)

1.0-s-l 0.713 (nt i).lt)

I + (L;)."r. a.p [(ro,(r'.-,)) + X,",.(or,(r'.*))]I
I

2.8 5 56.2

2.14 57.8

60.4 68.8 68.8

62.0 70.5 70.5

62+6

I l-1.0 132.1

96.0

r oò.0

121.9

t2t.3

120.5

l_|.8

I r0.4

r 28.9

101.9

I 03.5

- lM þ:iD (( /).,.,,.(,..*),.1r) ì
I

(32)

(t':1 nt) (L').,",,"(,',;): (l,"rr),,,¡.(r,.)i(t+rtt). (33)

(h slroLtlcl bc notecl that (Z).,,,,,"(r'r) is llot the a\eragc of tliplet cvcn arìd singlct

cvcn st¿rtic lìLlcleoll-lìucleon forces as \\'as asstil¡ecl b¡'Srii,astzri,a ancl Jain, scc cqs.

(3) an.J (10) ol rcf. 3), bLrt it is in fact the spatial par-t ol thc triplet static force.)
The cxpcctation values al'c casily evaluated \\,itlì the apperìclix olSlivasLava ancl Jain.

Table 2 shorvs our resLrlts to-qethel lvith tliose olothel a-uthors for thc stanclatcì Selbcr',

Biel, Irrglis ancl lìosenfclcl ts)fo¡nrixtures (u'lrele the singlet anci tliplet spatial folnrs ,-¡ {onr,u
alc different ancl for thc lnglis ancl Rosenfclcl calculatiorls \\/c have assurnecl q to
bc 0.6).

4. i{csrrlts a!ìd discussion

We notc fronr t¿rblc 2 that otrr c¿r[cLrl¿rtcc'r values ol ø¡,.r al'c scrlsitivc to thc excltange

lnixturc of the ¡rotential and givc gc\od agrcelnent s'ith thc experìmcntal cl¿rtl ol
Gorbunov ancl Spiliclonov onl)'fol the ScrL.er ¿uld BÌeI lorces. This srrggests that tlie
trial funcliou uscd in this pa¡rcr is ca¡rabh-- ol gii.ing an aclcqLratc clcscliption of thc

grorìnd state of +lìe except in a snrall ì'egion of confìgulation spacc. Siucc cort'clations

do not influe¡rcc tlre ø,n, value too lnLlch, it is rcrsonlblc to c-xpcct thnt tlie valtrcs of
øint obtairìcd fronr our velocit¡,-clc¡-lerìdcnt potcntial ale exccllcnt approxinitttidlls
to those rvhich l'oulcl be obtaine(l \\'itlì cr)r'rrrl¿rtc(l lLurctions. E,r'en alloring for tltc
slìlall irìcrclnelrt rrhich oLrr ex'periu-rìce \yith sholt-r'anqe corlclltions in the trittLrclt-olt

woLlld sLr-qgcst, thc agreen-ìcrìt bctrr'een calculatr-cl arì(l expr'r'inlcrìtal values ol ø¡,,r

rvill still rcrìlllirì. Althou-qh thc lalge unccrtirinl.ies ìrr th.'c.rpclinrcntrrl data ale as yct

too gleat to l,iclcl a crìtical tcst, it is oirr bclicl thrt the nretlrocls clclclopccl hct'c c¡lr
leacl to inr¡llr'rvccl rcsults. Oul succcss in tliis iru.'stigltion crrìfìr'nìs tllc conclusion c¡f

Duvc¡, ancl \/ulk th¿rt it slloLlltì bc possiblc ttr lìt all oltlrc Pliotolìr.rclL-ru ct'ttss scctions

iu thc ls shcll rvith orìc fornl ol thc nucleou-nì.lcl!-on intcrlction, i.c. the leltrcit¡'-
clcpcnclr-nt ¡ìotcntial rvil.h Scl'bt'r exchang.: cllur'¡ctr'r'. lt cirn ¿rlso bc concltttlccl thttt

rvithin expclinicntirl e¡r'or thc t--halgc cìistiibutions rs nrciìsurù(l b¡'high-ertclgt'
electrorr scatLcling is thc srulc cltrrgc clistlibuLit',n irs givcs risç- to cle-ctr ic tlipol.'
absolptiorr. l'lic intcocluction of'shor[-rirrrgc collr,'lirtiorrs inttr Ilr'orluct lorltt l'avc

) tì l-
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Usìng thc- gcncnLl tu'o-body for.cc givcrr Lr),cq.(3) ancl cvitl u¿rting

thc cxplcssio¡l for oi,ìr lrcco¡lrcs
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ùruclions tìr)\v rìppe¿ìfs'lcrsiblc sìnce the inte,qrals crrcorurter'ccl citn ['lc sirrrplilìed using

tlle reccrrt tcclrniquc of'Iìtrber-tstu). This is ttorv bcirtg irtvcstigirt,:rl.

The author is glatelul 1o Plolessor H. S. Grecn fol hclpful adr'ìcc ¿rnd for-r critical
rc'lcling of the ltrrntrscript.
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