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Abstract: The propagation of pulses through waveguides with sub-
wavelength features, inhomogeneous transverse structure, and high
index contrast cannot be described accurately using existing models in
the presence of nonlinear effects. Here we report the development of
a generalised full vectorial model of nonlinear pulse propagation and
demonstrate that, unlike the standard pulse propagation formulation, the
z-component of guided modes plays a key role for these new structures,
and results in generalised definitions of the nonlinear coefficient γ, Ae f f ,
and mode orthognality. While new definitions reduce to standard definitions
in some limits, significant differences are predicted, including a factor of
∼ 2 higher value forγ, for emerging waveguides and microstructured fibers.

© 2009 Optical Society of America

OCIS codes: (190.4360) Nonlinear optics, devices; (190.4370) Nonlinear optics, fibers;
(190.3270) Nonlinear optic, Kerr effect; (130.4310) Integrated optics, Nonlinear; (060.4005)
Microstructured fibers, (060.5530) Pulse propagation and temporal solitons

References and links
1. Q. Lin, O. J. Painter, and G. P. Agrawal, “Nonlinear Optical Phenomena in Silicon Waveguides: Modeling and

Applications,” Opt. Express15, 16,604 (2007).
2. J. C. Knight and D. V. Skryabin, “Nonlinear Waveguide Optics and Photonic Crystal Fibers,” Opt. Express15,

15,365 (2007).
3. M. A. Foster, A. C. Turner, M. Lipson, and A. L. Gaeta, “Nonlinear Optics in Photonic Nanowires,” Opt. Express

16, 1300 (2008).
4. C. Koos, L. Jacome, C. Poulton, J. Leuthold, and W. Freude,“Nonlinear silicon-on-insulator

waveguides for all-optical signal processing,” Opt. Express 15, 5976–5990 (2007). URL
http://www.opticsexpress.org/abstract.cfm?URI=oe-15-10-5976.

5. A. Fuerbach, P. Steinvurzel, J. Bolger, and B. Eggleton, “Nonlinear pulse propagation at zero dispersion
wavelength in anti-resonant photonic crystal fibers,” Opt.Express13, 2977–2987 (2005),http://www.
opticsexpress.org/abstract.cfm?URI=oe-13-8-2977.

6. S. Yiou, P. Delaye, A. Rouvie, J. Chinaud, R. Frey, G. Roosen, P. Viale, S. Février, P. Roy, J.-L. Auguste, and J.-M.
Blondy, “Stimulated Raman scattering in an ethanol core microstructured optical fiber,” Opt. Express13, 4786–
4791 (2005). URLhttp://www.opticsexpress.org/abstract.cfm?URI=oe-13-12-4786.

7. F. M. Cox, A. Argyros, and M. C. J. Large, “Liquid-filled hollow core microstructured polymer optical
fiber,” Opt. Express14, 4135–4140 (2006),http://www.opticsexpress.org/abstract.cfm?URI=
oe-14-9-4135.

8. R. Zhang, J. Teipel, and H. Giessen, “Theoretical design of a liquid-core photonic crystal fiber for supercontin-
uum generation,” Opt. Express14, 6800–6812 (2006),http://www.opticsexpress.org/abstract.
cfm?URI=oe-14-15-6800.

(C) 2009 OSA 16 February 2009 / Vol. 17,  No. 4 / OPTICS EXPRESS  2298



9. M. R. P. et al, “Dependence of Rotational and Vibrational Raman Scattering on Focusing Geometry,” IEEE. J.
Quantum Electron.33, 938 (1997).

10. F. D. Tomasi, “Stimulated Rotational and Vibrational Raman Scattering by Elliptical Polarized Pump Radiation,”
Phys. Rev. A64, 023,812 (2001).

11. L. S. Meng, P. A. Roos, and J. L. Carlsten, “Continuous-Wave Rotational Raman Laser in H2,” Opt. Lett.27,
1226 (2002).

12. F. Benabid, G. Bouwmans, J. C. Knight, and P. S. J. Russell, “Ultrahigh Efficiency Laser Wavelength Conver-
sion in a Gas-Filled Hollow Core Photonic Crystal Fiber by Pure Stimulated Rotational Raman Scattering in
Molecular Hydrogen,” Phys. Rev. Lett.93, 123,903–1 (2004).

13. F. Benabid, F. Couny, J. C. Knight, T. A. Birks, and P. S. J.Russell, “Compact, Stable and Efficient All-Fibre Gas
Cells Using Hollow-Core Photonic Crystal Fibres,” Nature434, 488 (2005).

14. C. A. Barrios, “High-Performance All-Optical Silicon Microswitch,” Electron Lett.40, 862 (2004).
15. S. Ghosh, J. E. Sharping, D. G. Ouzounov, and A. L. Gaeta, “Resonant Optical Interactions with Molecules

Confined in Photonic Band-Gap Fibers,” Phys. Rev. Lett.94, 093902 (2005),http://link.aps.org/
abstract/PRL/v94/e093902.

16. F. Benabid, P. Light, F. Couny, and P. Russell, “Electromagnetically-induced transparency grid in acetylene-
filled hollow-core PCF,” Opt. Express13, 5694–5703 (2005),http://www.opticsexpress.org/
abstract.cfm?URI=oe-13-15-5694.

17. S. Ghosh, A. R. Bhagwat, C. K. Renshaw, S. Goh, A. L. Gaeta,and B. J. Kirby, “Low-Light-Level Optical
Interactions with Rubidium Vapor in a Photonic Band-Gap Fiber,” Phys. Rev. Lett.97(2), 023603 (pages 4)
(2006),http://link.aps.org/abstract/PRL/v97/e023603.

18. P. S. Light, F. Benabid, F. Couny, M. Maric, and A. N. Luiten, “Electromagnetically induced transparency in
Rb-filled coated hollow-core photonic crystal fiber,” Opt. Lett. 32(10), 1323–1325 (2007),http://ol.osa.
org/abstract.cfm?URI=ol-32-10-1323.

19. J. E. Debs, H. Ebendorff-Heidepriem, J. S. Quinton, and T. M. Monro, “A Fundamental Study Into the Surface
Functionalization of Soft Glass Microstructured Optical Fibers Via Silane Coupling Agents,” IEEE Journal of
lightwave technologyAccepted(2008).

20. M. Foster, K. Moll, and A. Gaeta, “Optimal waveguide dimensions for nonlinear interactions,” Opt. Express12,
2880–2887 (2004).

21. Q. Xu, V. R. Almeida, R. R. Panepucci, and M. Lipson, “Experimental Demonstration of Guiding and Confining
Light in Nanometer-Size Low-Refractive-Index Material,”Opt. Lett.29, 1626 (2004).

22. V. R. Almeida, Q. Xu, C. A. Barrios, and M. Lipson, “Guiding and Confining Light in Void Nanostructure,” Opt.
Lett. 29, 1209 (2004).

23. V. R. Almeida, C. A. Barrios, R. R. Panepucci, and M. Lipson, “All-Optical Control of Light on a Silicon Chip,”
Nature43, 1081 (2004).

24. V. Almeida, C. Barrios, R. Panepucci, M. Lipson, M. Foster, D. Ouzounov, and A. Gaeta, “All-optical switching
on a silicon chip,” Opt. Lett.29(24), 2867–2869 (2004).

25. M. Foster, J. Dudley, B. Kibler, Q. Cao, D. Lee, R. Trebino, and A. Gaeta, “Nonlinear pulse propagation and
supercontinuum generation in photonic nanowires: experiment and simulation,” App. Phys. B-Lasers and Optics
81, 363–367 (2005).

26. P. Mullner and R. Hainberger, “Structural Optimizationof Silicon-on-Insulator Slot Waveguides,” IEEE Photon.
Technol. lett.18, 2557 (2006).

27. E. C. Magi, L. B. Fu, H. C. Nguyen, M. R. E. Lamont, D. I. Yeom, and B. J. Eggleton, “Enhanced Kerr Nonlin-
earity in Sub-Wavelength Diameter As2Se3 Chalcogenide Fiber Tapers,” Opt. Express15, 10,324 (2007).

28. M. A. Foster, A. C. Turner, R. Salem, M. Lipson, and A. L. Gaeta, “Broad-band continuous-wave parametric
wavelength conversion in silicon nanowaveguides,” Opt. Express15, 12,949–12,958 (2007).

29. R. Salem, M. A. Foster, A. C. Turner, D. F. Geraghty, M. Lipson, and A. L. Gaeta, “All-Optical Regeneration on
Silicon Chip,” Opt. Express15, 7802 (2007).

30. M. Nagel, A. Marchewka, and H. Kurz, “Low-index discontinuity terahertz waveguides,” Opt. Express14, 9944–
9954 (2006),http://www.opticsexpress.org/abstract.cfm?URI=oe-14-21-9944.

