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In 2008, researchers at HP Labs published a papBiaire reporting the realisation of

a new basic circuit element that completes the missing link between charge and flux-
linkage, which was postulated by Leon Chua in 1971. The HP memristor is based on a
nanometer scale Tidthin-film, containing a doped region and an undoped region. Fur-
ther to proposed applications of memristors in artificial biological systems and nonvolatile
RAM (NVRAM), they also enable reconfigurable nanoelectronics. Moreover, memristors
provide new paradigms in application specific integrated circuits (ASICs) and field pro-
grammable gate arrays (FPGAS). A significant reduction in area with an unprecedented
memory capacity and device density are the potential advantages of memristors for In-
tegrated Circuits (ICs). This work reviews the memristor and provides mathematical and
SPICE models for memristors. Insight into the memristor device is given via recalling the
guasi-static expansion of Maxwell's equations. We also review Chua’s arguments based on
electromagnetic theory.

Keywords: Memristor, SPI CE macro-model, Nonlinear circuit theory, Nonvolatile memory,
Dynamic systems

1. Introduction

Based on thénternational Technology Roadmap for SemicondudiidiRS) report[[_ITRiS,

@], it is predicted that by 2019, 16 nm half-pitch Dynamic Random Access Mem-
ory (DRAM) cells will provide a capacity around 46 GB?, assuming 100% area effi-
ciency. Interestingly, memristors promise extremely high capacity more than 116n&B

and 460 GBcn? for 10 nm and 5 nm half-pitch devices, respectlvm 008,
ILewis and L ee, 2009]. In contrast to DRAM memory, memristors provide nonvolatile op-
eration as is the case for flash memories. Hence, such devices can continue the legacy
of Moore’s law for another decade. Furthermore, inclusion of molecular electronics and
computing as an alternative to CMOS technologies in the recent ITRS report emphasises
the significant challenges of device scaling [Jb 2009]. Moreover, Swaroo . [1998]
demonstrated that the complexity of a synapse, in an analog VLSI neural network imple-
mentation, is minimised by using a device called Bregrammable Metallization Cell
(PMC). This is an ionic programmable resistive device and a memristor can be employed
to play the same role.
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2 O. Kavehei et. al.

Research on memristor applications in various areas afitnlesign, alternative mate-
rials and spintronic memristors, and especially memridéwice/circuit modeling have ap-
peared in the recent literature, (i) SPICE macro-modelsigagilinear and non-linear drift
models[Chen and Wa MMJ&&%LIQ@M,&MLB&DML&M%
2009 | Kavehei et al 9, Wang et 09a], (i) Apglma of memristors in differ-
ent circuit configurations and their dynamic behaviour [Lak, 2009/ Sun et &l., 2009b,
Wang et al., 2009h, Sun etlal., 2009a], (i) Application oémmristor based dynamic sys-
tems to image encryption in_Lin and Wa 09], (iv) Fineotaon programmable re-
sistor using a memristor in_Shin et 09], (v) Memrighaised op-amp circuit and
filter characteristics of memristors 09] andny et al. [2009c], respec-
tively, (vi) Memristor receiver (MRX) structure for ultraide band (UWB) wireless sys-
tems [ltoh and Chiia, 2008, Witrisal, 2009], (vii) Memrigtigystem 1/O nonlinearity can-
cellation in Delgadd rzoEbg] (viii) The number of require@mristors to compute i R" — R™
function byl Lehtonen and Laih 09], and its digital logiplementation using a memristor-
based crossbar architecture urad 2009] Oiferent physical mecha-

nisms to store information in memrlstots_[_DLLsg_o_LLet ,[\Wang et all, 2009d], (x)

Interesting fabricated nonvolatile memory usindlexible memristarwhich is an inex-
ensive and low-power device solution is also recently repb/Gergel-Hackett et al.,
], (xi) Using thememductanceoncept to develop an equivalent circuit diagram of
a transmission-line has been carried om @@pendix 2].

There are still many problems associated with memristoiceédevel. For instance, it
is not clear that which leakage mechanisms are associatedivé device. Thdlexible
memristoris able to retain its nonvolatile characteristic for up todb4/s or, equivalently,
up to 4000 flexes [Gergel-Hackett et al., 2009]. Thus, thevalatility feature eventually
vanishes after a short perld&ﬁmkmndﬂﬂihbﬂom@} avestigated this particular
feature as a ratio of volatility to switching time.

One disadvantage of using memristors is switching speeel volatility-to- SW|tch|ng
speed ratio for memristor cells, in the HP cross-bar stredtiaround 19

], which is much lower than the ratio for DRAM cells (10TRS, ], therefore,
the switching speed of memristors is far behind DRAM. Howgualike DRAM, RRAM
is non-volatile. In terms of yield, DRAM and RRAM are almosfual Me,

]. Generally, endurance becomes very important onceoteethat the DRAM cells
must be refreshed at least every 16 ms, which means at le¥swfite cycles in their life
time [Lewis and | e, 2009]. Unfortunately, memristors anetfehind DRAM in terms of
the endurance view point, but the HP team is confident that ikeo functional limitation
against improvement of memristor [Williahis, 2008]. Fiyatinother advantage of RRAM
is readability. Readability refers to the ability of a memaell to report its state. This
noise immunity in DRAM is weak because each DRAM cell storegly small amount
of charge partlcularly at nanometer dimensions, while wANR:eIIs e.g. memristors, it

bjdog].
This difference was reported up to one order of magnitudédlipiis .

Itis mterestlng to note that there are devices with smtiahawour to a memristor,
e.g jopal, 1994, Beck et al., 2 g2001/ Liu et al.| 20086,
Mla.seLand_Ma.aa.kdzu._ZLMl_Lgnat@LétLaLj £2@08], but the HP scien-
tists were the only group that found the link between theirknand the missing memris-
tor postulated by Chua. Moreover, it should be noted thasigiyly realised memristors
must meet the mathematical requirements of a memristoceexi memristive systems

that are discussed iin Kang [1975] and Chua and Kang [1976]nEtance, the hysteresis
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The Fourth Element 3

IooE must have a double-valued bow-tie trajectory. Howgeerexample ilm&.

the hysteresis loop shows more than two values foresapplied voltage val-
uesH I [2000] demonstrates one of the perfect eleampmenmristor devices. Kim etlal.

[@] recently introduced a multilevel one-time prognaable (OTP) oxide diode for
crossbar memories. They focused on a one-time programmsabigture that basically
utilises one diode and one resistor, 1D-1R, since obtaiaistable device for handling
multiple programming and erasing processes is much maiiewifthan a one-time pro-
grammable device. In terms of functionality, OTP devices\ary similar to memristive
elements, but in terms of flexibility, memristors are abléémdle multiple programming
and erasing processes.

This paper focuses on the memristor device and reviews iteedevel properties.
Although the memristor as a device is new, it was conceptpalktulated bE%Jh 1]
Chua predicted that a memristor could be realised as a pdissipative device as a fourth
fundamental circuit element. Thirty seven years latem Stélliams and his group in the
Information and Quantum Systems (IQS) Lab at HP realisedm@ristor in device form
[Strukov et al., 2008].