31. G. S. Wiederhecker, C. M. B. Cordeiro, F. Couny, F. Benabid, S. A. Maier, J. C. Knight, C. H. B. Cruz, and H. L.
Fragnito, “Field Enhancement Within an Optical Fibre with aSubwavelength Air Core,” Nature photon.1, 115
(2007).

32. S. Afshar. V., S. C. Warren-Smith, and T. M. Monro, “Enhancement of fluorescence-based sensing using
microstructured optical fibres,” Opt. Express15, 17,891–17,901 (2007),http://www.opticsexpress.
org/abstract.cfm?URI=oe-15-26-17891.

33. S. Atakaramians, S. Afshar. V., B. M. Fischer, D. Abbott,and T. M. Monro, “Porous fibers: a novel approach
to low loss THz waveguides,” Opt. Express16, 8845–8854 (2008)http://www.opticsexpress.org/
abstract.cfm?URI=oe-16-12-8845.

34. N. Karasawa, S. Nakamura, N. Nakagawa, M. Shibata, R. Morita, H. Shigekawa, and M. Yamashita, “Compar-
ison Between Theory and Experiment of Nonlinear Propagation for a-Few-Cycle and Ultrabroadband Optical
Pulses in a Fused-Silica Fiber,” IEEE J. Quantum Electron.37, 398 (2001).

(C) 2009 OSA 16 February 2009 / Vol. 17,  No. 4 / OPTICS EXPRESS  2299



35. O. Boyraz, T. Indukuri, and B. Jalali, “Self-Pahse-Modulation Induced Spectral Broadening in Silicon Waveg-
uides,” Opt. Express12, 829 (2004).

36. O. Boyraz, P. Koonath, V. Raghunathan, and B. Jalali, “All Optical Switching and Continuum Generation in
Silicon Waveguides,” Opt. Express12, 4094 (2004).

37. A. Zheltikov, “Gaussian-Mode Analysis of Waveguide-Enhanced Kerr-Type Nonlinearity of Optical Fibers and
Photonic Wires,” J. Opt. Soc. Am. B22, 1100 (2005).

38. B. Kibler, J. M. Dudley, and S. Coen, “Supercontinuum Generation and Nonlinear Pulse Propagation in Photonic
Crystal Fiber: Influence of the Frequency-Dependent Effective Mode Area,” Appl. Phys. B81, 337–342 (2005).

39. J. Y. Y. Leong, P. Petropoulos, J. H. V. Price, H. Ebendorff-Heidepriem, S. Asimakis, R. C. Moore, K. E. Framp-
ton, V. Finazzi, X. Feng, T. M. Monro, and D. J. Richardson, “High-Nonlinearity Dispersion-Shifted Lead-
Silicate Holey Fibers for Efficient 1-µm Pumped Supercontinuum Generation,” IEEE J. Lightwave Technol.24,
183 (2006),http://jlt.osa.org/abstract.cfm?URI=JLT-24-1-183.

40. G. Genty, P. Kinsler, B. Kibler, and J. M. Dudley, “Nonlinear Envelope Equation Modeling of Sub-Cycle Dy-
namics and Harmonic Generation in Nonlinear Waveguides,” Opt. Express15, 5382 (2007).

41. J. Zhang, Q. Lin, G. Piredda, R. W. Boyd, G. P. Agrawal, andP. M. Fauchet, “Op-
tical solitons in a silicon waveguide,” Opt. Express15, 7682–7688 (2007). URL
http://www.opticsexpress.org/abstract.cfm?URI=oe-15-12-7682.

42. P. Agrawal,Nonlinear Fiber Optics (Academic press, 2007).
43. M. Kolesik and J. V. Moloney, “Nonlinear optical pulse propagation simulation: From Maxwell’s to unidirec-

tional equations,” Phys. Rev. E70, 036,604 (2004).
44. M. Kolesik, E. M. Wright, and J. V. Moloney, “Simulation of Femtosecond Pulse Propagation in Sub-Micron

Diameter Tapered Fibers,” Appl. Phys. B79, 293 (2004).
45. X. Chen, N. C. Panoiu, and R. M. Osgood, “Theory of Raman-Mediated Pulsed Amplification in Silicon-Wire

Waveguides,” IEEE J. Quantum Electron.42, 160 (2006).
46. J. Laegsgaard, “Mode profile dispersion in the generalised nonlinear Schrödinger equation,” Opt. Ex-

press 15, 16,110–16,123 (2007), http://www.opticsexpress.org/abstract.cfm?URI=
oe-15-24-16110.

47. J. L. Dadap, N. C. Panoiu, X. Chen, I.-W. Hsieh, X. Liu, C.-Y. Chou, E. Dulkeith, S. J. McNab, F. Xia,
W. M. J. Green, L. Sekaric, Y. A. Vlasov, and R. M. O. Jr., “Nonlinear-Optical Phase Modification in Dispersion-
Engineered Si Photonic Wires,” Opt. Express16, 1280 (2008).

48. T. Fujisawa and M. Koshiba, “Guided Modes of Nonlinear Slot Waveguides,” IEEE Photon. technol. lett.18,
1530 (2006).

49. S. Afshar V. and T. M. Monro, “Kerr Nonlinearity in Small Core Optical Fibres and Nanowires: A Generalised
Model, and Application to Microstructured Fibres”, Joint OECC/ACOFT 2008 conference, IEEE conference
proceeding.

50. A. W. Snyder and J. D. Love,Optical Waveguide Theory (Chapman and hall, 2-6 Boundary Row, London SE1
8HN, UK, 1995).

51. K. Okamoto,Fundamentals of Optical Waveguides, 1st ed. (Academic Press, 2000).
52. T. P. White, B. T. Kuhlmey, R. C. McPhedran, D. Maystre, G.Renversez, C. M. de Sterke, and L. C. Botten,

“Multipole method for microstructured optical fibers. I. Formulation,” J. Opt. Soc. Am. B19, 2322–2330 (2002),
http://josab.osa.org/abstract.cfm?URI=josab-19-10-2322.

53. B. T. Kuhlmey, T. P. White, G. Renversez, D. Maystre, L. C.Botten, C. M. de Sterke, and R. C. McPhedran,
“Multipole method for microstructured optical fibers. II. Implementation and results,” J. Opt. Soc. Am. B19,
2331–2340 (2002),http://josab.osa.org/abstract.cfm?URI=josab-19-10-2331.

54. M. Kolesik, J. V. Moloney, and M. Mlejnek, “Unidirectional Optical Pulse Propagation Equation,” Phys. Rev.
Lett. 89, 283,902–1 (2002).

55. M. J. Steel, T. P. White, C. M. de Sterke, R. C. McPhedran, and L. C. Botten, “Symmetry and Degeneracy in
Microstructured Optical Fibers,” Opt. Lett.26, 488 (2001).

56. K. J. Blow and D. Wood, “Theoretical Description of Transient Stimulated Raman Scattering in Optical Fibers,”
IEEE J. of Quantum Electron.25, 2665 (1989).

57. P. V. Mamyshev and S. V. Chernikov, “Ultrashort-Pulse Propagation in Optical Fibers,” Opt. Lett.19, 1076
(1990).

58. T. Brabec and F. Krausz, “Nonlinear Optical Pulse Ropagation in the Single-Cycle Regime,” Phys. Rev. Lett.78,
3282 (1997).

59. A. L. Gaeta, “Catastrophic Collapse of Ultrashort Pulses,” Phys. Rev. Lett.84, 3582 (2000).
60. J. M. Dudley and S. Coen, “Coherence Properties of Supercontinuum Spectra Generated in Photonic Crystal and

Tapered Optical Fibers,” Opt. Lett.27, 1180 (2002).
61. F. Biancalana, D. V. Skryabin, and P. S. J. Russell, “Four-Wave Mixing Instabilities in Photonic-Crystal and

Tapered Fibers,” Phys. Rev. E68, 046,603–1 (2003).
62. G. Chang, T. B. Norris, and H. G. Winful, “Optimization ofSupercontinuum Generation in Photonic Crystal

Fibers for Pulse Compression,” Opt. Lett.28, 546 (2003).
63. P. N. Butcher and D. Cotter,The Elements of Nonlinear Optics (Cambridge University Press, Cambridge CB2

(C) 2009 OSA 16 February 2009 / Vol. 17,  No. 4 / OPTICS EXPRESS  2300



1RP UK, 1990).
64. P. Roussignol, D. Ricard, J. Lukasik, and C. Flytzanis, “New results on optical phase conjugation in

semiconductor-doped glasses,” J. Opt. Soc. Am. B4, 5–13 (1987),http://josab.osa.org/abstract.
cfm?URI=josab-4-1-5.

65. G. I. Stegeman and R. H. Stolen, “Waveguides and fibers fornonlinear optics,” J. Opt. Soc. Am. B6, 652–662
(1989),http://josab.osa.org/abstract.cfm?URI=josab-6-4-652.

66. S. Gatz and J. Herrmann, “Soliton propagation in materials with saturable nonlinearity,” J. Opt. Soc. Am. B8,
2296–2302 (1991),http://josab.osa.org/abstract.cfm?URI=josab-8-11-2296.