In Sectior 2, we review the memristor and its charactesstika nano-switch, which
was realised by Hewlett-Packard (HP) [Strukov et al., 20884 we review its properties
based on the early mathematical models. We introduce a nelelmeing a parameter we
call theresistor modulation indefRMI). Due to the significance of ionic drift that plays
the most important role in the memristive effect, this smcis divided into two:fg) a lin-
ear, and[(b) a nonlinear drift model. Sectidn 3 presents langirary SPICE macro-model
of the memristor and different types of circuit elements émbination with a proposed
memristor macro-model. Sectibh 4 describes an interpoetaf the memristor based on
electromagnetic theory by recalling Maxwell’'s equatiofigally, we summarise this re-
view in Sectiorlb.

2. Memristor Device Properties

Traditionally there are only three fundamental passiveutirelements: capacitors, resis-
tors, and inductors, discovered in 1745, 1827, and 183pentisely. However, one can
set up five different mathematical relations between thefimmdamental circuit variables:
electric current, voltagev, electric charge), and magnetic fluxp. For linear elements,
f(v,i) =0, f(v,q) = 0 wherei = %1 (g=Cv), andf(i,¢) = 0 wherev = % (¢ = Li),
indicate linear resistors, capacitors, and inductorpeaetvely.

In 1971, Leon Chua, proposed that there should be a fourttefuental passive circuit
element to set up a mathematical relationship betvggsamd ¢, which he named thmem-
ristor (a portmanteau ahemoryandresistor) ]. Chua predicted that a class of
memristors might be realisable in the form of a pure solatestlevice without an internal
power supply.

In 2008, Williams et al., at Hewlett Packard, announced ttst fabricated memris-
tor device [Strukov et all, 2008]. However, a resistor witamory is not a new thing. If
taking the example of nonvolatile memory, it dates back t60l@hen Bernard Widrow
introduced a new circuit element named themistorjWidrow et al.,l 1960]. The reason
for choosing the name of memistor is exactly the same as therister, a resistor with
memory. The memistor has three terminals and its resisiamomtrolled by the time inte-
gral of a control current signal. This means that the rescgtaf the memistor is controlled
by charge. Widrow devised the memistor as an electrolytimorg element to form a
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4 O. Kavehei et. al.

basic structure for a neural circuit architecture calledAINE (ADAptive Linear NEu-
ron), which was introduced by him and his postgraduate sitidéarcian Edward “Ted”
Hoff [Widrow et all,[1960]. However, the memistor is not ettpevhat researchers were
seeking at the nanoscale. It is just a charge-controllezbtherminal (transistor) device.
In addition, a two-terminal nano-device can be fabricatdéithout nanoscale alignment,
which is an advantage over three-terminal nano-devicastfireen and Laiba, 2009]. Fur-
thermore, the electrochemical memistors could not meetettpeirement for the emerging
trend of solid-state integrated circuitry.

Thirty years later, Thakoor et'al. [1990] introduced a salidte thin-film tungsten-
oxide-based, nonvolatile memory. The concept is almosilairto the HP memristors.
Their solid-state memistor is electrically reprogramneatilhas variable resistance, and it
is an analog synaptic memory connection that can be use@dtriebl neural networks.
They claimed that the resistance of the device could bels@dbiat any value, between
100 kQ and 1 &2. This solid-state memistor has a thick, 60-80 nm, layer lafasi diox-
ide that achieves nonvolatility over a period of several thenThis thick electron blocking
layer, however, causes a considerable reduction in theeapglectric field. As a conse-
guence, they reported very high programming voltage2% to 30 ) and very long (min-
utes to hours) switching times.

In the 1960s, the very first report on the hysteresis behawbeurrent-voltage curve
was published by Simmaris [1963], which is known as$iremons tunneling thear§he
Simmons theory generally characterises the tunnelinggotin a Metal-Insulator-Metal

MIM) system. A variable resistance with hysteresis was plsblished by Simmons and Verdetber
]. They introduced a thin-film (20 to 300 nm) silicon xiide doped with gold ions

sandwiched between two 200 nm metal contacts. Thus ovieeadlévice is a MIM system,

using aluminum metal contacts. Interestingly, their systiemonstrates a sinh function

behaviour as also recently reporte@OOSﬂﬁelHP memristor. It is also re-

ported that the switching from high- to low impedance takesua 100 ns. As their device

is modelled as an energy storage element it cannot be a ntemkiscause memristors

remember the total charge passing through the port and mimetcharg@mM].

The sinh resistance behaviour of memristors can be utits@mpensate the linear-
ity of analog circuits. In_Varghese and Gandhi [2009] a metoribased amplifier was
proposed utilising the behaviour of a sinh resistor [Taviekud Sarpeshkar, 2005] as a
memristor element. MMM such a structurealssintroduced as an example
without mentioning the sinh resistance behaviour of mewnss The idea in Tavakoli and Sarpeshkar
[2005] is to characterise a sinh function type circuit thai de used to linearise a tanh
function type circuit behaviour, e.g. CMOS differential lifier. A theoretical analysis
shows that a sinh function significantly reduces the thirdrtmnic coefficient and as a
consequence reduces nonlinearity of circuit.

Chua mathematically predicted that there is a solid-s&tecd, which defines the miss-
ing relationship between four basic variables [Chua, 19Ratall that a resistor establishes
a relation between voltage and current, a capacitor esteslia charge-voltage relation,
and an inductor realises a current-flux relationship, astilated in Figl11. Notice that we
are specifically discussing nonlinear circuit elementgher

Consequentlyp = fm(q) or g = gu(¢) defines a charge-controlled (flux-controlled)

memristor. ThenS% — dfg"(gq)%' or 99 = dg’g‘é‘”%, which impliesv(t) = %éq)i(t) or

it)= m”(j'—dg‘”v(t). Note thatM(q) = %O(lq) for a charge-controlled memristor and ¢ ) =

m”é‘—y) for a flux-controlled memristor, wherd(q) is the incremental memristance and
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The Fourth Element 5

Figure 1. The four fundamental two-terminal circuit elentseThere are six possible relationships
between the four fundamental circuit variables, currénifltage ¢), charge €), and magnetic flux
(¢). Out of these, five relationships are known comprising, %% andv = %9, and three circuit
elements: resistor (R), capacitor (C), and inductor (L)yiBance is the rate of voltage change with
current, inductance is the rate of flux change with curresgpacitance is the rate of charge change
with voltage. The only missing relationship is the rate oktbhange with voltage (or vice-versa) that
leads to the fourth element, a memristor. Adapted

W(¢) is the incremental memductance whétéq) is in the units of Ohms and the units
of W(¢) isin Siemens [Chiia, 1971].

MemristanceM(q), is the slope of th-q curve, which for a simple case, is a piece-
wise ¢-q curve with two different slopes. Thus, there are two différealues forM(q),
which is exactly what is needed in binary logic. For detaitddrmation regarding typical
¢-q curves, the reader is referred to Ch 971].

Itis also obvious that iM(q) > O, then instantaneous power dissipated by a memristor,
p(i) = M(q)(i(t))?, is always positive so the memristor is a passive devices Thei-q
curve is a monotonically-increasing function. This featig exactly what is observed in
the HP memristor device [Strukov et al., 2008]. Some otheperties of the memristor
such as zero-crossing between current and voltage sigaalbe found in_Chiid [1971]
and Chua and Kahg [1976]. The most important feature of a fiséanis its pinched hys-

teresis loopv-i characteristic [Chua and Karig, 1976]. A very simple consega of this
property andVi(g) > 0 is that such a device is purely dissipative like a resistor.