67. J.-L. Coutaz and M. Kull, “Saturation of the nonlinear index of refraction in semiconductor-doped glass,” J. Opt.
Soc. Am. B8, 95–98 (1991),http://josab.osa.org/abstract.cfm?URI=josab-8-1-95.

68. S. Konar, S. Jana, and M. Mishra, “Induced focusing and all optical switching in cubic quintic nonlinear media,”
Opt. Commun255, 114–129 (2005).

69. R. W. Boyd,Nonlinear Optics (Academic Press, san Diego, CA 92101-4495, USA, 2003).
70. Q. Lin and G. P. Agrawal, “Vector Theory of Cross-Phase Modulation: Role of Nonlinear Polarization Rotation,”

IEEE J. Quantum Electron.40, 958 (2004).
71. H. Ebendorff-Heidepriem, P. Petropoulos, S. Asimakis,V. Finazzi, R. Moore, K. Frampton, F. Koizumi,

D. Richardson, and T. Monro, “Bismuth glass holey fibers withhigh nonlinearity,” Opt. Express12, 5082–5087
(2004),http://www.opticsexpress.org/abstract.cfm?URI=oe-12-21-5082.

72. H. Ebendorff-Heidepriem, P. Petropoulos, S. Asimakis,V. Finazzi, R. C. Moore, K. Frampton, F. Koizumi, D. J.
Richardson, and T. M. Monro, “Bismuth Glass Holey Fibers with High Nonlinearity,” Opt. Express12, 5082
(2004).

73. M. Dinu, F. Quochi, and H. Garcia, “Third-Order Nonlinearities in Silicon at Telecom Wavelengths,” App. Phys.
Lett. 82, 2954 (2003).

74. M. Steel, “Reflection symmetry and mode transversality in microstructured fibers,” Opt. Express12, 1497–1509
(2004),http://www.opticsexpress.org/abstract.cfm?URI=oe-12-8-1497.

1. Introduction

Nonlinear optical processes in optical fibers and waveguides have attracted significant interest
because of the unique environment that they provide for nonlinear interactions, including tight
confinement (high intensity), long interaction lengths, and control of propagation constants
(see [1-3] and references therein). Recent and rapid progress in design and manufacturing of
complex structured microstructured fibers and planar waveguides with subwavelength features
(including both subwavelength inclusions and voids) has further extended the opportunities
for guided-wave nonlinear optics and nonlinear devices by enabling extreme nonlinearity to
combine with tailorable chromatic dispersion [1-4].

The nonlinear optical phenomena that occur in waveguides are determined through two main
factors; the linear and nonlinear properties of the constituent bulk materials, and the optical
properties of the waveguide. Two recent advances, as indicated below, have provided great
potential to accelerate the field of guided-wave nonlinear optics: 1) the design and fabrication of
complex structured waveguides with high contrast linear refractive indices and inhomogeneous
cross sections, especially through postprocessing techniques. 2) the design and fabrication of
waveguides with subwavelength features have opened up extensive opportunities for tailoring
the nonlinear processes in waveguides.

While the characterisation of the nonlinear properties of bulk materials is indeed a rich and
established field, the possibility of using postprocessingtechniques to fill or coat complex struc-
tured waveguides with highly nonlinear materials has provided extended flexibilities in tailor-
ing the nonlinear effects in waveguides and hence has openednew horizons for applications of
nonlinear optical phenomena. The propagation of guided modes in waveguides with inhomoge-
neous cross sections are affected by their structure both directly, through the linear part of the
refractive index which determines the modal characteristics, and indirectly, since the waveguide
modes, under propagation through the structure, experience different losses, nonlinearity etc.
Examples of such structures include liquid-filled [5-8] , gas-filled [9-13] , silicon nanocrystals-
filled [14], atomic vapor-filled [15-18] , or surface-functionalised recently attracted significant
interest, both in planar waveguides, [3, 20-29] and fibers [30-33]. For such waveguides, it has

(C) 2009 OSA 16 February 2009 / Vol. 17,  No. 4 / OPTICS EXPRESS  2301



been shown that a high intensity layer forms at the low refractive index side of the interface
between two dielectric media due to the discontinuity of thenormal component of the electric
field. The intensity enhancement is proportional to the refractive index contrast of the two me-
dia. For the case of subwavelength voids in dielectrics, theenhanced intensity region forms at
the surface of the void in the air side and extends over the whole void region since negligible
evanescent decay of the field can occur within a subwavelength void. This key characteristic
of the subwavelength features, when deployed within high intensity regions within the mode
cross-section, can be used to achieve arbitrary distributions of high-intensity regions within
waveguides, see for example [33]. We refer to this new class of optical waveguide, with high
index contrast, inhomogeneous and complex structure, or subwavelength features, as ’Emerg-
ing waveguides’ throughout this document.

Despite the importance and growing interest, applications, and publications in the field of
nonlinear processes in these emerging waveguides, linear and nonlinear pulse propagation mod-
els for these structures still mainly rely on the well-knownscalar Helmholtz equation [1, 25,
27, 28, 34-42]. This equation is based on the weak guidance approximation, and assumes that
the waveguide cross-section is homogeneous structure. However, even a cursory inspection of
the key characteristics of these emerging waveguides (i.e.inhomogeneous, high index contrast
transverse structure incorporating subwavelength features) reveals that these waveguides oper-
ate far from the weak guidance regime. Indeed, one can argue that the emerging waveguides
considered here exhibit strong guidance. For example, it isobserved that no Helmholtz wave
equation can be obtained for the emerging waveguides since∇.D = 0 in Maxwell’s equation
does not result in∇.E = 0 because of the inhomogeneous nature of susceptibility tensorε(x,y)
[4]. Also, it has been pointed out that for subwavelength structures, such as optical nanowires,
pulse propagation based on scalar theory does not give a goodapproximation [37].

There have been some reports of new models of nonlinear pulsepropagation that take into
account the inhomogeneous and vectorial solutions of Maxwell’s equations [4, 43-47]. How-
ever, [4, 43, 44, 45, 47] ignored the contribution due to the coupling between different modes
including the two polarisations of one mode (in the case of single mode waveguides), which as
we will show later, is a key characteristic of linear and nonlinear pulse propagation when the
full vectorial solutions of Maxwell’s equations are considered. In fact, we demonstrate here for
the first time that there are parameter regimes for which thismodal coupling makes a signifi-
cant contribution to both the predicted nonlinear and dispersive effects. Also, in some reports,
[43, 44, 46], no consideration is given to the possibility ofusing an inhomogeneous cross-
section which, as mentioned above, is a key feature of emerging waveguides. In addition, one
vital aspect of the vectorial formulation of nonlinear pulse propagation is the impact of the lon-
gitudinal component of the modal fields [the component alongthe propagation direction, (z)]
on the dispersion, nonlinear, and modal/polarisation coupling behaviour of a pulse propagating
through an emerging waveguides. This has not been fully investigated to date, to the best of
our knowledge, although [47] recognises the contribution of the longitudinal component of the
electric field to the effective nonlinearity of a waveguideγ. One reason why the z-component
of the fields has not been considered before, especially in studies that report high nonlinearity
in waveguides e.g., [4, 48], could be the fact that for slot waveguides TE modes, for which the
z-component of the electric field is zero, have higher nonlinearity than those of TM modes.

Here a general vectorially-based Nonlinear Schrödinger Equation (VNSE), is derived for
pulse propagation through waveguides with complex transverse structure including inhomoge-
neous refractive index profiles and subwavelength features. We demonstrate that in the strong
guidance regime, the propagating modes have significant components along the direction of
propagation, which causes the propagating modes to be non-transverse. As a result, this for-
malism predicts that a range of new tempo-spatial effects should be observable within emerging
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waveguides, such as dispersion-induced depolarisation.
Based on this VNSE, we derive a new and generalized equation for theAe f f , the parame-

ter that defines the effective mode area, andγ, the parameter commonly used to describe the
effective nonlinearity of an optical fiber [42]. These new definitions take into account both an
inhomogeneous refractive index profile and subwavelength features. We apply these definitions
to nanowires, and show that in some regimes, the value ofγ can be a factor of two higher than
that obtained using the standard definition. We provide an analysis of the value ofγ predicted
by this new generalised model. The new model also predicts new coupling terms between dif-
ferent modes or polarisations of propagating modes, which are due to non-transverse nature of
the modes. Some preliminary results of the concept of the newmodel was presented in [49].
Here, we present the extension of our theoretical model and detailed results. We develop the
theory of vectorially-based Nonlinear Schrödinger Equation (VNSE) in Sections 2, in which
we derive new definitions forγ, Ae f f , and mode orthogonality. We apply the new model to step
index cylindrical waveguides and analyse and compare the results of the new model with those
of the standard model in section 3. Concluding remarks are given in Section 4.