Another important property of a memristor is its excitativaquency. It has been
shown that the pinched hysteresis loop is shrunk by inangdke excitation frequenCMIang,
@]. In fact, when the frequency increases toward infitlity memristor acts as a linear
resistor [Chua and Kahg, 1976].
Interestingly enough, an attractive property of the HP nistorr [Strukov et all, 2008],
which is exclusively based on its fabrication process, caddéduced from the HP mem-

ristor simple mathematical model [Strukov et al., 2008] @ngiven by,

Ro
M(a) = ROFF<1 g )) : (2.2)
wheref3 has the dimensions of magnetic flgxt). Here, = = in units of sV= Wb,

where up is the average drift mobility in unit of cfisV andD is the film (titanium
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6 O. Kavehei et. al.

dioxide, TiQ) thickness. Note thaRorr andRoyn are simply the ‘on’ and ‘off’ state re-
sistances as indicated in Flg. 2. Alg@t) defines the total charge passing through the
memristor device in a time windowt, - to. Notice that the memristor has an internal
state [Chua and Kah@, 1976]. Furthermore, as statéd in| (i8@d], q(t) = Ji(m)dr,

as the state variable in a charge-controlled memristorsgilkie charge passing through
the device and does not behave as storage charge as in atocapadncorrectly reported

in some works, e.g. Simmons and Verderber [1967]. This qairisevery important from
two points of view. First of all, a memristor is not an enegjgrage element. Second, this
shows that the memristor is not merely a nonlinear resibtdris a nonlinear resistor with
charge as a state variablle [Oster, 1974].

Five years after Chua’s paper on the memristor [Chua,|19#13nd his graduate stu-
dent, Kang, published a paper defining a much broader claystdfms, namegiemristive
systemsFrom the memristive systems viewpoint a generalized diefimof a memristor is
v(t) = R(w)i(t), wherew defines the internal state of the system %%d: f (w,i) [Chua and Karg,

]. Based on this definition a memristor is a special chaexemristive system.

The HP memristor [Strukov et al., 2008] can be defined in tesfimemristive sys-
tems. It exploits a very thin-film Ti@sandwiched between two platinum (Pt) contacts and
one side of the TiQis doped with oxygen vacancies, which are positively chéiigas.
Therefore, there is a TigJunction where one side is doped and the other is undopedth. Suc
a doping process results in two different resistances: ®adigh resistance (undoped) and
the other is a low resistance (doped). Hence, HP intentippatablished a device that is
illustrated in Fig[2. The internal state variable,is also the variable length of the doped
region. Roughly speaking, when— 0 we have nonconductive channel and wien> D
we have conductive channel. The HP memristor switching rex@isim is further discussed

inlYang et al.[[2008].

Doped Undoped

Figure 2. Schematic of HP memristor, whddeis the device channel length amdis the length
of doped region. The size of doped region is a function of thgliad charge and is responsible
for memristive effect as it changes the effective resistasfche device. Usuallyv is shown by its

normalised counterpant,= w/D. Adapted from Strukov et al. [2008].

(a) Linear drift model

The memristor’s state equation is at the heart of the HP nstineisystem mecha-

nism [Wang, 2008, Joglekar and Wolf, 2009]. Let us assumefaramelectric field across

the device, thus there is a linear relationship betweent-diffusion velocity and the net

electric field [Blanc and Staebler, 1971]. Therefore theestguation is,

1dwt) Ron.
ba g

(2.2)
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The Fourth Element 7

Integrating Eq[2]2 giveéf”éi) = @ + %q(t), wherew(tp) is the initial length of
w. Hence, the speed of drift under a uniform electric field asrthe device is given by
Vp = %. In a uniform field we hav® = vp x t. In this casé)p =i x t also defines the
amount of required charge to move the boundary fw(t), wherew — 0, to distance
w(tp), wherew — D. ThereforeQp = B 5o

Ron’
w(t) _ w(to) | q(t)
F = T + E . (23)
If x(t) = “ then
X(t) = x(to) + % , (2.4)

Where? describes the amount of charge that is passed through tmmehaver the
requirechharge for a conductive channel.

Using|Strukov et &l. [2008] we have,
v(t) = (RON ?‘FROFF(]-_?))W[) : (2.5)

By insertingx(t) = ¥ Eq.[Z5 can be rewritten as

v(t) = <RON X(t) + ROFF<1x(t>>>i<t> . (2.6)

Now assume thai(tg) = 0 thenw(t) = w(tg) # 0, and from Eq_216,

Mo = Ron (X(to) +r (1 X(to)> ) : 2.7)

wherer = %FNF andMg is the memristance valuetgt Consequently, the following equation
gives the memristance at tinhe

M(q) = MOAR<%> , (2.8)

whereAR = Rorr — Ron. WhenRogr > Ron, Mo ~ Rorr and Eq[2.1 can be derived
from Eq[2.8.

Substituting Eq_218 inte(t) = M(q)i(t), wheni(t) = dg—(tt), we have,

- o222 -

Recalling thaM(q) = %;q), the solution is

QoMo 2R
at) = = (u,/l—QD—ngs(t)). (2.10)
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8 O. Kavehei et. al.

Using AR~ Mo ~ Rorr, Eq.[2.10 becomes,

2
t)= 1—4/1- t) | . 2.11
qt) QD< QDROFF¢()> (2.11)
Consequently, using EG. 2.4@p = IJDRO , SO the internal state of the memristor is
xt) =1 [/1- 22600 | . (2.12)
rD2
The current-voltage relationship in this case is,

i(t) = v(t) .
ROFF< fgé’ o(t) )

In Eq.[ZI3, the inverse square relationship between meande and Ti@ thickness,
D, shows that for smaller values &f, the memristance shows improved characteristics,
and because of this reason the memristor imposes a smadl @8

In Egs.[2.10-2.73, the only term that significantly iPcresame role ofg(t) is lower

Qp. This shows that at the micrometer sc% =i = r‘é)% is negligible and the

relationship between current and voltage reduces to doesiguation.
Substituting3 = D2 that has the same units as magnetic flux intd Eq]2.13, anddsons

eringc(t) = % “D"’( ) as a normalised variable, we obtain
= —F
ROFF( 1—Zc(t) )

wherey/1— %c(t) is what we call theesistance modulation indegRMI) [Kavehei et al.,
2009].

Due to the extremely uncertain nature of nanotechnologiesriability-aware mod-
eling approach should be always considered. Two well-knaluti®ns to analyse a mem-
ristive system were investigated.in Chen and Wang [2009))dte-Carlo simulation for
evaluating (almost) complete statistical behaviour oficevand 2) Corner analysis. Con-
sidering the trade-off between time-complexity and accytsetween these two approach
as shows the importance of using a simple and reasonablyaecnodel, because finding
the real corners is highly dependent on the model accurdeyrdsistance modulation in-
dex, RMI, could be one of the device parameters in the modedetion phase, so it would
help to provide a simple model with fewer parameters.

Joglekar and Walt [2009] clarified the behaviour of two mestuis in series. As shown
in Fig.[3, they labeled the polarity of a memristor hy= 41, wheren = +1 signifies
that w(t) increases with positive voltage or, in other words, the domgion in mem-
ristor is expanding. If the doped regiow(t), is shrinking with positive voltage, then
n = —1. In other words, reversing the voltage source terminalsliés memristor po-
larity switching. In Fig[B (a), the doped regions are simntiously shrunk so the overall
memristive effect is retained. In Figl 3 (b), however, themal memristive effect is sup-

pressed [Joglekar and Walf, 2009].

(2.13)

(2.14)
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The Fourth Element 9
Figure 3. Two memristors in series, (a) With the same potaoivthn = —1 or bothn = +1. (b)
With opposite polaritiesp = —1 andn = +1. Wheren = +1 signifies thatw(t) increases with
positive voltage or, in other words, the doped region in nistor is expanding ang = —1 indi-

cates that the doped region is shrinking with applied pasitbltage across the terminals. Adapted
from|Joglekar and Woli [2009].

Doped: Undoped Dopedi Undoped

(a)

Doped: Undoped

(b) Undoped : Doped

=

- -

Using the memristor polarity effect and Eq.12.2, we thus iobta

ldwt) _ Row,
D dt B

Then with similar approach we have

=n-Njt). (2.15)

i) = V() . (2.16)
ROFF< 1-n4c(t) )

There is also no phase shift between current and voltagalsigiwhich implies that the
hysteresis loop always crosses the origin as demonstraféid.i4. For further investiga-
tion, if a voltage v(t) = vpsin(wt), is applied across the device, the magnetic flux would
be¢(t) = —2 cogwt). The inverse relation between flux and frequency shows theirg
high frequencies there is only a linear resistor.

Fig.[4 demonstrates EQ. 2116 in MATLAB for five different freepcies, wherex =
%, using the Strukov et al, [2008] parameter vali®s; 10 nm,up = 10 cné s 1 v-1,
Ron = 100Q, Ropr = 16 kQ, vp = 1 V, andn = —1. Theresistance modulation index

RMI =,/1— n%c(t) simulation with the same parameter values is shown ir[Fig. 5.

Using different parameters causes a large difference imyls&eresis and memristor
characteristics. In Witrisal [2009], a new solution forratwideband signals using mem-
ristor devices was introduced. Applying the parametereslgiven in Witrisall[2009] re-
sults in a significant difference in the value @b. Substituting parameter values given
in the paper giveswy ~ 4 GHz instead ofuy ~ 50 kHz, using totg ~ 0.1 ms and the
parameter values from_Strukov et al. [2008]. The new parametlues ardd = 3 nm,
tUp =3x108m?2s V-1 Roy=100Q, Rore = 10 kQ, andvy = 0.2 V. Using these
parameters shows that even though the highest and lowestisteamge ratio in the last
case, Fig ¥, is around 2, here the ratio is approximatelalequL 20.

(b) Nonlinear drift model

The electrical behaviour of the memristor is directly rethto the shift in the boundary
between doped and undoped regions, and the effectivelghlariotal resistance of the
device when an electrical field is applied. Basically, a fests/supply voltage across a
very thin-film, e.g. 10 nm, causing a large electric field. ifgtance, it could be more than
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10 O. Kavehei et. al.
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Figure 4. The hysteresis of a memristor based on Eq] 2.16. Vihifies the hysteresis shrinks at
higher frequencies. It also shows that the effective rases is changing, so there is a varying mem-
ristance with a monotonically-increasiagp curve.

x10"

ffXRMI[Q]

=R
€

—_

i

M(q)

0 500 1000
Time [s]
Figure 5. The hysteresis characteristics of the memrift@hows that the memristance value is
varying from a very low to a very high resistance. Itis cléetthese values depend on the parameter
values, such aRyn andRgys.

10° V /cm, which results in a fast and significant reduction in epeayrier [Blanc and Staebler,
%} Therefore, itis reasonable to expect a high nontityda ionic drift-diffusion MI
.

One significant problem with the linear drift assumptionhie boundaries. The linear
drift model, Eq[2.R, suffers from problematic boundargeft. Basically, at the nanoscale,
a few volts causes a large electric field that leads to a sgmifinonlinearity in ionic
transport [Strukov et all, 2008]. A few attempts have beariazhout so far to consider
this nonlinearity in the state equatidn [Strukov €etlal., 208trukov and Willians, 2009,
BBiolek et al.,| 2009b, Benderli and Wely, 2009]. All of them posed a simplavindow
function F (&), which is multiplied by the right-hand side of Hq. P.2. In geal, ¢ could
be a variable vector, e.g.= (w,i) wherew andi are the memristor’s state variable and
current, respectively.

In general, the window function can be multiplied by the tigland side of the state
variable equation, Eq. 2.2,
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axt) _ | Ro,
at 1B
wherex(t) =w(t)/D is the normalised form of the state variable. The window fiomc
makes a large difference between the model with linear antirear drift assumptions at
the boundaries. Fifl] 6 shows such a condition considerimapéinear drift assumption at
the critical, or boundary, states. In other words, when edirdrift model is used, simula-
tions should consider the boundaries and all constrainigital current, initial voltage,
maximum and minimumv, and etc. These constraints cause a large difference inbutp
between linear and nonlinear drift assumptions. For exampis impossible to achieve
such a realistic curve, as in Figd. 6, using the linear drifteling approach.

(OF X®),p) (2.17)

04[ "7

Current

0.0 |

04 VvV ]
-1.0 0.0 1.0
Voltage

Figure 6. The hysteresis characteristics using the nalideft assumption. This hysteresis shows
a highly nonlinear relationship between current and veltaigthe boundaries. To model this nonlin-
earity, there is a need for an additional term on the rightlrgide of the memristor’s state equation,
called awindow function

In|Strukov et al.[[2008], the window function is a functiontbg state variable and it
is defined a$ (w) = w(1—w)/D?. The boundary conditions in this case &@®) = 0 and
F(D)= % ~ 0. It meets the essential boundary condittdi§ — boundaries= 0, except
there is a slight difference whem— D. The problem of this boundary assumption is when
a memristor is driven to the terminal states;» 0 andw — D, then‘é—‘{" — 0, so no external
field can change the memristor state [Biolek et al., 2009bis & a fundamental problem
of the window function. The second problem of the window fimtis it assumes that the
memristor remembers the amount of charge that passed thtbeglevice. Basically, this
is a direct result of the state equation, Eql 212, [Biolek 22009b]. However, it seems
that the device remembers the position of boundary betweeiwto regions, and not the
amount of charge.

InBenderli and Wey [2009], another window function has beposed that is slightly
different from that in_Strukov et al. [2008]. This window fetion, F (w) = w(D — w)/D?,
approaches zero whem— 0 and wherw — D thenF (w) — 0. Therefore, this window
function meets both the boundary conditions. In fact, tre@sd window function is imi-
tates the first function when we consider w/D instead ofw. In addition, there is another
problem associated with these two window functions, nantieéymodeling of approximate
linear ionic drift when O< w < D. Both of the window functions approximate nonlinear
behaviour when the memristor is not in its terminal states,0 orw = D. This problem is
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12 O. Kavehei et. al.

addressed in Joglekar and Wolf [2009] where they proposetareisting window function
to address the nonlinear and approximately linear ionift dehaviour at the boundaries

and when O< w < D, respectively. Nonlinearity (or linearity) of their funah can be con-
trolled with a second parameter, which we call twntrol parameter p. Their window
function isF (x) = 1 — (2x— 1)2P, wherex = w/D and p is a positive integer. Fig]7 (a)
demonstrates the function behaviour for differert p < 10 values. This model considers
a simple boundary conditioif;(0) = F(1) = 0. As demonstrated, whem> 4, the state
variable equation is an approximation of the linear drifttamptionF (0 < x < 1) ~ 1.