2. Theory

We start with Maxwell’s equations for electric, magnetic and induced polarization fields,̃E, H̃,
andP̃ in the Fourier domain as

∇× Ẽ(r ,ω) = iµ0ωH̃(r ,ω) (1)

∇× H̃(r ,ω) = −iε0ωẼ(r ,ω)− iωP̃(r ,ω), (2)

where the Fourier transformation is given by

F(r ,t) =
1

2π

∫
F̃(r ,ω)e−iωtdω , (3)

and F = E, H, or P. By considering a perturbative expansionP̃(r ,ω) = ∑∞
n=1 P̃(n)(r ,ω),

where(n) represent the order of induced polarization,P̃(1)(r ,ω) = ε0χ (1)(−ω ;ω)Ẽ(r ,ω), and
P̃NL(r ,ω) = ∑∞

n=2 P̃(n)(r ,ω) in which the second rank tensorχ (1)(−ω ;ω) is assumed to be a
scalar and related to refractive indexn throughn2(r ,ω) = 1+ χ (1)(−ω ;ω), we find

∇× Ẽ(r ,ω) = iµ0ωH̃(r ,ω) (4)

∇× H̃(r ,ω) = −iε0n2(r ,ω)Ẽ(r ,ω)− iωP̃NL(r ,ω). (5)

Next we consider Eqs. (4) and (5) for two sets of fields; unperturbed fieldsẼ0(r ,ω0) and
H̃0(r ,ω0), which represent the electromagnetic fields of narrowband pulses at frequencyω0

for which the dispersion, loss, and nonlinearity terms are zero, and perturbed fields̃E(r ,ω) and
H̃(r ,ω), representing electromagnetic fields of frequencyω associated with wideband pulses
centred atω0, where the dispersion, loss and nonlinearity terms are nonzero. Vectorial solu-
tions of Maxwell’s equation for the unperturbed fields results in a complete orthonormal set of
forward, backward and radiation propagating modes (labeled µ) with the propagating constants
of βµ (evaluated atω0) and forward modal fields of; [50]

êν =
eν(x,y,ω0)√

Nν
eiβν z (6)

ĥν =
hν(x,y,ω0)√

Nν
eiβν z, (7)
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where
∫

eµ(x,y,ω)×h∗
ν(x,y,ω).ẑdA = Nµ δµν (8)

Nµ =
1
2

∣∣∣∣
∫

eµ(x,y,ω)×h∗
µ(x,y,ω).ẑdA

∣∣∣∣ .

The propagation constantβν(ω0) and modal field distributions,eν(x,y,ω0) andhν(x,y,ω0),
of propagating modes of a waveguide, in general, can be obtained through various numeri-
cal methods including Finite Element methods [51], the Multipole Method [52, 53], etc. Our
formalism, similar to those reported in Refs. [43, 45], is based on constructing a functionFC

defined as
FC = Ẽ0× H̃∗+ Ẽ∗× H̃0,

and using the reciprocal theorem [50]

∂
∂ z

∫
FC.ẑdA =

∫
∇.FCdA, (9)

to relate the perturbed and unperturbed fields. Using Eqs. (4) and (5) for perturbed and unper-
turbed fields, we find [50]

∇ ·FC = −iµ0(ω −ω0)H̃∗.H̃0− iε0[ωn2(r ,ω)−ω0n2(r ,ω0)]Ẽ∗.Ẽ0 + iωẼ0.P̃∗
NL(r ,ω). (10)

Next we expand the perturbed fieldsẼ andH̃ according to the orthonormal and complete modal
set of forward, backward, and radiation modes of the unperturbed field as [50]:

Ẽ(r ,ω) = ∑
µ

ã′µ(z,ω)
eµ(x,y,ω0)√

Nµ
eiβµ z + ã′−µ(z,ω)

e−µ(x,y,ω0)√
N−µ

e−iβµ z +Radiation Modes,

(11)

H̃(r ,ω) = ∑
µ

ã′µ(z,ω)
hµ(x,y,ω0)√

Nµ
eiβµ z + ã′−µ(z,ω)

h−µ(x,y,ω0)√
N−µ

e−iβµ z +Radiation Modes.

(12)

Here index−µ refers to backward propagating modes and both forward and backward modes
are orthogonal to radiation modes. Here, we only consider unidirectional pulse propagation for
which we neglect the back scattering of a forward propagating laser beam and the nonlinearity
associated with it [43, 54]. This is not strictly true, especially for nonlinear and coupling pro-
cesses where counter-propagating fields exist in the fiber. It can be shown that the backscattered
field affects the overall nonlinearity for the forward modesbut we leave the full investigation
of this effect to future publications. Therefore, we only consider the first term in Eqs. (11) and
(12) for expanding perturbed fields and hence ignore the coupling between the unperturbed
field with the backward and radiation modes of the perturbed field. This will be discussed fur-
ther later in this section. Unlike other reports that consider the modal expansion only for the
nonlinear term [4, 43, 45], we consider the modal expansion in Eqs. (11) and (12) for both
dispersion and nonlinear effects. A direct consequence of the modal expansion in Eqs. (11) and
(12) is the contributions due to the coupling of different modes (or the two polarisations of one
mode in single mode waveguides) in the pulse propagation equation, which has not been con-
sidered in [4, 43, 44, 45, 47]. It should also be noted that thefrequency dependence of perturbed
fields is totally contained within the coefficients ˜a′µ(z,ω). Assuming that the unperturbed fields

(C) 2009 OSA 16 February 2009 / Vol. 17,  No. 4 / OPTICS EXPRESS  2304



Ẽ0(r ,ω) andH̃0(r ,ω) are one of the propagating modes (e.g., modeν) of unperturbed case i.e.,

Ẽ0(r ,ω0) =
eν(x,y,ω0)√

Nν
eiβν z (13)

H̃0(r ,ω0) =
hν (x,y,ω0)√

Nν
eiβν z, (14)

results in

∂
∂ z

ã′ν(z,ω) =
1
4 ∑

µ
[Aνµ + Bνµ ]ã′µ −

iωe−iβν z

4
√

Nν

∫
e∗ν .P̃NL(r ,ω)dA. (15)

Here,

Aνµ =
iµ0e−i(βν−βµ )z

√
Nν Nµ

(ω −ω0)

∫
hµ .h∗

ν dA (16)

Bνµ =
−iε0e−i(βν−βµ )z

√
NνNµ

∫
[ωn2(x,y,ω)−ω0n2(x,y,ω0)]eµ .e∗νdA. (17)

Eq. (15) is a general first order differential equation that describes the propagation of ampli-
tudes of the coupling coefficient of the perturbed field basedon unperturbed one. This equation
is similar to those reported in Refs. [43, 46], except that the dispersion terms in Eq. (15) include
the coupling between different modes.

Although,ã′νs are the coefficients of the perturbed fields, Eq. (15) is exactin the sense that
no perturbation has been considered for dispersion and nonlinearity and hence this equation
can be applied to describe, in general, any nonlinear or dispersion-based processes in an optical
waveguide. The first and the second terms on the right hand side of the equation represent
the dispersion and nonlinearity, respectively. Next, we perform a Taylor series expansion for
the dispersion term in Eq. (15), aroundω0. Depending on the bandwidth of the pulse around
ω0, higher orders in the Taylor series can be considered to achieve better approximation for
dispersion terms. For some cases, such as supercontinuum generation where extra wideband
pulses propagating along the waveguide, however, it may be more appropriate to work with Eq.
(15) directly. We separate the sum over the modes in Eq. (15) into self and cross terms to find;

∂
∂ z

ã′ν(z,ω) = i
∞

∑
n=1

(∆ω)n

n!
β (n)

ν ã′ν + i ∑
µ 6=ν

∑
n

(∆ω)n

n!
β (n)

νµ ã′µ (18)

− iωe−iβν z

4
√

Nν

∫
e∗ν .P̃′

NL(r ,ω)dA

where

β (1)
ν =

1
4Nν

∫ [
µ0 |hν |2 + ε0

∂
∂ω

(ωn2)|ω=ω0
|eν |2

]
dA (19)

β (n)
ν =

∂ n

∂ωn β 1
ν (20)

β (1)
νµ =

e−i(βν−βµ )z

4
√

Nν Nµ

∫ [
µ0hµ .h∗

ν + ε0
∂

∂ω
(ωn2)|ω=ω0

eµ .e∗ν

]
dA (21)

β (n)
νµ =

∂ n

∂ωn β 1
νµ . (22)
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Here, to avoid confusion, superscripts(1) and (n) correspond to the first and higher order
dispersion of the propagating modes, respectively, and subscriptsµ label the mode number. It

is straightforward to show thatβ (1)
ν in Eq. (19) is in factβ (1)

ν = 1/Vg whereVg is the group
velocity as given in [50]. One important aspect of Eq. (18), which has not been reported before,

is the existence of cross dispersive termsβ (1)
νµ , Eq. (21), and their derivatives, Eq. (22). Such

terms can only become significant if they are phase matched, i.e., βν = βµ , otherwise fast
oscillations of thee−i(βν−βµ )z average to a negligible value.