The most important problem associated with this model isaad at the boundaries.
Based on this model, when a memristor is at the terminalstateexternal stimulus can
change its state. Biolek etlal. [2009b] tackles this probigith a new window function
that depends or, p, and memristor curreni, Basically,x andp are playing the same role
in their model and the only new idea is using current as aragdrameter. The window
function is,F (x) = 1 — (x—sgr(—i))?P, wherei is memristor current and sgin = 1 when
i >0, and sgfi) = 0 wheni < 0. As a matter of fact, when the current is positive, the
doped region lengttw, is expanding. Fid.]7 (b) illustrates the window functiomaeiour.

.\Né —_—p=
g ‘; p:6
LY (=

T T T T T 0-| T T T T T T ’ T ’ T
0 02 04 06 08 1 0 02 04 06 08 1
X X

0

(a) (b)

Figure 7. Non-linear window functions, (&(x) = 1— (2x— 1)2P, (b) F(x) = 1 — (x—sgn(—i))?P.
There are around four window functions in the literaturethese two are meet the boundary condi-
tions.

All window functions suffer from a serious problem. They ardy dependent on the
state variablex, which implies that the memristor remembers the entire géhdinat is
passing through it. Moreover, based on the general definitiche time-invariant memris-
tor’s state equation and current-voltage relatios, f(x,i) orx = g(x,v), f andg must be
continuous rdimensional vector function @75, chap. 2]. Hosrethe last win-
dow functionF (x) = 1— (x—sgn(—i))?P, does not provide the continuity condition at the
boundariesx — 0 orx — 1./Biolek et al. [2009b] did not use the window function inithe
recent publicatior [Biolek et al., 2009a].

In [Strukov and Williams|[2009] the overall drift velocity identified with one linear
equation and one highly nonlinear equatiors LE, whenE << Eg andu = uEgexp(£),
for E ~ Eg, wherev is the average drift velocity is an applied electric fieldy is the
mobility, andEg is the characteristic field for a particular mobile ion. Treue ofEj is
typically about 1 MV/cm at room temperature [Strukov and Williars, 2009]. Thisaq
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tion shows that a very high electric field is needed for exptiakion transport. They also
showed that the high electric field is lower than the critfield for dielectric breakdown
of the oxide. Reviewing the available window functions tates that there is a need for an
appropriate model that can define memristor states for gyoronlinear behavior where,
E ~ Ep.

In addition to the weakness of nonlinear modeling in the inegHP model, there
are some other drawbacks that show the connection betwegicptand electronic be-
haviour was not well established. Moreover, the currentilable electronic models for
memristors followed the exact pathway of the HP modelingictvlis mostly due to the
fact that the underlying physical conduction mechanisnvisfully clear yet .,

]. One weakness is that the HP model does not deliveinasight about capaci-
tive effects, which are naturally associated with memrstdhese capacitive effects will
later be explained in terms of a memcapacitive effect in ascté# circuit elements with
memory. In Kim et al.[[2009b] the memristor behaviour wadised using infinite num-
ber of crystalline magnetite (§®4) nanoparticles. The device behaviour combines both
memristive (time-varying resistance) and memcapacitivee-varying capacitance) ef-
fects, which deliver a better model for the nonlinear préipser Their model description
for current-voltage relationship is given as,

v(t)
e
\/RZ(X") + ity (i)

whereR(x,t) andC(x,t) are the time-varying resistance and capacitance effexdpec-
tively. The time-dependent capacitor is a function of thaesvariablex(t) = w(t) /D and
AC(t), whereAC(t) is defined as the additional capacitance caused by charfgngtue
of capacitance [Kim et all, 2009h%;(x,t) = Cofjif(tc)m, whereCoy is the capacitance at

x = 0. The state variable is also given by,

it) =

(2.18)

X(t)

t
_1 hya(T) At ) _ (2.19)

B Con —AC(1)
@b} also investigated the impact of tempem@t@riation on their R0,

nanoparticle memristor assembliedbéqual to 9, 12, and 15 nm. It was reported that the
change in electrical resistivity (specific electrical stahce)p;, as an explicit function of
temperature can be defined by, ipg= 1/+/T, which means there is a significantly in-
creasing behaviour as temperature decreases. As a consegqf@ example, there is no
hysteresis loop signature at room temperaflire,295 K, (O = 12 nm) while aff =210K

it shows a nice bow-tie trajectory. As they claimed, the fic&im temperature reversible
switching behaviour was observed in their nanoparticle nstive system MI.,
2009b)].

It is worth noting that there are also two other elements widmory named thmem-
capacitor(Memcapacitive, MC, Systems) anmteminducto(Meminductive, MI, Systems).
Di Ventra et al.[2009] postulated that these two elemests @buld be someday realised in
device form. The main difference between these three eleyibie memristor, memcapac-
itor, and meminductor is that, the memristor is not a losslaemory device and dissipates
energy as heat. However, at least in theory, the memcapaoiitimeminductor are lossless
devices because they do not have resistance. Di Ventra[208B)] also investigated some

(RONQ(t) +
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examples of using different nanoparticle-based thin-filatemials. Memristors (Memre-
sistive, MR, Systems) are identified by a hysteresis cuvelthge characteristic, whereas
MC and MI systems introduce Lissajous curves for chargéagel and flux-current, re-
spectively. Similar to memristors, there are two types esthelements, therefore, the three
circuit elements with memory (mem-systems/devices) casub@narised as follows,

Memristors (MR Systems): A memristor is an one-port element whose fateeous
electric charge and flux-linkage, denoted dpy, and ¢m,, respectively, satisfy the
relation Fmr(qmr, ¢mr) = 0. It has been proven that these devices are passive ele-
ments [Strukov et all, 2008]. As discussed, they cannoestaergy, sm(t) = 0
wheneverin(t) = 0 and there is a pinched hysteresis loop between current and
voltage. Thus, charge-flux curve is a monotonically-insieg function. A mem-
ristor acts as a linear resistor when frequency goes towdimity and as a non-
linear resistor at low frequencies. Due to the nonlineaistasce effect, g’r{" =
R(t)d'mr +ime(t )E should be utilised instead 8&— =Rt d'm’ . There are two types
of control process,

. nth order current-controlled MR systefdsafy = [im:(7)dT,
° er(t) = R(X,imr,t)imr(t)
o X= ficmr(X,imr,t)

[1. nth order voltage-controlled MR systengsy = [Vmr(T)dT,
[ ] |mr(t) = Rﬁl(X,er,t)er(t)
o X= fvcmr(xyvmrat) .