Equations (21) and (22) result in a new process when theµ andν refer to the two polar-
isations of 1 and 2 of one mode. It is well known that waveguides with three or higher-fold
symmetries are not birefringent [55] i.e., for these waveguidesβ1 = β2. In this case, the phase
terms in Eqs. (21) and (22) are equal to unity and hence do not average to a negligible value

as in the non phase matched case. The cross dispersive terms,β (1)
12 andβ (n)

12 in Eqs. (21) and

(22) are basically modifications to the group velocityβ (1)
1 and higher order dispersion terms

β (n)
1 of the polarisation 1. They have non-zero values which, as it will be shown later, ismainly

due to the fact that in the strong guidance regime the dot product of the two polarisations of
one mode i.e.,e1.e∗2 andh1.h∗

2 are non-zero because of strong z-component of the fields which
results in non-transversality of the modes. This key findingis discussed in more detail later
in this section. The physical consequence of this is dispersion-induced depolarisation of the
guided mode, i.e., a polarised guided mode depolarises evenif the incident beam is initially
coupled perfectly to one of the polarisation axes of the waveguide. For instance, assuming that
the incident beam is perfectly launched along the polarisation 1, then it can be deduced from
Eq. (18) that the amplitude of the field along the polarisation 2, i.e., ˜a′2 inside the fibre grows

through∑n
(∆ω)n

n! β (n)
21 ã′1.

Next, we develop the time domain equivalent of Eq. (18). We multiply both sides of Eq. (18)
by e−i(ω−ω0)t , integrate with respect toω , consider the following definitions

a′ν(z,t) ≡ 1/2
[
aν(z,t)e−iω0t + c.c

]

P′
NL(r ,t) = 1/2

[
PNL(z,t)e

−iω0t + c.c
]
,

wherea′ν(z,t) andP′
NL(r ,t) are the inverse Fourier transforms of ˜a′ν(z,ω) and P̃′

NL(r ,ω), re-
spectively, to find

∂
∂ z

aν(z,t) = i
∞

∑
n=1

(i∂/∂ t)n

n!
β (n)

ν aν + i ∑
µ 6=ν

∞

∑
n=1

(i∂/∂ t)n

n!
β (n)

νµ aµ (23)

− iω0
e−iβν z

4
√

Nν
(1+ τshock∂/∂ t)

∫
e∗ν .PNL(r ,t)dA,

whereτshock = i/ω0. Equation (23) is a general equation that describes the nonlinear pulse
propagation in the time domain. The first two terms on the right hand side of this equation
describe the dispersion of a pulse propagating through a waveguide. The last term includes all
the nonlinear effects and considers a shock term of(1+ τshock∂/∂ t) which is responsible for
self phase modulation and self steeping of the pulse. This term, in various forms, has been
considered in many publications [34, 38, 40, 55-61].

A few points should be noted here about the shock term: 1) similar to [43], it is naturally
derived through the(∂/∂ t)PNL in the Maxwell’s equations without any approximation of a
second order time derivative in the scalar wave equation (Helmholtz equation) which is usually
used to describe the nonlinear pulse propagation [34, 55-57]. 2) The whole frequency depen-
dence of the perturbed field is inherently included through the expansions Eq. (11) and (12)
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and is contained completely within ˜a′2 coefficients. Thus there is no need to include the fre-
quency dependence of the propagating modes in the shock term, throughAe f f , as has been
done in Refs. [34, 38, 42, 56, 57]. 3) There is no dispersive term associated withχ (3), i.e.,
(∂/∂ω)χ (3) = 0 since assuming a delta function form for the response function of Kerr non-
linearity results in frequency independence ofχ (3). For the nonlinear term in Eq. (23), since
χ (2) = 0 for isotropic medium such as glasses, we only consider the third order Kerr nonlin-
earity for which we approximatePNL(r ,t) ≈ P(3)(r ,t) and assume that the nonlinear response
function can be expressed in terms of delta functions and henceP(3)(r ,t), for Kerr nonlinearity,
can be written as [63]

P(3)(r ,t) = (3/4)ε0χ (3)(−ω0;ω0,ω0,−ω0)|E(r ,t)E(r ,t)E∗(r ,t), (24)

where χ (3) is a rank four tensor and| indicates tensorial multiplication. Other third order
nonlinear effects such as Raman scattering, for which the response function is not an in-
stantaneous function of time will be a subject of future publications. Also it is assumed that
PNL(r ,t) ≈ P(3)(r ,t) is a small perturbation compared to the linear induced polarisataion
PL = ε0χ (1)(−ω ;ω)Ẽ(r ,ω), and higher order nonlinear effects are negligible. This is usually a
valid approximation at low intensity fields and typical optical glasses due to their relatively low
nonlinear properties. However, for some materials such as semiconductor-doped glasses [63-
67] and some organic materials such as paratoloune sulphonate (PTS) [65, 68] optical processes
based on higher order nonlinearity can be observed, due to their higher order nonlinear suscep-
tibilities, at moderate pulse intensity. For such materials, higher order terms must be considered
in the nonlinear polarisation field̃PNL(r ,ω) = ∑∞

n=2 P̃(n)(r ,ω).
The components ofχ (3) depends on the class symmetry of the crystal. Silica glasseshave

isotropic crystal structure [42] and silicon crystal, which is usually used in waveguides, have
m3m point-group symmetry [1]. For isotropic materials, it can be shown that among 81 ele-

ments ofχ (3)
i jkl (i, j,k, l = x,y,z) only 21 are nonzero, which depend on only three independent

quantities [69] i.e.;

χ (3)
i jkl = χ (3)

xxyyδi jδkl + χ (3)
xyxyδikδ jl + χ (3)

xyyxδilδ jk, (25)

where
χxxxx = χyyyy = χzzzz = χ (3)

xxyy + χ (3)
xyxy + χ (3)

xyyx. (26)

Considering Eqs. (25), Eq. (24) can be written as;

P(3)
i (r ,t) = (3/4)ε0

[

∑
j

χ (3)
xxyy

∣∣E j
∣∣2 Ei +∑

j
χ (3)

xyxy
∣∣E j

∣∣2 Ei +∑
j

χ (3)
xyyx(E j)

2E∗
i

]
, (27)

wherei and j refer tox,y,z. For Kerr nonlinearity with the choice of frequencies in Eq. (24), i.e.,

χ (3)(−ω0;ω0,ω0,−ω0), the condition of permutation symmetry requires thatχ (3)
xxyy = χ (3)

xyxy. The
magnitude of the terms in the right hand side of Eq. (26) depends on the origin of the nonlinear
term. In the case of silica and other glasses they are mainly nonresonant electronic origins for

which χ (3)
xyxy ≈ χ (3)

xyyx [42, 69] and hence Eq. (27) can be simplified to

P(3)(r ,t) = (1/2)ε0χ (3)
xxxx [(E.E∗)E+(1/2)(E.E)E∗] . (28)

For silicon, however, the third order nonlinearity can be expressed based on four independent
values as

χ (3)
i jkl = χ (3)

xxyyδi jδkl + χ (3)
xyxyδikδ jl + χ (3)

xyyxδilδ jk + χdδi jkl, (29)

whereχd ≡ χxxxx − χxxyy − χxyxy − χxyyx represent the nonlinearity isotropy. Similar to Silica,
for the choice of frequencies in the third order susceptibility and photon energies̄hω well above
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Eg χxxyy(−ω ;ω ,−ω ,ω) = χxyyx(−ω ;ω ,−ω ,ω)≈ χxyxy(−ω ;ω ,−ω ,ω) [1]. As a result,χi jkl

becomes
χ (3)

i jkl = χxxxx[
ρ
3

(δi jδkl + δikδ jl + δilδ jk)+ (1−ρ)δi jkl],

whereρ ≡ 3χxxyy/χxxxx characterizes the nonlinear anisotropy and its value in thetelecom band
is real and close to 1.27 [1]. Using this, Eq. (24) can be written for silicon as

P(3)(r ,t) = (ρ/2)ε0χ (3)
xxxx[(E.E∗)E+(1/2)(E.E)E∗]+(3/4)ε0(1−ρ)χ (3)

xxxxE.E.E∗, (30)

whereE.E.E∗ ≡∑i EiEiE∗
i vi (vi is a Cartesian unit vector). It should be mentioned that in Eq.

(18) there is no reference to any particular Cartesian system of coordinates. It is only assumed
that the waveguide is translationaly invariant along thez direction. Inspection of Eq. (18) re-
veals that all the vector quantities appear as scalar-product terms and hence are invariant under
rotation of the system of coordinate. Hence, Eq. (18) can in general be employed for any sys-
tem of coordinate regardless if it is aligned along the crystallographic or principal axes of the
waveguide. In the view of this, the nonlinear contribution in Eq. (18), i.e.,e∗ν .PNL(r ,t), which
is a scalar, can be written in any system of coordinate, i.e.e∗ν .PNL(r ,t) = e

′∗
ν .P

′
NL(r ,t), where

′

indicates a rotated system of coordinate. The rotated nonlinear polarisationP
′
NL(r ,t) is related

to the electric fieldsE
′
through the rank 4 tensorχ ′(3)

i jkl , which is related toχ (3)
i jkl by 4 rotation

matrices [1].χ (3)
i jkl in Eq. (29) has isotropic, the first three terms, and anisotropic parts, the last

term. While the isotropic parts are invariant under rotation, i.e., their values don’t change, the
anisotropic part changes under rotation [1].