Memcapacitors (MC Systems): A memcapacitor is an one-port element whostaria
taneous flux-linkage and time-integral of electric chadgnoted bypnc and O,
respectively, satisfy the relatidfnc(@me, Ome) = 0. The total added/removed energy
to/from a voltage-controlled MC systetdye = [Vine(T)imc(T)dT, is equal to the
linear summation of areas betwesh-vinc curve in the first and third quadrants with
opposite signs. Due to the nonlinear capacitance eﬁ%@i,z ime(t) =C(t )d"mC +

Vime(t )dC should be utilised instead cﬂ‘qﬁ C(t) dgr{'c, SO Umc = [VimcC dVine +

[vﬁde In principle a memcapacitor can be a passive, an activegaaid a dissi-

pativé} element [Di Ventra et al., 2009] hc(t) = Vineocog 27Tat) and capacitance
is varying between two constant valu€yy andCOFF, then the memcapacitor is
a passive element. It is also important to note that, asayuméno charged initial

state for a passive memcapacitor, the amount of removedyoannot exceed the
amount of previously added energy [Di Ventra etal., 2009némcapacitor acts as
a linear capacitor when frequency tend to infinity and as dimear capacitor at low

frequencies. There are two types of control process,

I. nth order voltage-controlled MC systengsyc = [Vime(T)dT,
[ ) qmc(t) == C(X7 Vmc,t)Vmc(t)
e X= fyeme(X, Vme,1)

T Current- (and voltage-) controlled is a better definitimn memristors because they do not store any

charge [[Oster,_1974]. In_Di Ventra et dl. [2009] it is spedifies current- (and voltage-) controlled instead of
charge- (and flux-) controlled in CHUa [1971].
$ Adding energy to system.
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I1. nth order charge-controlled MC systen®g,c = [qme(T)dT = [[ime(T)dT,

® Vmc(t) = Cil(xa Omest)gme(t)
o X= chmc(X7 Ome,t)

Meminductors (ML Systems): A meminductor is a one-port element whoseairtsineous
electric charge and time-integral of flux-linkage, denadbgdgy, and pm|, respec-
tively, satisfy the relatiorfm (pmi,gmi) = 0. In the total stored energy equation in a
ML systemUmi = [Vini(T) imi(7) dT, the nonlinear inductive effecf% =Vmi(t) =
L(t)% + im|(t)% should be taken into account. Thitky = [imLdim + _firzmdL.
Similar to MC systems, in principle a ML system can be a passwn active, and
even a dissipative element and using the same approachr, smtie assumptions

they behave like passive elements [Di Ventra et al., 2008gr& are two types of
control process,

I. nth order current-controlled ML systentgy, = [im(T)dT,
° ¢m|(t) = L(X,im|,t)im|(t)
o X= fiCm|(X;im|at)
I1. nth order flux-controlled ML system@m = [@m(T)dT = [[Vim(T)dT,

o imi(t) =L 1(X, Ot t) Prmi(t)
o X= fomi (X, Pmit) .

Biolek et al. [2009a] introduced a generic SPICE model fonmevices. Their mem-
ristor model was discussed before in this section. Unfatiely, there are no simulation
results available in Biolek et al. [2009a] for MC and ML syste

It is worth noting that there is no equivalent mechanicahalat for the memristor.
In [Chen et dl.[[2009] a new mechanical suspension componented al-dampey has
been studied. This new mechanical component has beenuciddind tested in Formula
One Racing, delivering significant performance gains indtiag and grip [Chen et al.,

]. In that paper, the authors attempt to show thatlitdamper which was invented
and used by the McLaren team, is in factimerter [Smith,[2002]. Thenerteris a one-port
mechanical device where the equal and opposite applieé frthe terminals is propor-
tional to the relative acceleration between thm ODespite the fact that the
missing mechanical circuit elememas been chosen because of a “spy scandal” in the 2007
Formula One racmm], it may be possible thaeal™ missing mechanical
equivalent to a memristor may someday be found, as its médianodel is described

by|Oster[1973] and Oster [1974].

3. SPICE Macro-Model of memristor

Basically, there are three different ways available to nhtakeelectrical characteristics of
the memristors. SPICE macro-models, hardware descrifgtitguage (HDL), and C pro-
gramming. The first, SPICE macro-models, approach is mqueogpiate since it is more
readable for most of the readers and available in all SPIC&woes. There is also another
reason for choosing SPICE modeling approach. Regardlesswion convergence prob-
lems in SPICE modeling, we believe it is more appropriate veagescribe real device
operation. Moreover, using the model as a sub-circuit cghlhiguarantee a reasonably
high flexibility and scalability features.
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A memristor can be realised by connecting an appropriatémear resistor, inductor,
or capacitor across port 2 of an M-R mutator, an M-L mutatogroM-C mutator, respec-
tively [ [Chua[ 1971]. These mutators are nonlinear cirelgiments that may be described
by a SPICE macro-model (i.e. an analog behavioural modePt€E). The macro circuit
model realisation of a type-1 M-R mutator based on the figlisation of the memristor

[Chua/1971] is shown in Fif] 8.

Vlc Il :|j V2?|2 a %
] 1
H
©r —
J. a

G
® [
Figure 8. The SPICE macro-model of memristor. Here G, H andeSaa/oltage-Controlled Cur-
rent Source (VCCS), a Current-Controlled Voltage Sourc€\(S), and a Switch\pny = —1.9 V
andVorr = —2 V), respectivelyR; = R, = 1 kQ andV; = —2 V. The M-R mutator consists of
an integrator, a Current-Controlled Voltage Source (CCW8) a differentiator and a Voltage-Con-

trolled Current Source (VCCS) “G”. The nonlinear resiswaiso realised with resistoRs, Ry, and
a switch. Therefore, the branch resistance i1fér V < 2 Volt and 2 K for V > 2 \Volt.

Slo

In this model the M-R mutator consists of an integrator, ar€urControlled Voltage
Source (CCVS) “H”, a differentiator and a Voltage-ConteallCurrent Source (VCCS)
“G". The nonlinear resistor is also realised with resistefsRy, and a switch. Therefore,
the branch resistance is Difor V < 2 Volt and 2 K2 for V > 2 \olt. The input voltage
of port 1,V4, is integrated and connected to port 2 and the nonlineastoesiurrent),, is
sensed with the CCVS “H” and differentiated and converteéd ourrent with the VCCS
‘G

SPICE simulations with the macro-model of the memristosa@vn in Figd. P arld10.
In this particular simulation, a monotonically-increagand piecewise-linear¢ function
is assumed as the memristor characteristic. This funcsishéwn in FiglB (b). The simu-
lated memristor has a value of Qkwhen the flux is less than 2 Wb, but it becomed<2 k
when the flux is equal or higher than 2 Wh. The critical flgx)(can be varied with the
turn-on voltage of the switch in the macro-model. Elg. 9 {@ves the pinched hysteresis
characteristic of the memristor. The input voltage to thermistor is a ramp with a slope
of +1 V/s. When the input voltage ramps up with a slopetdf V/s, the memristance
is 1 kQ and the slope of the current-voltage characteristics is 7 Vhidefore the the flux
reaches to the.. But when the flux becomes 2 Wb, the memristance value is @thitg
2 kQ and the slope is now.B mA/V. After the input voltage reaches to the maximum
point, it ramps down and the slope is maintained, becausm#raristance is still 2 ®.
Fig.[10 shows the memristor characteristics when a stey ingtage is applied. Initially
the memristance is 1<k so the input current is 1 mA. When the flux reaches to 2 Wb
(1V x 2 s), the memristance is Zkand so the input current is nowImA as predicted.
The developed macro-model can be used to understand aridtghedcharacteristics of a
memristor.