Within the rest of this paper we ignore the last term of Eq. (30), which in fact affects
the polarization dependence of nonlinear phenomena insidesilicon waveguides, and thus Eq.
(30) becomes the same as Eq. (28) except for the factorρ . Considering the expansion in
Eq. (11) and using Eq. (28) we can evaluate the integrand in the last term of Eq. (23), i.e.,
(1/

√
Nν)e−iβν ze∗ν .PNL(r ,t) as;

(1/
√

Nν)e−iβν ze∗ν .PNL(r ,t) = (1/2)ε0χ (3)
xxxx ∑

µ,η,ζ
(31)

[(1/
√

Nµ Nη Nζ Nν )aµa∗ηaζ (eµ .e∗η)(e∗ν .eζ )e−i(βν−βµ +βη−βζ )z

+(1/2
√

NµNη Nζ Nν )aµaηa∗ζ (eµ .eη)(e∗ν .e∗ζ )e−i(βν−βµ−βη+βζ )z]

where, Greek indicesµ ,ν,η ,ζ represent different modes of the waveguide. The terms on the
right hand side of this equation, once integrated over the waveguide cross section, are overlap
integrals representing how different propagating modes ofthe fiber couple to each other through
the nonlinearity. Equation (31) can be expanded as sum of terms with and without phase terms
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as:

(1/
√

Nν )e−iβν ze∗ν .PNL(r ,t) = (3/4)ε0χ (3)
xxxx × (32)

{( |aν |2 aν
3N2

ν
)
[
2|eν |4 +

∣∣e2
ν
∣∣2

]

+ ∑
µ 6=ν

(
2aν

∣∣aµ
∣∣2

3
√

N2
ν N2

µ

)
[∣∣eν .e∗µ

∣∣2 +
∣∣eν .eµ

∣∣2 + |eν |2
∣∣eµ

∣∣2
]

+ ∑
µ 6=ν

(
a∗µa2

ν

3
√

N3
ν Nµ

)
[
2|eν |2 (e∗µ .eν)+ (eν)2(e∗µ .e∗ν )

]
e−i(βµ−βν)z

+ ∑
µ 6=ν

(
2aµ |aν |2

3
√

N3
ν Nµ

)
[
2|eν |2 (eµ .e∗ν)+ (e∗ν)2(eµ .eν )

]
e−i(βν−βµ )z

+ ∑
µ 6=ν

(

∣∣aµ
∣∣2 aµ

3
√

N3
µ Nν

)
[
2
∣∣eµ

∣∣2 (eµ .e∗ν)+ (eµ)2(e∗µ .e∗ν)
]

e−i(βν−βµ )z

+ ∑
µ 6=ν

(
a2

µa∗ν

3
√

N2
ν N2

µ

)
[
2(eµ .e∗ν)2 +(eµ)2(eν)2]e−2i(βν−βµ )z

+ ∑
µ 6=η 6=ζ 6=ν

other phase terms}.

The first two terms on the right hand side of Eq. (32) are automatically phase matched while
the rest of the terms require phase matching in order to make significant contributions. The
phase terms are responsible for nonlinear-induced depolarisation or four-wave-mixing [42].
They can be phased match, depending on∆βνµ = βν −βµ . This can be achieved by employing
the flexibility in controlling the dispersion properties ofMOfs through structure design and
glass choice.

By substituting Eq. (32) into Eq. (23), a first order differential equation is obtained which
describes the nonlinear pulse propagation in a multimode waveguide. An important aspect of
our formalism is related to the orthogonality of the waveguide propagating modes. Contrary to
the standard formalism [42, 69, 70], for whicheν s are approximated to be transverse modes
and

∫
e∗ν .eµdA =

∫
e∗νt .eµtdA = 0, or in the case of different polarizationseν .eµ = 0, in our

formalism
∫

e∗µ .eνdA 6= 0 (oreν .eµ 6= 0 if µ andν are the two polarizations of the same mode)
because the modes are non-transverse, i.e., they have non-zero z-component. The generalized
orthogonality condition, which is valid even in the strong guidance regime is

∫
(̂eν × ĥ∗

µ).ẑdA =
δνµ inherently includes thez−component of the fields. Considering that

(̂e× ĥ∗).ẑ = (̂et × ĥ∗
t ).ẑ, (33)

and [50]

ĥt = (
ε0

µ0
)1/21

k
ẑ× [β êt + i∇t êz], (34)

one can show that
∫

(̂eν × ĥ∗
µ).ẑdA = (

ε0

µ0
)1/21

k

∫
(̂eνt ×{ẑ× [β ê∗µt − i∇te

∗
µz]}).ẑdA, (35)

= (
ε0

µ0
)1/21

k

∫
(β êνt · ê∗µt − îeνt ·∇t ê

∗
µz)dA
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which considering the general orthogonality relation
∫
(̂eν × ĥ∗

µ).ẑdA = δνµ results in

∫
êνt · ê∗µtdA = (

µ0

ε0
)1/2 k

β
δνµ +(

i
β

)

∫
(̂eνt ·∇t ê

∗
µz)dA, (36)

where subscriptt refers to transverse component of fields and operators. Eq. (36) clearly shows
that

∫
êνt · ê∗µtdA 6= 0 in the parameter regime wherez−component of electromagnetic fields are

non zero. It should also be noted that Eq. (32) has been obtained by ignoring the backward and
radiation terms in Eqs. (11) and (12). Considering these twoterms in the expansion Eqs. (11)
and (12) results in coupling between forward-backwardand forward-radiationmodes, which are
represented by dot products of forward modes with backward and radiation modes in Eq. (32).
These terms describe the power coupling between a forward propagating mode and backward
and radiation modes due to nonlinearity. We leave the full investigation of these coupling effects
to future publications.

In the case of single mode fibers, where two independent polarizations exist in the waveguide,
µ and ν refer to the two polarizations 1 and 2 and∆βνµ is the linear birefringence of the
waveguide. For waveguides with strong birefringence, the beat lengthLB = 2π/∆β is short, and
hence for fiber lengthsL >> LB the phase terms oscillate very fast and hence have negligible
contributions. However, for waveguides with weak birefringence, for whichL < LB the phase
terms are not negligible and should be taken into account. Inthe following sections we develop
a model for nonlinear pulse propagation in single mode waveguides for both weak and strong
birefringence.

2.1. Single mode highly birefringent waveguides

In the case of single mode waveguides with high birefringence, where only the first two terms
in Eq. (32) are significant, substituting Eq. (32) into Eq. (23), considering [1, 42]ε0cn2n2 =

(3/4)Reχ (3)
xxxx, wheren2 is the nonlinear refractive index of the material measured in m/W ,

and ignoring nonlinear Two Photon Absorption we find:

∂
∂ z

aν(z,t) = i∑
n

(i∂/∂ t)n

n!
β (n)

ν aν+ (37)

−ik
4

(
ε0

µ0
)(1+ τshock∂/∂ t){ 1

3N2
ν
|aν |2 aν

∫
n2(x,y)n2(x,y)

[
2|eν |4 +

∣∣e2
ν
∣∣2

]
dA

+
2

3NνNµ

∣∣aµ
∣∣2 aν

∫
n2(x,y)n2(x,y)

[∣∣eν .e∗µ
∣∣2 +

∣∣eν .eµ
∣∣2 + |eν |2

∣∣eµ
∣∣2

]
dA},

whereµ ,ν = 1,2 andµ 6= ν refer to the two polarisations of the fundamental mode. This
equation can finally be written in a simple form;

∂
∂ z

aν(z,t) = i∑
n

(i∂/∂ t)n

n!
β (n)

ν aν− (38)

(1+ τshock∂/∂ t)[iγν |aν |2 aν + iγµν
∣∣aµ

∣∣2 aν ],
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where

γν = k(
ε0

µ0
)

∫
n2(x,y)n2(x,y)[2|eν |4 +

∣∣e2
ν
∣∣2]dA

3|
∫
(eν ×h∗

ν).ẑdA|2
, (39)

γµν = γ(1)
µν + γ(2)

µν = k(
ε0

µ0
)[(

2
∫

n2(x,y)n2(x,y)
[∣∣eν .e∗µ

∣∣2 +
∣∣eν .eµ

∣∣2
]

dA

3
∣∣∫ (eµ ×h∗

µ).ẑdA
∣∣ |

∫
(eν ×h∗

ν).ẑdA| + (40)

2
∫

n2(x,y)n2(x,y)
∣∣eµ

∣∣2 |eν |2 dA]

3
∣∣∫ (eµ ×h∗

µ).ẑdA
∣∣ |∫ (eν ×h∗

ν).ẑdA| ].

Eqs. (38) is the final form of nonlinear pulse propagation inside a single mode birefringent
waveguide, which in form is similar to the commonly used equation (see [42]) but with the
effective nonlinear coefficients of the waveguide are now given by the generalized forms as in
Eq. (39) and (40). By generalizing the definition of theAe f f as

Ae f f =
|
∫
(eν ×h∗

ν).ẑdA|2
∫ |(eν ×h∗

ν).ẑ|2 dA
(41)

the nonlinear coefficientγν can be rewritten as

γν =
2π
λ

n2

Ae f f
(42)

n2 = k(
ε0

µ0
)

∫
n2(x,y)n2(x,y)[2|eν |4 +

∣∣e2
ν
∣∣2]dA

3
∫ |(eν ×h∗

ν).ẑ|2 dA
,

wheren2 can be viewed as nonlinear refractive index averaged over aninhomogeneous cross
section weighted with respect to field distribution. The advantages of writingγ as in Eq. (42)
over the other reported form [4] is that it allows the analysis of γ to be separated into parts
describing linear (geometry andn(x,y) =⇒ Ae f f ) and nonlinear (mode profile andn2(x,y) =⇒
n2) characteristics, providing a more intuitive analysis ofγ. In our formalism,Ae f f has its
standard interpretation as the effective area of the propagating modes, which can be determined
purely based on the geometry and the linear refractive indexof the waveguiden(x,y), and does
not require to be considered as the ”effective nonlinear interaction area” as in [4]. Considering
Eqs. (33) and (35), we find that Eq. (41) can be written as

Ae f f =

∣∣∣
∫
[β |et |2 + i(et .∇tez)]dA

∣∣∣
2

∫ ∣∣∣β |et |2 + i(et .∇tez)
∣∣∣
2

dA
. (43)

This equation in the limit of smallz-component of electric field, where∇tez can be ignored in
comparison withβet , simplifies as

Ae f f =

∣∣∣
∫ |et |2 dA

∣∣∣
2

∫
|et |4 dA

, (44)

which is the standard definition ofAe f f [42].
Comparing Eqs. (38)-(42) with the expression commonly usedfor nonlinear birefringent

terms [42], shows 1) the vectorial-basedγ developed here (referred to hereafter asγV) in Eq.
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(42) includes both the inhomogeneous waveguide structure and vectorial nature of electromag-
netic fields and 2) an extra term that induces the depolarisation of an initially polarised beam

through a non-zero coupling termγ(1)
µν ∝

∫
n2(x,y)n2(x,y)(

∣∣eν .e∗µ
∣∣2+

∣∣eν .eµ
∣∣2)dA 6= 0. The non-

zero nature of this term, especially in the strong guidance regime as will be shown in Sec. 3,
is the direct result of two facts; 1) the two different polarizations are not perpendicular to each
other in the common sense, i.e.,eµ .eν = 0 or

∫
eµ .e∗νdA = 0 because of the strongz−component

of the fields and 2) the transverse integral, due to transverse dependence ofn2(x,y) andn2(x,y),
can be evaluated over different regions with differentn andn2.

2.2. Single mode non-birefringent waveguides

For waveguides with perfect three or higher fold symmetry, the fundamental mode of the
waveguide is degenerate or non-birefringent [55], i.e.,β1 = β2 where 1 and 2 refer to the two
polarisations. Therefore, the phase factors in Eq. (32) areequal to 1 for the pair of fundamental
modes of these waveguides and hence Eq. (32) and Eq. (23), result in :

∂
∂ z

aν(z,t) = i
∞

∑
n=1

(i∂/∂ t)n

n!
β (n)

ν aν + i
∞

∑
n=1

(i∂/∂ t)n

n!
β (n)

νµ aµ (45)

− ik
4

(
ε0

µ0
)(1+ τshock∂/∂ t)× (46)

{ 1
3N2

ν
|aν |2 aν

∫
n2(x,y)n2(x,y)

[
2|eν |4 +

∣∣e2
ν
∣∣2

]
dA

+
2

3NνNµ

∣∣aµ
∣∣2 aν

∫
n2(x,y)n2(x,y)

[∣∣eν .e∗µ
∣∣2 +

∣∣eν .eµ
∣∣2 + |eν |2

∣∣eµ
∣∣2

]
dA

+
1

3
√

N3
ν Nµ

a∗µa2
ν

∫
n2(x,y)n2(x,y)

[
2|eν |2 (e∗µ .eν)+ (eν)2(e∗µ .e∗ν)

]
dA

+
2

3
√

N3
ν Nµ

aµ |aν |2
∫

n2(x,y)n2(x,y)
[
2|eν |2 (eµ .e∗ν)+ (e∗ν)2(eµ .eν)

]
dA

+
1

3
√

N3
µ Nν

∣∣aµ
∣∣2 aµ

∫
n2(x,y)n2(x,y)

[
2
∣∣eµ

∣∣2 (eµ .e∗ν)+ (eµ)2(e∗µ .e∗ν )
]

dA

+
1

3
√

N2
ν N2

µ

a2
µa∗ν

∫
n2(x,y)n2(x,y)

[
2(eµ .e∗ν)2 +(eµ)2(eν)2]dA},

whereµ ,ν = 1,2 andµ 6= ν and refer to the two polarisations of the fundamental mode. Eq.
(45) is the vectorial generalisation of the common nonlinear pulse propagation for the two
polarisations of single mode fiber [42]. The main differences are the extra contributions from
the different combinations ofeµ .eν . These terms, as indicated in the previous section, have
nonzero values in the regime of high index and subwavelengthcore diameters.

3. Results and discussion

The formalism developed in the previous section is general,and can be applied to an arbitrary
waveguide. However, here we apply the above formalism to a simple step-index rod waveguide
(i.e. a nanowire) and demonstrate that its nonlinear behaviour is predicted to be significantly
different in the regime of high index contrast and subwavelength features than the predictions
made using the standard formalism [42]. It should be pointedout that, throughout this paper
we use the unit ofW−1m−1 for γ instead of the commonly used unitW−1km−1 [42]. This is
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justified considering the fact that small core structures inhigh index silicon or glasses can now
provide access to waveguides with extremely largeγ values [4, 27, 39, 71].

A comparison betweenγV developed here and the standard definition given by Agrawal [42];

γS = (2πn2/λ )

∫ |F |4 dA
(∫ |F|2 dA

)2 (47)

whereF(x,y) = et(x,y) is the scalar transverse electric field, indicates thatγV accounts for both
inhomogeneous waveguide cross section and full vectorial nature of the propagating modes of
the waveguide, especially the z-component of the modes. Figure 1 shows the effective non-
linearity for the two definitions ofγ as a function of core diameter for three step-index rods
with different host materials of silica [42] (n = 1.45, n2 = 2.6×10−20 m2/W ), bismuth [72]
(n = 2.05, n2 = 3.2× 10−19 m2/W ), and silicon [73] (n = 3.45, n2 = 4.5× 10−18 m2/W ).
While theγV based on VNSE approachesγA in the limit of large core diameter, it is signifi-
cantly higher for small core diameters. For example, in Fig.1cγV is a factor of 2 higher than the
γA for silicon at the core diameter ofD = 0.19 µm. Figure 1 also indicates that the difference
between theγ values increases as the index contrast of the core and cladding increases. Here,
we have also considered another definition ofγ, given by Foster et. al. [20], as;

γF = (2π/λ )

∫
n2[(eν ×h∗ν).ẑ]2dA
[
∫
(eν ×h∗ν).ẑdA]2

. (48)

Foster et. al. [20] refer this equation to Agrawal [42]. It seems that Foster et. al. have just simply
replaced|F(x,y)|2 = |et(x,y)|2 in Eq. (47) with theSz = (eν × h∗ν).ẑ , arguing thatSz is the
intensity of light propagating down the waveguide. However, this replacement is only valid for
the transverse mode approximation where|F(x,y)|2 = |et(x,y)|2 is proportional to(eν ×h∗ν).ẑ
and interpreted as the intensity of the light, see Eq. (35). In general, for full vectorial formalism,
the nonlinear-induced polarisation is expanded in terms ofdifferent powers of electric field
strength, see theory section, which for theχ (3) nonlinearity has the form given in Eq. (30),
which in turn results in the new definition ofγV as in Eq. (39).
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Fig. 1. Three definitions ofγ , black isγV based on VNSE, blue isγF reported by Foster
et. al., and red isγS by Agrawal, as a function of core diameter and for three different
materials silica (n = 1.45, n2 = 2.6×10−20 m2/W ), bismuth (n = 2.05, n2 = 3.2×10−19

m2/W ), and silicon (n = 3.45, n2 = 4.5×10−18 m2/W ). The wavelength isλ = 800nm,
and the cladding is air withn = 1.0 in a) and b) and is silica,n = 1.45 in c). Plus signs and
solid lines show the actual calculated data and the lines of best fit, respectively.
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Fig. 2. Transversality versus core diameter for two glassessilica (n = 1.45 ) and bismuth
(n = 2.05 ) and silicon (n = 3.45 ). The structure is a simple rod in the air for the glasses
and a rod within the substrate of silica for silicon.