t For further detail about the mutator the reader is refeiw&@huh[[1968].
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Figure 9. The memristor characteristics. (a) The hystergsaracteristics of the memristor. (b) A
monotonically-increasing and piecewise-lingagp function as a basic memristor characteristic, the
both axes are normalised to their maximum values. The stedilmemristor has a value of 1k
when the flux is less than 2 Wb, but it become<2when the flux is equal or higher than 2 Wb. The
critical flux (¢¢) can be varied with the turn-on voltage of the switch in thermanodel. The input
voltage to the memristor is a ramp with a slopetdf V/s.
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Figure 10. The memristor characteristics when a step inpltéige is applied. (a) Voltage curve. (b)
Flux linkage curve. (c) Current curve. At the first point themristance is 1 ®, so the input current
is 1 mA. When the flux reaches to 2 Wb (12 s, 2 s= 50 time steps), the memristance isQ k
and so the input current is now3mA as predicted.

Now, if a 1 kHz sinusoidal voltage source is connected actfossnemristor model,
the flux does not reach to 2 Wb & = M; = 1 kQ andi = 10 mA. Fig.[T1(l) shows
the memristor characteristics when a sinusoidal inpubgaltis applied. As it is shown in
Fig.[TA(I1), when the voltage source frequency reduces tbld,athe flux linkage reaches
to 2 Wb within 30 ms. Based on this result, there are two levBitsemristanceyl = M; =
1 kQ and then it changes td, = 2 kQ.
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Figure 11. The memristor characteristics when, (I) a 1 kidasbidal voltage is applied. In this case
the flux does not reach to 2 Wb 6= M; = 1 kQ andi = 10 mA. (II) When a 10 Hz sinusoidal
voltage is applied. In this case the flux linkage reaches tob2within 30 ms, or 15 time steps. (a)
\oltage curve. (b) Flux linkage curve. (c) Current curve.

Another interesting study is needed to verify that the maglelorking properly when
there is a parallel, series, RM (Resistor-Memristor), LMd{ictor-Memristor), or CM
(Capacitor-Memristor) network. First of all, let us assuthat there are two memristors
with the same characteristic as shown in Eig. 9. Analysin@gseand parallel configura-
tions of these memristors are demonstrated in [Eigs. 12@{aca), respectively. In both
figures, the left I-V curve shows a single memristor.

The simulation results show that the series and paralldigutations of memristors
are the same as their resistor counterparts. It means tliatmt memristanceeg, of
a two memristor in series and parallel &gy = 2M andMeq = M/2, respectively, where
M is memristance of a single memristor. The second step is RW,dnd CM networks.
In these cases a 10 V step input voltage has been appliectotsirAs mentioned before
for a single memristor based on the proposed model, whildltixdinkage is less than
or equal to the critical flux¢ < ¢, M = M; = 1 kQ and when the flux is more than the
critical flux value,¢ > ¢., M = M, = 2 kQ. Recall that the critical flux value based on
theq— ¢ curve is¢. = 2 Wh. Figs[IB(R)_I3(C), ard L3(L) illustrate RM, CM, and LM
circuits and their response to the input step voltage, ctisgdy.

If we assume that the memristance value switches at Tymeéhen for 0<t < Ty,
¢ < ¢c, andM = M; = 1 kQ. Therefore, in the RM circuit we havejy :V%,}Al. For
R=1kQ,Vw =5V and theniy =5 mA, soTy = \% = 0.4 s. Likewise, wher > Ty,
¢ > ¢c, we haveVy = V% = 6.7 V andiy = 3.3 mA. Both cases have been verified
by the simulation results.

In the LM circuit we have the same situation, so fa£ 0< Ty, ¢ < ¢c, VM =V =10V,
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Figure 12. The I-V curves for, (a) two memristors in paral(@) two memristor in series, and (c)

a single memristor. In all of the cases there is no differdmesveen a memristor and equivalent
resistor in the network. In other words, two memristors imaflal, with the same characteristics,
form a single memristor wittMequ = Mq/2 as memristance, and two memristors in series form a
single memristor witfMequ= 2Mq as memristance.

im =10 mA R=1kQ), andTy = 0.2 s. Fort > Ty, memristor current i$y = 5 mA.
Memristor’s current changing is clearly shown in Higl 13(Che CM circuit simulation
also verifies a change in time constant frfyC to M,C.

As another circuit example of using the new memristor moaelpp-amp integrator
has been chosen. The model of an op-amp and circuit configniatshown in Figl_T. If
C =100uC then we have A s and @ s as the time constant of the circuitat Ty and
t > Ty, respectively.

It is worth mentioning that, recently, a few simple SPICE moamodels have been
proposed by Benderli and Wey [2008], Biolek et al. [2009bi @hang et &l.[[2009] but
none of them consider the model response with differentitielements types, which is
an important step to verify the model correctness.

4. Interpreting memristor in Electromagnetic Theory

In his original paper Chlid [1971] presented an argumemtétised on electromagnetic
field theory for the existence of the memristor. His motiwativas to interpret the memris-
tor in terms of the so-calleguasi-static expansioof Maxwell’s equations. This expansion
is usually used to give an explanation to the elements ofiititheory within the electro-
magnetic field theory.

Chua’s argumentation hints that a memristor might existititough never proved that
this device can in fact be realised physically. In the follogwe describe how Chua argued
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Figure 13. Step voltage response curves for (R) Resistamiidéor, (C) Capacitor-Memristor, and
(L) Inductor-Memristor. (a) Memristor voltage curWy (t). (b) Flux linkage curveg(t). (c) Cur-
rent curve,ic(t). The memristance value switches at tifg then for 0<t < Ty, ¢ < ¢, and
M = M; = 1 kQ. Therefore, in the RM circuit we haveyy :V%,{Al. ForR=1kQ,Vy =5V and

theniy =5 mA, soTy = $ _04s. Likewise, when > Ty, ¢ > ¢¢c, we haveVy =V
Vm

M,

R =67V

and iy = 3.3 mA. In the LM circuit we have the same situation, so foK@ < Ty, ¢ < ¢,
Vv =V =10V,iy =10 mA R=1kQ), andTq = 0.2 s. Fort > Ty, memristor currentigy =5 mA.
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Figure 14. Memristor-op-amp integrator circuit and itso@sse to the input step voltage. (a) Output
voltage curveVou(t). (b) Flux linkage curveg(t). If C = 100 uC then we have @ s and @ s as
the time constant of the circuit &< Ty andt > Ty, respectively.
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for a memristor from a consideration of quasi-static exjansf Maxwell's equations. To
consider this expansion, we use Maxwell's equations irr thiéfierential form,

0-D=p, (4.1)
0.B=0, (4.2)
B
OxE=——=, (4.3)
aD
OxH=J3+55, (4.4)

whereE is electric field intensity (Ym), B is magnetic flux density (Whm?), J is elec-
tric current density (Am?), p is electric charge density (@?°), H andD are magnetic
field intensity (A/m) and electric flux density (Gn?), 0- andx are divergence and curl
operators.