In Fig. 1, we have also plotted the values ofγF as a function of core diameter for different
glass materials. While for silica, with the lowest index,γV andγF curves are on the top of each
other for silicon with highest index, there is a maximum difference of 40% between the two
curves atD = 0.15 µm. Also there is a difference of about 14% between the maximum values
of γV andγF.

The differences betweenγV developed here andγS andγF are attributed to the fact that prop-
agating modes of a waveguide are not transverse in strong guidance regime. In order to demon-
strate this, we have defined the transversality [74] of a modeasTν = 1− ∫ ∣∣e2

νz

∣∣dA/
∫ ∣∣e2

ν
∣∣dA

and plotted it as a function of core diameter for different materials, as shown in Fig. 2. It in-
dicates that in the regime of large core diameter, the transversality approaches 100%, i.e., the
modes become essentially transverse as expected. However,in the limit of small cores, the
transversality is reduced, indicating that a large fraction of electric field power is contained
within the z-component of the field. This effect is more profound for the waveguides made
from high index glass than the low index ones.

Figure 3 shows a 2D plot of the z-component,ez, and transverse electric field
√

e2
r + e2

θ ,
normalised to the power as in Eq. (6) for two different core diameters ofD = 0.4 µm and
D = 1.8 µm at the wavelength ofλ = 1550 nm. It is evident from Figs. 3a and c that for
large and small cores, theez field is strongly localized at the edge of the fiber. For the core
diameterD = 0.4 µm, however, the value ofez is one order of magnitude larger than that
of the core diameter ofD = 1.8 µm. Contrary to this, the distribution of the transverse field
changes widely from a completely confined beam at large diameter, Fig. 3 d to a beam with
high intensity regions at the fiber interface in Fig. 3b.

The first term in Eq. (40),γ(1)
µν , is proportional to

∫
n2(x,y)n2(x,y)(

∣∣eν .e∗µ
∣∣2 +

∣∣eν .eµ
∣∣2)dA,

which contributes to the overall nonlinearity of modeν, and is due to the overlap of the two
different modes (two different polarizations in the case ofsingle mode waveguide). This term
does not appear in formalisms [42] where fully-transverse propagating modes and homogenous
cross section are assumed since either

∫
eν .e∗µdA = 0, due to orthogonality of transverse modes
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θ (b,d) for two step index rods with core diameters
0.4 µm (a,b) and 1.8 µm (c,d) at the wavelength 1550nm.The material is Bismuth with
refractive index ofn = 2.05.

or eν .eµ = 0 if the modes are the two polarizations of a single fundamental mode.
In our formalism, however, this term appears because of the non-zeroz-component of the

fields which result in
∫ ∣∣eν .e∗µ

∣∣2 dA 6= 0 for any two propagating modes of a waveguide or
eν .eµ 6= 0 even when the two modes are the polarizations of the fundamental mode of a single

mode waveguide. Figure 4 shows the magnitude ofγ(1)
µν relative toγν , i.e., γ(1)

µν /γν whereµ
andν are the two polarizations of a simple step index rod, as a function of core diameter. It

demonstrates that indeed in the limit of large core, the relative value ofγ(1)
µν approaches zero

but for small core diameters its value is enhanced significantly. Comparing the ratioγ(1)
µν /γν

for three different materials silica (n = 1.45) and bismuth (n = 2.05) and silicon (n = 3.45)
demonstrates that the value ofγ(1)

µν is more significant in subwavelength regime and for large
index contrast host materials. The behaviour of the nonlinear coefficientγV as a function of
wavelength also shows a significant difference between the usual definitionsγS and the one
based on our VNSE. Fig. 5(a)) shows the behaviour ofγ as a function of core diameter for
different wavelengths;λ = 532, 633, 800, 1064, 1310, and 1550nm. As it is also evident from
Fig. 5(b), theγ values decreases as the wavelength increases, but the decrease in the maximum
value of γ is much faster for theγV of our model compared to that of common definition
γA . It is also evident from Fig. 5(a)) that the position of maximum of γ shifts to larger core
diameters as the wavelength increases. Very high values ofγ at short wavelengths are due
to the tighter confinement of the propagating mode of the waveguide and hence their higher
intensities. The possibility of achievingγ values of 150W−1m−1, see Fig. 5(b), suggest that
order ofπ nonlinear phase shift should be achievable for input powersof order of 20mW and
for effective fibre length of 1m in the visible spectrum.
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Fig. 4. Ratio of nonlinear coefficientsγ(1)
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core diameter for step index rods with host materials Silica(n = 1.45), Bismuth (n = 2.05),
and Silicon (n = 3.45). The cladding material for glasses is air and for siliconis silica.
Signs and the solid lines are the calculated data and lines ofbest fit, respectively.
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The dispersion properties of theγ values can be better compared by examining Fig. 6 in
which the wavelength behaviour ofγ at constant core diameters are shown. While for large core
diameter, e.g.D = 1.6 µm, theγ (λ = 1550nm) increases by a factor 3.5 to γ (λ = 532nm)
and the two definitions ofγ are very close, for small core diameterD = 0.5 µm the difference
between theγ values atλ = 1550nm andλ = 532 nm is the order of 20 times and a large
difference between the two definitions ofγ is observed. This indicates higher dispersion ofγ at
small core diameters than that of large core diameters.

4. Discussion and conclusion

A new frontier in the field of optical waveguides is the designand fabrication of waveguides,
referred to here as ”emerging waveguides” with three main characteristics; 1) complex and
inhomogeneous structure, 2) high index contrast, and 3) subwavelength features. A direct con-
sequence of these features is that the common nonlinear Schrödinger equation which is based
on weak guidance approximation does not provide accurate description of nonlinear processes
in these waveguides. Here, we developed a vectorial based Nonlinear Schrödinger equation
(VNSE), without relying on weak guidance approximation, which can be applied to these
emerging waveguides.

An important feature of these waveguides is the fact that their propagating modes have much
bigger z-component (z; direction of propagation) in comparison with those waveguides for
which the weak guidance approximation is valid. As a result,the modes of these waveguides
are not fully transverse and hence different orthogonalityconditions govern them. Nonlinear
and dispersion processes can be associated to this third ”direction of propagation polarisation”,
which can also couples the transverse polarisations through dispersion and nonlinear processes.
Our model provides a platform for generalising nonlinear processes such XPM, Modulation
Instability, Soliton formation and propagation, Four WaveMixing, Parametric Processes and
Raman and Brillouin Scattering for emerging waveguides. The model also predicts new tempo-
spatial processes such as dispersion-induced depolarisation of the guided modes. Despite the
complexity that this new concept brings into guided-wave nonlinear optics, early redevelop-
ment of Kerr and Raman processes indicates the great flexibility for ”Engineering” nonlinear
processes.

Based on the model developed here, we provided a new vectorially-based definition for the
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effective nonlinear coefficient of waveguides (γV). Although the developed model is general,
we have applied it to a simple step index cylindrical waveguide and shown that even for such
a simple structure,γV can be a factor of two higher than the common definition ofγ, in the
regime of high index contrast and subwavelength dimensions. However the full extent of the
model in terms of exploring the rich physics behind the new pulse propagation model and the
new definitions of effective nonlinearityγ, effective mode areaAe f f , and cross-mode effec-
tive nonlinearityγµν , especially for waveguides with inhomogeneous structures, is yet to be
explored.

The pulse propagation model developed here [see Eqs. (38) and (45)] adds some complexity
in terms of numerical solutions in comparison with the standard model [42]. It includes calcu-
lations of different overlap integrals of the propagating fields and the linear and nonlinear index
distribution, see Eqs. (38) and (45). These integrals, however, are numerically easy to take and
need to be evaluated only once, for any given fibre, before numerically solving the pulse propa-
gation equations. The model also implies that coupled pulsepropagation equations of different
modes, either different polarisations of the mode of a single mode waveguide or different modes
of a multimode waveguide, must be solved to give an accurate picture of Kerr nonlinear process
for a propagating pulse, especially in the parameter regimefor which our formalism gives very
distinct result in comparison with the standard model, i.e,high index contrast, inhomogeneous
structure, and subwavelength features.

Experimental measurement of the effective nonlinearity inthe parameter regime where there
is a distinct difference between the new model and the standard model, will be crucial to confirm
the results of new model. It should also pointed out that within this paper, Kerr nonlinearity has
been considered for waveguides with inhomogeneous structure assuming instantaneous nonlin-
ear response (i.e., response time much shorter than the pulse widthτR << τP) of the materials
everywhere in the waveguide. The case of finite and inhomogeneous nonlinear response time
will be considered in future publications.
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