The idea of a quasi-static expansion involves using a psagiesuccessive approxima-
tions for time-varying fields. The process allows us to steldgtric circuits in which time
variations of electromagnetic field are slow, which is thgeckor electric circuits.

Consider an entire family of electromagnetic fields for vihibe time rate of change
is variable. The family of fields can be described by a time-parameteor which is time
rate of change of charge densjty We can express Maxwell's equations in terms of the
family time 1 = at, and the time derivative @& can be written as

o8 _oBdr_ 08

ot Ot dt otr’

Other time derivatives can be expressed similarly. In tevftise family time, Maxwell's
equations take the form

(4.5)

oB oD
OxE=—az, OxH=Jtaz", (4.6)

which allow us to consider different values of the family ¢éim corresponding to different
time scales of excitation. Note that in E@s.J€6H, D, J, andB are also functions of
a andrt, along with the positiorix,y, z).This allows usl[Fano et Al., 1960] to express, for
exampleE(X,y,z,a,T) as power series io:

E(Xaya za, T) = EO(Xaya Z, T) + aEl(XM Z, T) + UZEZ(XM Z, T) + .. (47)

where the zero and first orders are

EO(X,y,Z,T) = [E(Xaya Z,UJ)]a:O = _DCDO;
JE(X,y,Z,a,T) 0Ap
Ei(xy,z1) = [7 =——
oa a—0 ot

(4.8)
Along with these, a similar series of expressiongpiH, J, andD are obtained and can

be inserted into EgE. 4.6, with the assumption that eveny iethese series is differentiable
with respect t, y, z, andt. This assumption permits us to write, for example,
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OxE=0xEg+a(dxEq)+a3(0xEp)+..., (4.9)

and, when all terms are collected together on one side, thiesEqd. 416 to take the form
of a power series im that is equated to zero. For example, the first equation idE.
becomes

DxEo+a(D><EpL%)Jraz(DsznL%)Jr...:O, (4.10)

which must hold for alla. This can be true if the coefficients of all powers @fare
separately equal to zero. The same applies to the secontietjimeEqs[4.6 and one then
obtains the so-calledth-order Maxwell’'s equations, where= 0,1, 2, ... For instance, the
zero-orderMaxwell’'s equations are

OxEqg = 0, (4.11)
UxHo = Jo, (4.12)

and thefirst-order Maxwell’s equations are

0By
OxE; = ——— 4.1
X E1 ELs ) ( 3)
dDg
OxHy = —- - 4.14
x Hq Ji1+ EL: ( )

The quasi-static fields are obtained from only the first twanteof the power series
Eq.[4.10, while ignoring all the remaining terms and by tgkan= 1. In this case we can
approximatee ~ Eqg+ E1, D~ Dg+ D3, H~Hp+H1, B~ Bp+ By, andJ = Jo+ J1.

Circuit theory, along with many other electromagneticeyst, can be explained by the
zero-order and first-order Maxwell’s equations for whicle attaingquasi-static fieldsis
the solutions. The three classical circuit elemeesistor, inductor, andcapacitorcan then
be explained as electromagnetic systems whose quasi-staitions correspond to certain
combinations of the zero-order and the first-order solstimrEqs[4.11{=4.14.

However, in this quasi-static explanation of circuit elense an interesting possibility
was unfortunately dismisse@opjek E%O] as it waaghonot to have any corre-
spondence with an imaginable situation in circuit theollyisTis the case when both the
first-order electric and the first-order magnetic fieldsraovtnegligible. Chua argued that it
is precisely this possibility that provides a hint towards existence a fourth basic circuit
device.

Chua’s argumentation goes as follows. Assume there exist®-derminal device in
which D1 is related toB;, where these quantities are evaluated instantaneoushyis|fs
the case then this device has the following two properties:

1. Zero-order electric and magnetic fields are negligiblenvhompared to the first-
order fields i.eEp, Dg, Bg, andJg can be ignored.

2. The device is made fromon-linearmaterial for which the first-order fields become
related.
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Assume that the relationships between the first-order fedexpressed as

Ji 7 (E1), (4.15)
Bi = %(Hi), (4.16)
D1 = 2(E), (4.17)

where ¢, %, andZ are one-to-one continuous functions defined over spacelcetes
only. Combining Eq—4.14, in which we have ndy ~ 0, with Eq[4.T5 gives

OxHy= #(Ey). (4.18)

As the curl operator does not involve time derivatives, gfids defined over space coor-
dinates, EJ.4.18 says that the first-order fi¢ddsandE; are related. This relation can be
expressed by assuming a functighand we can write

E1=.7(H1). (4.19)
Now, Eq[Z.1V can be re-expressed by usind EqJ4.19 as

Dy = Z0.F(Hy), (4.20)

whereo operator is the composition of two (or more) functions. Als8% is a one-to-one
continuous function, Eq._4.16 can be re-expressed as

Hi=%1(By). (4.21)
Inserting from Eql_4.21 into E§.4.P0 then gives

D1=Z0Fo[% *(B1)] =9(B1). (4.22)

Eq.[4.22 predicts that an instantaneous relationship castablished betwed and
B that is realisable in a memristor. This completes Chua'smentation using Maxwell’s
equations for a quasi-static representation of the elewgmetic field quantities of a mem-
ristor.

5. Conclusion

In this paper, we surveyed key aspects of the memristor a®miging nano-device.
We also introduced a behavioural and SPICE macro-modelhrmemristor and re-
viewed Chua’s argumentation for the memristor by perfogranquasi-static expansion
of Maxwell's equations. The SPICE macro-model has beenlat®aiin PSpice and shows
agreement with the actual memristor presented in Strukal {2008]. The model shows
expected results in combination with a resistor, capg@tanductor. A new op-amp based
memristor is also presented and tested.

Nanoelectronics not only deals with the nanometer scaléenmaés, and devices but
implies a revolutionary change even in computing algorghirhe Von-Neumann archi-
tecture is the base architecture of all current computdesys This architecture will need
revision for carrying out computation with nano-devicesl amaterials. There are many
of different components, such as processors, memoriegrdriactuators and so on, but
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they are poor at mimicking the human brain. Therefore, ferriext generation of com-
puting, choosing a suitable architecture is the first stepraquires deep understanding of
relevant nano-device capabilities. Obviously, differespabilities might create many op-
portunities as well as challenges. At present, industrypliagied nanoelectronics research
for highest possible compatibility with current devices &abrication processes. However,
the memristor motivates future work in nanoelectronics mao-computing based on its
capabilities.

In this paper we addressed some possible research gapsanethef the memristor
and demonstrated that further device and circuit mode#irggurgently needed. The cur-
rent approach to device modelling is to introduce a physicalit model with a number
of curve fitting parameters. However, such an approach hefintitation of requiring a
large number of parameters. Using a non-linear drift moeglits in more accurate sim-
ulation at the cost of a much more complicated set of mathealagquations. Initially
behavioural modelling can be utilised, nonetheless a greatddelling effort is needed to
accommodate both the defect and process variation issndatekesting follow up would
be the development of mapping models based on the memosteutronmorphic systems
that deal with architectural level challenges, such asatdféerance and integration into
current integrated circuit technologies.
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